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OCOBJUBOCTI BAKOPUCTAHHSI MOMEHTHOI CXEMHA
CKIHYEHMX EJIEMEHTIB (MCCE) IPY HEJITHIMHUX
PO3PAXYHKAX OBOJIOHOK I INTACTHUH

Ha ocHoBi MCCE ctBopenwuii o6ononkoBuii CE 3aranbHOTO THITY, SIKHiA JO3BOJISE TPOBOIUTH
aHaJi3 HaNpyXCHO-1e(OPMOBAHOTO CTaHy BiCECHMETPHYHMX OOOJOHOK i IUTACTHH B 3ajadax
¢i3uyHOi 1 reomeTpH4HOI HemiHifHOCTI. HaBeneHi OCHOBHI MOJNOKEHHsSI HENiHIHHOI Teopii
NPYXKHOCTi, aIrOPUTMH DPO3B'S3aHHSA CHUCTEMH HENIHIMHMX pIBHAHHS JUI1 BH3HAYCHHS
TeMIIepaTypHUX i INTACTHYHUX Ae(opMaliii.

KurouoBi cioBa: MeTon CKiHYEGHHX €NEMEHTIB, TeMIepaTypHi aedopmauii, nepopmarii
[UIACTUYHOCTI, TEOMETPUYHO HEMiHeHHe qeopMyBaHHsL.

Beryn. B pobGori [3] ocHOBHa yBara CHOpsMOBaHa Ha Mpooiemy
Bukopuctanus CE, mo 6a3yroTeCst Ha CIIBBIAHOIIEHHSX TEOpil MPYKHOCTI Ta
X KOHKpeTH3alilo Ul PO3paxyHKy BiCECHMETPHYHUX OOOJIOHOK 1 IUTACTHH 1
OOTPYHTYBaHHIO JIOCTOBIPHOCTI 1 €()EeKTHBHOCTI OTPUMaHHUX pe3yJbTaTiB Ha
ocHoBi MCCE. B naHniit po60Ti O0yJi0 po3IIMPEHO CKIHYEHO eIeMEHTHY 0a3y i
ctBopeHo obononkosuit CE 3arasHOTO THITY IJIs pO3B’ sI3aHHS 3a1a4 QiznaHOT
1 TEOMETPHYHOI HETHIHOCTI BiceCUMETPUIHUX 000JIOHOK Ta IJIACTHH.

1. OcHoBHi moJ0keHHsI HeJiHiiiHOT Teopii mpyxkHocTi. [Ipu BenmMKUX
nedopmanisx MOXKIIMBI 3HAYHI TOBOPOTH YaCTHH KOHCTPYKIIH, SKi HE TIOBHHHI
3MIHIOBAaTH NPYKHO-Ae(OPMOBAaHUI CTaH Tija. B mpoMy BHmanky HeoOXiHO,
00 BENWYMHHM, SKi BXOJITH B BU3HAYaJbHI CIIBBIAHOLICHHS, 3aJ{0BOJILHSIH
BUMOTaM iHAM(PEPEHTHOCTI. B 3B'3Ky 3 MM B poOOTi BUKOPHCTaHI TEH30D
HarpyxeHb Komi 1 wmipa nedopmaniii ®inrepa. OOuzmBa TeH3opa 1 iX
iHBapiaHTH 33I0BOJIBHSIOTH BIACTHBOCTI iHaH(epeHTHOCTI [6].

Omuc HampyXeHo - 1e)OpMOBaHOTO CTaHy 00'€KTiB B Ipolecax, IIo
CYIPOBOMXKYIOTbCS BEJIMKHMH IIOJOBKCHHAMH 1 IOBOPOTAMH, SK IPaBHIIO,

BUKOHYETBCS B JIBOX KOH(Irypamisx: BipaXyHKOBili MNOYaTKOBiH Xy i

akryamsaiit X' (puc. 1).

D Baxenos B.A., Caxapos O.C., I'yisp O.L, ITuckynos C.O., Makcum'tok 10.B.
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BBenemo mpoMiXkHY HepeMiHHY BipaxyHKOBY KoHpirypariro % (puc.1),
KOMIIOHEHTH METPHYHOTO TEH30pa SIKOi Io3HaunmMo depes ¢ . Iepeminny
BiZIpaXyHKOBY KOH(Irypamito NpuiMaeMo JOCTaTHHO OJIM3BKOIO 0 aKTyaJbHOI
TaKUM YUHOM, II00 MPUPICT KOMIIOHEHT METPUYHOTO TEH30pa AG" OyB
MaJIOI0 BEJIMYMHOIO MOPIBHSHO 3 KOMIIOHEHTAaMH METPHYHOTO TEH30py B

aKTyanbHiit Kordirypanii G
2 1

z v
S A7 73
. . \‘ ‘
) A(z" 72 2
N
N1
2 .
X2 72
2 zz u?
72
Puc. 1
S,=+1 S,=+1 = -
1 7 1 5=+ Sy=+1

5,=- X 5=+ S,=- x! Sy=+1

4 4

1 & & 1

v " x2 x2

+ +
Sy=-1 Sy=-1 Sy=-1 Sy=-1
Sz--'l Sz- +1 SZ‘ -1 sz_ +1

Puc. 2 Puc. 3
l'eomeTpruni  piBHSHHA Ae)OPMOBAHOTO Tida I  KOBAapiaHTHUX

KOMITOHEHT NpupocTy aedopmanii B akTyalbHIH KOHQIrypamii BU3Ha4aroThCs
4yepe3 MepeMillleHHs BiTHOCHO TIPOMIXHOI BiJpaxyHKOBOI KOH(pIryparrii:

1 ’ ' ' ' ’ '
Beqp=3 (a2 Ut U §), Bep=2(22°0+()). ()
Jlinitinuit Terzop aedopmariiit o6GunCIIOEMO 32 (bopMyHO}o:
o_1 v v.yy 0_,2,2
Agqp 'E(Z,\ix Us+ 2 ), Aeg=z°u (2)

KoBapianTHi KOMITIOHEHTH TEH30pa MPHUPOCTY HENiHIHHMX nedopmariid B
akTyanpHili  koH(irypamii (1) MoOXHA  TOAATH  CIIBBiIHOIIEHHSIMH

aHaJIOr YHUMHU 33 PopMyJI0I0 3 (2):
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Deqp=3 Layus+zh), deg=z 2. 3)
Jie KoeiIieHTH MepeTBOPEHb MOAaMO Y BHTIISIII:
ovi_yv,1 v v oy 1oy
2" =242, Z’B—‘+EI¥3, (4)

MosHa 1okasar, 1110 BUpa3 (3) TOTOXXHBO AopiBHIOE (1):
aB__((Z + o) Us +(2['3+_ $) §)=
b g § oL DR F b e D
Negy=(2° +—U I (5)

AHanoriyHO MOJKHa WPEICTaBUTH Bapiamito aedopmanii. OOUMcIMO
Bapiawiro NpupocTy HemiHiiHNX aedopmaniit (1):

8(0eqp)=3 (248Up + 245 U +25 U, ),
3(Ae43)=(Z2 U2 + 2B LP). (6)
IpencraBuMo Bapiamito HediHIHHUX qedopmariii anamoriado (3) :
8(0eqp) =2 (ZBUp + 24 5Uy),
3(Aey3)=Z 23U, (7)
ne
ZV'=2"+u", Zj=z5+u, ®)
Ipwu ix migcranosi B (7) oTpuMaemo:
B(beqp) =5 (2 +p ) +( %+ )3 8 )=
=Z(ZBup U+ 48 Y+ U8 W)=2( 40 Y+ 1D W2 48 D,
3(Aeq5)=(22 +UP )W =( 23 B+ D (F). 9)

2. BuxinHi cniBBiZHOLIEHHSI TBOBHMIPHOI 3aJa4i TepMONPYKHOMJIAC-
THuHOCTi. [Ipy HAIBHOCTI HE3BOPOTHUX JOedopmamiii  TUIACTHIHOCTI

NPUPOLICHHS. MOBHUX Jepopmaniil  dg; , 0OYMOBNEHHX NEPEXOAOM Bix
MPOMIXKHOI BiIpaxyHKOBOI KOH(Iryparii 10 akTyanbHOi, MOXe OyTH TOAaHe
CYMOIO TPHUPOIICHb MPYXHUX AehopMariii dsﬁ, MPUPOIICHb JeopMarii

TUIACTUYHOCTI dsIJ , Ta IPUPOLIEHb TEMIIEPATYPHUX JeopMartii ds{ TOOTO:

de; =def +dgP+ o (10)

MarepiaJ IIacTHYHO HECTUCIIMBHH 1 3MiHa HOTO 00’ €My JHIHHO-TIpY’KHa:
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— —c€
&/ =0, & =¢§ . (11)
Jlist i30TponHOTO MaTepialy TeMIlepaTypHi CKJIaJOBI KOMIIOHEHT TEH30pa
nedopMalliii BU3Ha4arThCs 3a Gopmyroro [1]:
T_
gj =0r ATg; , f12

ae  Op :ch(zk',T) — KoehiIlieHT JHIHOrO PO3LIMPEHHS Marepiany,
AT=T-T, — mpupicT Temneparypu B IOCII)KyBaHill Toulli Tila BIZHOCHO
Horo BuxinHoro crany npu T =T,.

[TepenbavaeTnes, mo NpyxHi gedopmartii € marumu. [ToBHI HanpyKeHHS

0' Bu3HauarOTBCA Yepe3 KOMIIOHEHTH TEH30pa MPYKHUX KOHCTAHT
BIATMOBITHO 110 y3arajabHEHOTo 3aKkony ['yka [4]:
ol=cMe (13)
JIis 130TPOMHOTO Tida TEH30p NPYKHUX KOHCTAHT cM
yepe3 koedimientn Jlsme A Ta
CM=p(g" g +d d)r b 8, (14)
SKi MOXYTh OyTH mozaHi uepe3 xoedinieHt ITyaccona v i MOIysb IPYKHOCTI
Mmarepiaiy (Moxyns IOHra) E:
A= BV = E (15)
1-2v)(2+v) 2(Hv)

[Tpu HasBHOCTI AedopMaliiii MIACTHYHOCTI 3B’ A30K MiXK HANpPYKCHHIMH 1
nedopMalisiMi BU3HAYAETHCS CITIBBITHOMIEHHAMH TEOPii MIIACTHYHOT Tedii st
i3oTpornHOro 3MinHeHHs MaTepiaay [5]. O6macte mNpyXHHX medopMarrii
oOMexeHa TIOBEpXHEI0 Tedii, PIBHAHHSA SKOi B IMPOCTOpPI HAMpPYXKEHb Mae
BUTJIS;

BHU3HAYAETHCA

fo(a".9,)=0, (16)
e J p= Li? %dai'jj dsi[j, — mapameTp 3MirHeHHs: OKBicTa.

VY BIAMOBIMHOCTI IO acOIIHOBAHOTO 3aKOHY IUIACTUYHOI Tedil, TIACTHYHI
nedopmMarlii po3BHBaIOTHCS 10 HOpMaJIi 10 oBepxHi Teuii [1]:

dep=ar, 2= (17)
] Pyd PS>

ac fp — (yHKIIS TEKydoCTi, Sj =Gjj —Goéj — KOMIIOHEHTH JeBlaTopa
— i
HAIpPYKeHb, a Oy =0" g /3.

JIyist 130TpOMHOTO 3MIITHIOBAHOTO Matepiany IpH YMOBI TekydocTi Mizeca
TTOBEPXHS TEKYyUii ONMMCYETHCS PIBHIHHSIM:
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_1 di_q2 —
=5Si d ~12(9,)=0, (18)
ne Tg(dp) — mexa Tewil mpu 4McTOMy 3CYBi, Ka € (yHKIi€W napamerpa

3MinHeHHS OJKBICTA.

Bukonyroun  audepeHHilOBaHHS  BHpasy (13), BcTaHOBMIOEMO
B32€MO3B’ 130K MDK NPUPOLICHHAMH HANPY)XCHb 1 MPUPOLICHHAMHU MPYKHUX
nedopmaniii B akTyalbHIA KOHOITypamii:

do’ =[u(g" ¢ +d d )+l 8] & (19)

JInst BU3HAUCHHS 3B’ 3Ky MK TPHPOIICHHSIMH HaNpyXeHb 1 aedopmariiii mpu

HasABHOCTI [UIACTHYHOCTI 3AITUIIIEMO PIiBHAHHS [2]:

of of
= Pad+__P
df, 5 dd + Gﬁp ®,=0. (20)
Jist mpuitasaToi nosepxHi Teuii (18) maemo:
i ot
df,=s; ds -2t 685 = (22)

Tpuiivaioun 1o yBard, mo S dd = 8 @’ | a mpupocTH KOMIIOHEHT TeH3opa
HAIPY)KEHD,
do’ =C™ (de, - c&f), (22)
nepenuIemMo piBHsHHS (21) y BUrIsi:
ot +2defe;]
ikl | <p
§ICH (g - R =21 568 B (23)

Bupasusim B (23) mpupoIeHH s IaCTHYHMX aehopMarii uepe3 KOMIOHEHTH
JieBiaTOpa HAMpY>XeHb Y BiamosiaHocTi 3 (17):

5 CH o, ={§ & s j_ 2 g ; ] N, (24)

1 BpaxyBaBIlH, IO IS i30TPOIHOTO MaTepialy S; C=2GY e G —MOAyJb

3CYBY, HaiiIeMO HEBH3HAUEHHH MHOXKHHUK OA

s, K
= (25)
yp
_ 1 074
e y —4‘[2{G+— ]
P PR 09,

BUKIIIOYMBIIK TPHUPOLIEHHS IUIACTHYHUX JedopMariii B Bupasi (22),
HAITAIIIEMO 3B’ 130K MIXK TIPUPOIIEHHSM HANPYXEHb 1 AeopMariiil y BUTIISI:
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do’ =C de,,, (26)
e CIM =K _4G%9 ¢ _
Yp

Tyt Cgkl — TEH30p MHUTTEBUX KOPCTKOCTEH NPY>KHO-IIACTHYHOTO MaTepiaiy.

3. Marpuus KOpPCTKOCTi reoMeTPHYHO HeJliHifiHOTo 06010HKOBOTO CE
3arajbHoro Tuny. ®opmMysna Juis BU3HAUCHHS BY3JIOBUX PEaKIlild B aKTyalbHIH
KOH(iryparii reomerpuuno HeminiiiHoro CE 3aramphoro tumy (puc. 2) 3a
(dhopMoOIO CHiBIagae 3 BUPA3OM JUTS BU3HAYCHHS BY3JIOBHX PEaKIlii B JiHIHHIHN

nocranoBi [3]:

)=y ¥

i=1 j=1

(BT {o}aHm, |, ..

27)
x{)

ne |, J - KimpKicTh TOYOK iHTETPYBaHHS 1O xl, NG BianosigHo, H;, H i Barosi

byHKII, Xil, X]-2 - KOOpJIMHATH TOYOK iHTETpyBaHHS.

B dopmyni (27) npu BU3HAUCHHI HANPYKEHb BHUKOPHCTOBYETHCS MATPHILST

[B], sxa moB's3ye mepeMilneHHs 1 HeNiHIAHIA aedopmaiii B axTyaabHid

KOHq)irypa_ui'l':
%E ,1115"'(72%'12 %*’2721,1 ? % ’
101, 1
[EJ(SLSZ)_ 1= 4(i 182+ ZE %)
- Ez,zsz*'( 24, $+2 7, §§ x

0

rezV, z VB - 009HCITIOIOTECA TI0 (hopMymaM (4).

%7 2 éqi % 2 2 1§§ X
1 Ezﬁ —2 ¢
52 W(s9) T Wis 9 R

124 %19 22,49 x |
Z2s 2P

Martpus [B] B hopmysni (27) Bu3HauaeThCs 3a TOMOMOTOIO BUPA3y:

k%z ,1i3_+( 24,5274 % 9 X
. (zis+7%9)
[B[**'= %Z,lrzsz*'(z%’lz%"z Z{z%% x

0

1

=Z

4

1

2

24

2 ﬁ( R 7 1#282 X
Az s 23
22 @( 212 $2 %,2 1%81 X

1 ZZ 2 ¢
25 Yes) Tl (s 9%

ne 2V, \{3 - 069HCITIOITECS N0 hopMmyaM (8).
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Marpuist KOPCTKOCTI TEOMETPHYHO HemiHiiHOTO obomonkoBoro CE
3arajbHOT0 THITY O0YHUCITIOEThCS 32 (POPMYIIOH0:

ik S o]

ne |, J - KUTbKICTh TOYOK IHTETPYBHHS IO Xl, NG BianosizHo, H;, H i - Barosi

(28)

¢bynkii, )<1l , XJ-2 - KOOPJMHATH TOYOK IHTErPYBaHHSI.
%2,1’1§+(Z%’12§+2 211§§ * ! %ﬁ 2, 12 2,?1$52 X
(285+ 7% ) z2s 2
%2,1’232"'( 2,82 2, §§ 'x % éE( L 2 2 1$§ X
>

1.2.1 2 '
0 422+2(2”2’(S@)+22”2( . 5)%] R

Marpurist [b] o0umciIeHa B TPOMDKHIH BipaxyHKOBIii KOH(pIrypartii.

4. AnropuTM po3B’ I3aHHSI CHCTeM HeJTiHIifHUX PiBHSIHbD.

Po36’ azanna_cucmem _HeNiHIUHUX PiGHAHL. Y 3araJbHOMY BUNAJIKY TPH
pO3B’SI3KY  HENIHIHHUX 3aJa4  BHUKOPHCTAHO KPOKOBHH alroput™M 3a
rapaMeTpaMu HaBaHTaXCHHsI 1 9acy B MOETHAHHI 3 ITEPAIHOIO TIPOIETYPOIO
Hrrotona-KanTtaposuda mo ¢popmyii:

(r=fir{adr=(d a8, @

l—l . . . . .
ne [K] — minepanizoBana marpuus kopcTtkocTi B cucteMi piBasias MCE,

ol

[b](sl:sz) -

Nl

obuuciieHa B TPOMDKHIM BiIpaxyHKOBiH KoH(pirypamii 3 ypaxyBaHHAM
KOPEKIii TEeH30pa IPYXHHUX KOHCTAHT 3rimHo (opMmyid (TEH30p MHTTEBHX
KOHCTaHT) 1 KOOpPIMHAT BY3JIB JUCKpETHOI Mojaeni 1o  dopmyii

zr‘;: z‘r’r;l+A LEn; { Q}m, { R}nm — BCKTOPH BY3JIOBUX 3YyCWJIb 1 pEaKIlii,

BU3HAUYEHI B aKTyalbHIH KoH}iryparii. KoMIOHEHTH BeKTOpa BY3JIOBUX
peakiiii 00YMCIIOITHCS 3 ypaxyBaHHAM, SK (I3WIHOI Tak i T€OMETPUIHOT
HENiHIAHOCTI.

OO0uncneHHs 3IHCHIOIOTHCS 0 BUKOHAHHS YMOBHU:

o " rels2d o] 0

ge ( — mapaMeTp TOYHOCTI PO3B'S3aHHS CHCTEMH HENiHIHHUX pIBHSHb;

m

“{Q m” - cyMa KBajpariB BysnoBux 3ycuiab CEM; ”{F; "

- cyMa KBajJpaTiB

peakuiit CEM.
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JInst 3MeHIeHHsT 00YUCITIOBAaHNX BUTPAT MPH PO3B’sI3aHHI 3a/1a4 MPYIKHO-
IJTACTHYHOCTI, TOB’SI3aHUX 3 HEOOXIMHICTIO MEepepaxyHKy Ha KOXKHOMY KpOIIi
Koe(iIlieHTIB MaTPHUIli KOPCTKOCTi, IMIMPOKO BHKOPHUCTOBYETHCS CIPOIICHUI
anroput™ (31), 3 MaTPHIIEIO KOPCTKOCTI, €JIEMEHTH SKOi OOUHCIIIOIOTHCS 0€3
ypaxyBaHHs KOPEKIii TeH30pa NpyKHHX cranux. Tomi dgopmyrny (39) moxna
3aIMcaTy y BUTIISII:

m_ m m_ m -1 m
r=(arnadr=(4 9 ™R, ey
e MaTpHUIs [K] OOYHCIIOETECA OIWH pa3 Ha MEepIIoMy Kpomi 3
BHKOPHCTAHHSIM TeH30pa npyxkHux KoHctant CK |

Busznauenns _memnepamypnux __degpopmayiti. ®DizuuHi KOMIIOHEHTH
TEH30pa TeMmIlepaTypHuUX nedopMamiidi B MiCHeBiil cUCTeMi KOOpPAWHAT
BHU3HAYAIOTHCS BUPA30M:

T
€.
§r=__ W (32)

[
" o %
V BianmosiaHocti 10 MCCE [7] B momnepe4HOMY MepeTHHi, L0 BiANOBiIaE
TOYIl IHTErpyBaHHS TeMIepaTypHi aedopmallii, momamMo Biipi3KamMu psay
MakopeHna:

é;(o() =£ ;(cx)"'é ;(a),(}a)x(g_a) ; E,=E 1y Eqg=0; Elg=E [+E gagxﬁ - (33)

3anumemMo Koe(imenTn PO3KIIaTaHHs KOMITOHEHT hizuaHUX
TeMIiepatypHux aedopmariiii B psg MakiopeHa 3 ypaxyBaHHSM iX TOJaHHS B
MicueBiii cucremi koopauHat 3a (12):

2 1 04 _0(0rAT) _° =
I(((X)_ €a(a) = GTAT 8(1((1)(3—(!) a(:_(;) (()X(}a))—O(TAT,(S—a),
gu(a)
£l 812—GT AT 912 . Eis ——€33=071 AT;
\ 911 922 \ 911922
° 081, 9(aAT)
T _0Ofzz_0la7Al)_
€33p= 6xﬁ 6xﬁ cx AT,B, (34)
° ° agT
T_.T T _Y%i
ACEGTE |y BT g
=0
’e33

HEXTYEMO, SIK BETMIUHOIO O1TBIIT
=0

KoedimienToM po3kinaneHHs

X0X?| 4
X
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BHCOKOTO TIOPSIIKY MaJIOCTi.
3rigHo Gpopmyiu (32) ta migcrasisioun (34) 3HaX0AMMO:

et & o o me
€ (o) =€a(@) (o) TOT AT Gy(a);

] e ¢ e e e
€ a (o), (300~ Ea(@),30) Ja(a) AT ATy(3q) Ga(a);

812—512 \ 911 9,=aTt AT gy, 3 33—533 033=0T AT g3

°r 2 e
€333 €338 933—0‘T AT,B 933- (35)
TTogamo  koedillieHTH  pPO3KIAJACHHS  KOMIIOHEHT  TEMIIepaTypHHX
nedopMaliii uepe3 By3JI0Bi TeMnepaTypI/I Ta iX TMOXi/IHi:

°T 0(
Eaw™ g 2 2 OTigs) ga«x)v
4 g9

°T _aT ’ :
8cr(cx),(s—cr)—T ;1 Z_;rlAT(S_LSz)ZS(H)qx(a) ’

a a
512— 4T > 2 ATss) 9121 533—_T > X AT(S@)9331
S =1 =1 §=t1 $=£1

- _& o
€ 3313‘7{ > 2 ATg5)9:52%- (36)
S=t1 S=*1

CuiegigHotieHHs: (36), IO OMUCYIOTH 3aNEKHICTH MiX KoedilieHTaMu
po3knaneHHs nedopmaniii y psan MakiopeHa i TeMIeparyporo, y MaTpU4HiH
(hopMi MaroTh HACTYITHUH BUTJIS;

(e14B1{T) (37)
e
{7y ={ Ta-1) Tamny Tea T(l;l} ;
(ehT4ef2 el eleelpe e §
[B7] {[ BT B @Y B €% Bf ‘“ﬂ . (38)

3HaueHHs KOMITOHEHT IIiMATPHIh [BT](Sl’%), y Bupaszi (38) s

HEOJHOPIMHUX MPU3MATHYHUX TiJI BU3HAYAIOTHCS BIAMOBIAHO 10 hopmyn (36)
3 ypaxyBaHHAM oGuucieHHX 3a (11) 3HAYCHHAMH KOMIIOHCHT METPHYHOTO
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TEH30pYy ISl IPU3MATHIHUX TiJT:

1° °  p° .
297 Gt 0T S5-0) h@) X

T =
(B &2 9

o o

1 1° .
207 922+EO‘T Se-a) %) X

1° ° 1° o
ZGT 933+EGT S}( g33 )g

Busznauenns degpopmauin_naacmuuynocmi. B 3aranbHOMY BUTIAAKY TPH
PO3B’sI3aHHI CHCTEMH HEINIHIMHMX pIBHSHb, HAa TMOYaTKy KOKHOI ireparii N

KPOKy M KOMIIOHEHTH TeH30pa Hampykenb (G')7, mo Bxomars 10

BHUKOPUCTOBYBaHOTO B (29) BekTOopa BY3JIOBHX peakliil, 00YHUCIIOIOThCS 3a
¢dopmynoro:

(6" =" +(a8")7, (39)
xe (6 )n — IPHPOLIEHHS HANPYXKEHb, Ki BU3HAYAIOTHCS 3TIJHO 3 3aKOHOM
I'yka (19)3a BenUIMHOIO MPUPOIICHHS MOBHUX Ae(hopMalliii.

JlilicH] 3HaYeHHS HaIpy>KCHb (6ij )n, mpy HasBHOCTI (i3MYHO HENiHiiHMX
nedopManiif, 0 BUKOPHCTOBYIOTHCS I BH3HAYCHHS KOMIIOHEHT BEKTOpa

BY3JIOBUX PEaKIii { R}nm , OOUHUCIIIOIOTECS 32 (POPMYIIOIO:
i 1 s . .
@R =33 @ i+ =R+, (40)

ne (S')N — KOMIOHEHTH JeBiaTOpa HANpyKEHb, IO BPAXOBYIOTb HASBHICTH
nedopManiil TaCTHIHOCTI 800 OB3Y4OCTi.

Bu3HaueHHS KOMIIOHEHT JeBiaTopa (Sij o TeHsopa HilfiCHUX HampyKeHb,
mo Bxomate 10 ¢opmyan (40), mpu po3B'sA3Ky 3agadi IUIACTHYHOCTI,
3MIACHIOETBCS 3 YpaxyBaHHSIM IOTOYHUX
3HaueHb Mexi TekydocTi Tg [9]:

(m=(dpn= (41)

1 1= /31' d /2 — I[IOTOYHE 3HAYCHHS

IHTEHCHBHOCTI JOTHYHHX HAINpY>KEHb.
[TnacTnuHe TEYiHHSA ONMMCYETHCS IILITXOM

30epiraHHs JieBiaTopa HaNpy)XeHb Ha T'PAHMII

Puc. 4 npyxHocTi. Ha puc. 4 moka3aHi Hanmpy»XeHHs B
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crani N. B mpocropi ronoBHi HampyxeHHs O3,0,,05 Y BIAIOBIZHO 3 YMOBOIO
TeKydocTi Mizeca IOBEpXHIO TEKYJOCTI SIBIISIE COO0I0 MPSIMUI KPYTOBUH IIMITIHAD,
crmig sikoro Ha neiatopHid mwiomuHi (S+$+S=0, ne S, S, S - meBiatopu
TOJIOBHHX HATIPSDKEHB) - KOJIO PAJiycoM T .

ITicns 36impmeHAs aedopMaliii HampyKeHb 3MIiHIOIOTHCS 1 TIEPEXOIATE Y
cran (n+1). Ilpore cranm (N+1) 3HAXOAMTHCA 3a KOJIOM TEKYYOCTI 1 y
BiJIMTOBIAHOCTI 3 MPUAHATOIO YMOBOIO TEKYJIOCTi JOCATATUCS HE MOXKe. 3aMicTh
bOro B MaTepiaii BigOyBaeTbcs IUIACTUYHE TEUiHHS, a HaNPYXEHHS
nepeOyBalOTh Ha MEXi MPYKHOCTI, TOOTO Ha KOJIi TEKY4OCTi.

ITnactudna wactuHa nedopMariiid MepreHANKYISIPHA 10 KPUBOT TEKYYOCTI 1
HEOoOX1THO OOMEXHTH caMe Ti HamlpyXXEHHs, SKi IOB'sA3aHi 3 II€I0 YaCTHHOIO
nedopmaniii. TomMy HOBUH HampyXeHWi cTaH 3aMicTh crany (n+1)
BIJIMTOBiAaTHME TOYIIi, 5K 3HAXOJMUTHCA Ha TIEPIICHIUKYIIAPE 0 OKPYKHOCTI,
NPOBEIEHOMY 3 TOUKH, 10 BignoBinae crany (n+1).

ITopsimoxk BUKOHAHHS oOTepalii MpH BUPIMICHHI 3aBIaHHS TUIACTHYHOTO
Ie(pOpMyBaHHS 3 ypaxyBaHHSIM BCIUKHAX IIEPEMIlllCHb, B OCHOBHOMY,
30iraeThCsi 3 TMOPSAKOM BHUPINICHHA TECOMETPUYHO HETIHIHHOI 3ajadi,
omucaHuM paHime. J{oZaTKOBOIO oOIlepalielo € KOpEKIis HarpyXeHb
BianoBinHO 10 Gopmynu (41). Kopekuis mpoBOOUThCS Ha KOXHIH iTeparii
TUIBKU B TUX BHIIAJIKAX, KOJIH BUKOHYETHCS YMOBA

T, <T. 42]

Jaini mpoBoIUThCS OOYMCIICHHS NIMCHUX 3HAYCHD MPUPOINCHB Aedopmartiit

nnacTuaHoCTi (AE] ), :

(Eiﬁ) )m = (Eijp)m—l + (Asﬁj )m = (EiF )m—1+(1_%j (g) m / Gl ' (43)

Jis 3’sicyBaHHS MOXKJIMBOCTI BH3HAYCHHSI PO3BHUTKY 30H IUIACTHYHOCTI B
TOHKOCTIHHHAX KOHCTPYKIIiSIX, allPOKCHUMYIOUH O TOBIIUHI OJJHUM CKiHYCHUM
€JIEMEHTOM, BUKOHAHHWH MPY>KHO-TIACTHYHUN PO3paxyHOK IMIAPHIPHO OTMEPTOl
0aJIKM 3aBaHTAKEHOI PIBHOMIPHO PO3IOIiIEHMM HaBaHTaXeHHsAM (puc. 5) mpu
HACTYIIHAX MexaHiyHuX xapakrtepucrtukax: £=1.0; v=0.3. 3a ToBHMHOIO
CKIHUEHOTO eJIEMEeHTa MPUHUMAaIIOCs I’ ATh [ 'ayCOBHX TOYOK IHTETpyBaHHSI.

q

\ J¢ wL y

%\ 30HH MIACTHYHOCTL

A=

Puc. 5
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AHajiTHUHe pillleHHs 3aja4i HaBelIeHe B pooOoTi [8], e 3B’ 130K KOOpAHHAT
MDK 30HaMH IDIACTHYHOCTI 3 I1HTEHCHBHICTIO 3aJIaHOTO PO3IMOAIIEHOTO
HABaHTA)XCHHsI (] MPEACTABIICHA Y BUTIIAII:

2
z2-3p?=2n? 3 (X°_1), (44)
Qo a

Tyr h - momoBuHa BucOTH Oanky; @ - HOJNOBHHA NOBXUHHU Oank; 0 -

BEITMYMHA PO3IMOAUICHOTO HABAaHTAXKEHHS, NMPH SKiH 3’ ABISIOTHCS TUIACTUYHI
nedopmarii,

g =AM

0 3 az ’
ne M - 3HaueHHs 3rHHAJIBHOTO MOMEHTY.

Ha puc. 6 300paskeHa oTpuMaHa 3a HOIOMOror pisaocti (44) kpusa
q 3aiiesxHoCTI adcucu X 30HU
— 8] / TUIACTUYHOCTI BiJl BETHYUHU
~  MCCE / IHTEHCUBHOCTI

HABaHTAXEHHS  (  1pU
(ikcoBaHHX 3HAYEHHAX
/ opauHath Z, pisauM 0.4531
e (koopauHaTa I'aycoBoi
w TOYKH). PoMbGukamu
HaHECEeHI1 pe3yNbTaTH
os i 15 x MCCE pimtenHs.

Ha puc. 7 300paxeni
rpadiku Hampyr ¢ 3aJeXxHO
Bix X 1o  mepeTHHy
Z=0.4531 npu pi3HUX 3HAYCHHAX HABaHTaKCHHsA (. ['paHMYHA BEIUYHHA ©
BifnoBinHa O =1.267,1110 He BUKJIMKAE IUIACTUYHMX JedopMariil nopiBHIoe 95.

Puc. 6

(e}
10 1 7=0.4531

20

q=1.7%
30

q=1.6
40

50
60

q=14 %
70

q-1.25

80

20

Puc. 7
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Ha rpadiky BHIHO XOpOIIy Y3roJDKEHICTh PIMIEHHS 3a MPOIOHOBAHOIO
Metonrkoo MCCE Ta aHaMITHIHUX pe3yJIbTaTiB.

BuchHoBok. Po3pobneHa Meromuka JO3BOJISIE 3 BHCOKOI TOYHICTIO
BH3HAYATH HAIMpPYKEHO-Ie(OPMOBAHUN CTaH TOHKOCTIHHUX KOHCTPYKIIH Yy
(i3nuHIi 1 TeOMETPUYHO HENIHIHHUX MOCTAaHOBKAX IPH BUKOPHUCTAHHI OJJHOTO
CE no ToBmiuHi.
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Baoicenos B.A., Caxapos A.C., ['ynap A.A., [uckynos C.O., Maxcumrox FO.B.
OCOBEHHOCTH HUCHOJIb30BAHUS MOMEHTHOM CXEMbI KOHEYHBIX
3JEMEHTOB (MCK?) IPU HEJIMHEMHBIX PACYETAX OBOJIOYEK U IIVIACTUH
Ha ocnoBe MCKD co3nan oGonoueunsrii KO o0miero Tuma, KOTOpBIi MO3BOJSET MPOBOAUTH
aHaIN3 HaNpsHKEHHO-Ie(OPMHUPOBAHHOTO COCTOSHHUS OCECHMMETPUYHBIX O0ONOYEK U IUIACTUH B
3a1a4ax (DU3MYECKOW M TEOMETPUYECKON HEeNMMHEHHOCTH. [IpHMBEEHBI OCHOBHBIC MOJIOKCHHS
HEJIMHEIHOW TEOpUHU YIPYroCTH, AJTOPUTMBI PELICHHS CHUCTEMbl HEIHMHEWHBIX YPAaBHCHUS IS
OIpe/IeICHUs TEMIIEPATyPHBIX U IIACTHYECKHX Je(opMariiid.

KuaioueBble ci10Ba: METOJ KOHEYHBIX 3JIEMEHTOB, TEMIIEpaTypHble nedopmanun, aehopManuu
IUTACTUYHOCTH, TEOMETPUYECKU HENMHEITHOE NeopMHUPOBaHKE.

Bazhenov V.A.,Sacharov A.S., Guliaf APyskunov S.O., Maksymiuk Y.V.,
FEATURES APPLICATION CIRCUIT MOMENT FINITE ELEMENT  (MSSE)
NONLINEAR CALCULATIONS OF PLATES AND SHELLS
Based MSSE created shell CE general type, whidwallyou to analyze the stress-strain state of
axisymmetrical shells and plates in problems ofspdgl and geometric nonlinearity. The principal
nonlinear elasticity theory, algorithms for solvisgstems of nonlinear equations for determining
the temperature and plastic deformation.

Keywords: finite element method, temperatural strain, ptastrain, geometrically nonlinear
deformation.
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YK 539.3

ILIL. JlisynoB®, 1-p TexH. Hayk,
O.I. Tyasp’, 1-p TexH. Hayk,
LI Cousoneii’, JI-p TeXH. HayK

*Kuiscokuii nayionansnuii ynigepcumem Gydienuymea i apximexmypu,
Tosimpoghnomcoruii npocn., 31,.m. Kuig. 03680

YHIBEPCAJIbHUI AJITOPUTM YU CEJIBHOT'O
MOJEJIOBAHHS HEJIHIMHUX ITPOLECIB .
JE®OPMYBAHHS 3AII30OBETOHHUX KOHCTPYKIIN

Po3polbiieHo YuCeNnbHUI aaropuT™ Ta peajidylodi Horo mporpaMHi 3aco0M JUis JTOCIiKEHHS
HemiHiifHOrO AehopMyBaHHS 1 TPIMIMHOYTBOPEHHS MIPOCTOPOBHX 3ali300€TOHHUX KOHCTPYKIIH.
BHUKOPHCTOBYEThCS METOJ CKIHYGHHX eNEeMEHTIB. UmncenbHE MOMICIIOBAHHSA — HETiHIHHOTO
nehopMyBaHHS Ta pYHHYBaHHS MaTepialiB 3HiHCHIOETBCS 3riAHO 3  (HEHOMEHOIOTIYHUME
TEOpisMH. AJITOPHTM PO3PaxyHKy IPYHTYETbCS Ha MeToi Herotona-Kanroposnua. JlocToBipHicTh
pe3yNIbTaTiB MiATBEP/UKCHA MIIIXOM ITOPIBHSHHS 3 €KCIECPHMEHTAJIBHUME JAHUMH 1 YHCEIbHUMH
pO3paxyHKaMH, BAKOHAHUMH 33 IHIIMMH METOANKAMH.

KaiouoBi cioBa: 3ami300eTOHHI IIPOCTOPOBI KOHCTPYKIIi, HemiHifiHe aedopMyBaHHS,
TPIIUHOYTBOPEHHS, (HeHOMEHOJIOTIUHI Teopii, MeTO/ CKIHUEHHUX EJICMEHTIB.

Beryn

JocmimkeHHs HeMiHIHOTO NeopMyBaHHS Ta IPOTPECYIOUOro PyHHYBaHHS
313006 TOHHUX KOHCTPYKITiH 1 MeTaleBuX €JIEMEHTIB KOHCTPYKIIH B paMKax
€IMHOTO aJITOPUTMY TOTpeOye cremiaTbHuX aNTOPUTMIYHUX 1 MPOTpaMHUX
pO3poboK. IX CKIamHICTE 3yMOBJIGHA Pi3HMM XapaKTepoM IIPOSIBY TPaHHIHOTO
crany OeroHy i Merany (mepmmii pyWHYETbCS KPHXKO, Apyruii "reue"),
3aCTOCYBaHHIM JaedopmariifHoi Teopii MIACTHYHOCTI ISl ONMUCY POOOTH
OeToHy, IO Tepeaye Horo pyHHYBaHHIO Ta acOIiHOBAaHOTO 3aKOHY Teopii
IUIACTHYHOTO IUIMHY JUISI METaly, BHKOPHCTaHHSIM BEIHKOrO 00CATY
PI3HOPITHOT IO 3MICTY OIepaTHBHOI iHpOpMAITii.

PosrnsHyTi mpoIllecH BIiTHOCATBCS JO KJIACYy CBONIOMIMHUX Y TOMY
pO3yMiHHI, MO Ui OICpKAaHHS JOCTOBIPHOI KapTHHU HANPYKCHO-
ne(opMOBaHOTO CTaHy IOCITIDKYBaHMX KOHCTPYKIIH HEOoOXiJHE ypaxyBaHHS
icTopii HaBaHTaxeHHS. PO3B'A30K TakWxX 3ajad HaWKpaile 3IiHCHIOETHCS Ha
0a3i KPOKOBO-ITepaIlifHUX AITOPUTMIB METOIY TPOJIOBKEHHS 32 MapaMeTPOM.
Po3pobnenwnit y maniii poOOTi alrOpuTM BiTHOCHTHCS O 3a3HAYEHOTO THUIY 1
nependavya€ HasBHICTh K CHIOBHX TaK 1 KiHEMaTHYHHX (BUMYILIEHI
HepeMilieHHs) BIUIMBIB. PiBeHb KOKHOIO 3 HHX 3aJA€ThC AK (PYHKINs
BEy4oro TapaMeTpa ajlrOpUTMy - HOMepa KpOKY iHTeTpyBaHHS HETiHIHHUX
piBHSIHB, MO0 OINHWCYIOTh CTaH JUCKPETHOI MOMAENi MeToJa CKiHYeHHHX

O Jlizynos ILIL., T'yasp O.1., Cononeii 1.1
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enemenTtiB MCE po3risiHyToro o6'ekra.

OOrpyHTyBaHHs 1 TOOymoBa MaTeMaTHYHOI Ta CKiHYEHHOEIEMEHTHOI
MoJeneld, sKi BHUKOPHUCTOBYIOTHCSI B  MPEACTABICHUX  JOCIIKSHHSIX,
PO3IIISHYTI y TIONEPENHIX poboTax aBTopis [1, 2].

1. Peagizaitist aropuTMy 4nceIbHOT0 MOJAeTIOBAHHS HeJIiHiliHOT

Ppoo0TH 3aJ1i300€TOHHUX KOHCTPYKIiii

[puiinsaTa B maHiil po3poOIli MOJENs NaHUX BiAMOBINAE KBa3iperyJspHii
CTPYKTYpi auckpeTHOi moneni [8] i peamisye Bci mepeBaru Takoro miaxony B
iaHi ekoHoMii pecypciB EOM i nmpocToTn anropuTmiB KepyBaHHS JaHUMH.

ANTOPUTM YHCEIFHOTO MOJCTIOBAHHS HEIIHIHOT pOOOTH 3a1i300€TOHHUX
KOHCTPYKIIii MICTHTB Y 00l HacTyIHi OCHOBHI eTanu (puc. 1):

1. ®opmyBaHHs 1 HamoBHEHHs 0a3W JaHUX, IO BigOOpaXkarOTh
TOTIOJIOTIYHI Ta (i3MKO-MEXaHIuYHI XapaKTePUCTHKH CKIHICHHOEIEMEHTHOL
Mozeli 00'ekTa po3paxyHKiB.

2. Po3B's3aHHs Qi3UYHO HENiHIAHOT 3a1adi.

3. Moandikamis MaHUX TPO JUCKPETHY MOJAENb 3 ypaxyBaHHAM
YTBOPEHHS TPILIMH y OCTOHI.

Po3B's3anns iznmyHO HENMiHIIHOT 3a/1a4i peaTi30BaHO IMUITXOM OpraHi3amii
BHYTPIIIHBOTO IMKITY. Il BU3HAUYEHHS HANpyXeHO-IeGOpPMOBaHOTO CTaHy 3
ypaxyBaHHSIM IUTACTUYHHUX JAedopMallii ycix KOHCTPYKTHBHHX MarepiaiiB
BHUKOHYIOTBCSI HACTYITHI MPOLICAYPH:

1. OGumcrenns BysnoBux peakuiii {R} Ha namiit itepauii (i - HOMep
NOTOUHO iTepartii) Mo HampyKeHHAX O, HAKONMYCHHX HA IONEPEAHBOMY
kpoui (j - HOMEp MOTOYHOTO KPOKY), 1 MPUPOCTaX HAmpyKeHb AG', mo e
HACTIIKOM TMPHUPOCTY TEepeMilleHb {AUH} , AKi HaKONMYEHI Ha TOTEpenHiX
ITepaLisix MOTOYHOTO KPOKY j:

(Ry4 R &) , & =<31'-1+A6"1({Aui ‘}). 1)

[Tpu oOumncIeHHI HANPYXEeHb I KOKHOTO MaTepiainy BUKOPHCTOBYIOTHCS

crienuiydi PIBHAHHSA CTaHy, SKi ONHCYIOTh WOTO TPY>KHOIUIACTHYIHE
nedopMyBaHHSI.

2. O6uncnenHs By3JOBMX HaBaHTaxeHb {P'}, mo iHTepmperyioTh

30BHIIITHI CHJTOBI BIUTHBH.
3. TlepeBipka piBHOBard THUCKPETHOI MOJICII ILISIXOM IOPIBHSHHS 3HAYCHD
BY3JIOBUX HABAHTAXKECHB 1 PEAKITiid, TOOTO OOYHCIIEHHS BY3JIOBUX HEB'SI30K:

4P ER . 2)
4. OGuucnenns npupoctiB nepemimens {AUY} Ha gamiii itepauii.

By3noBi HEB'SI3KM BHKOPHCTOBYIOTHCS SIK ,,JOAATKOBI HaBaHTa)KeHHs (mpaBa
YaCTHHA JIiHEapi30BaHOI CUCTEMH PiBHSHB):
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{aut4K e, 3)
ne [K] - edekruBHa miHeapizoBaHa MaTpHI JHKOPCTKOCTI aHCaMOIIO
ckinuennux enemenTiB (CE).

NG
3MiHa napameTpy iHTerpyBaHHs

Uu BignoBsigae maTpmus )KOPCTKOCTi
‘WCTaHy KOHCTPYKLi?

<>Hi

TakK ) )
dopMyBaHHS MaTpWL|i XXOPCTKOCTI KOHCTPYKLi

PosB’asaHHsA diznyHo B
Ta reoMeTpu4HoO

. h O6umncneHHs By3noBuX peakLji
HeniHiHol 3apavi

OBumncrneHHs BY3NOBUX HaBaHTaXXeHb

O64nNCNEHHs BY3NOBUX HEB 30K
Un BMKOHYETBCSH

yMOBa MILHOCTI? O6uncreHHs NPMpOCTY BY3nOBiX
) nepemileHb
Hi
TaK | HaneceHus HakonuyeHHs NpupocTy By3NoBUX
TPiLLUH nepemilieHb

HI | Uy BUKOHYeTbCS yMOBa
A pisHoBarn?

rak| v HaHoCHNCL

b pe TaK
A/ TpilLMHN?
Hi HakonuyeHHsi NpUpPOCTy HanpyXeHb
Ta nepeMillieHb, nepesipka yMoB
PesynbTaTti po3paxyHky MiuHocTi

rax Yu notpibHa 3miHa
, / NapameTpy
1Hi iHTErpyBaHHs?

Puc. 1. AITOpUTM YHCEIBHOTO MOJICITIOBAHHS Ie(hOPMYBAHHS
Ta pylHyBaHHS 3aJ1i300€TOHHUX KOHCTPYKIIiH

5. HakomuwueHHsT TPUPOCTIB BY3JOBHX IEpPEMIllIecHb Ha JdaHild iTeparrii
MOTOYHOTO KPOKY:

{auh 4 aUY ¢ A" (@)
6. IlepeBipka ToOYHOCTI po3B'si3aHHs (Hi3UUHO HEJiHIHHOT 3axayi. TouHicTh
BBQ)KAETHCSI JJOCSITHYTOIO TOJIi, KOJIM CyMa KBaJpaTiB BY3JIOBHX HEB'A30K CTa€
MEHILIE CyMH KBaJpaTiB BY3JIOBHX HaBaHTa)KeHb, IOMHOXKCHOI Ha JesKe Maje
YHCIIO E!
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e “2<s” pi H2 (e = 0.001). ©)

Skuio ymoBa (5) He BUKOHY€ETBCS, 3IIHCHIOEThCS TIepexia 10 mporeaypu 1.
ITo 3akiH4YeHHI iTepamifHOrO MpOLECY HAKOIMUYYIOThCS MPHPOCTH

KOMIIOHEHT BeKTopy mnepeMimens {AU j}, nedopmarniit AE! Gerony i

apMaTypd, a TakoX HanpykeHb AG I Jna CE, mo MoIemornTh
METAJIOKOHCTPYKIIii HAKOTIMIYIOTHCS 3HAYCHHS apameTpy OpKkBicTa.

Jlist BCiX CKIHYEHHHMX €JIEMEHTIB B MeXaxX 3aJli300€TOHHOI KOHCTPYKIIT
BUKOHYEThCS TIEPEBipKa MPUHHATOTO KPUTEPIIO MIIHOCTI OeToHy. SIKmo xoua
6 B ogaomy CE mopymryeTbcsi yMOBa MIITHOCTI, TIPOBOJIUTHCS "HAHECEHHS
Tpimme". Ilg mpomemypa momsrae B OOYMCICHHI Ta 30epeXKeHHI O3HAK
HasBHOCTI i craHy (BiZKpHUTTS a0 3aKpHUTTA) TPIlMH, & TAKOX KOCHHYCIB
KyTiB HampaBJIIOYMX HOpMaliel BiAmoBimHUX IwiomuH. KpiM Toro, mis
BiIKPUTHUX TPIIIMH HANPYKEHHSI KOPET'YIOThCS 3 YPaxXyBaHHSAM PIBHOCTI HYITIO
HOpPMAITFHUX 1 TOTUYHUX HATIPYXKCHb Y IUIOMIMHI PYHHYBaHHS.

Jlis mepepo3noainy 3ycuib, SIKi CIpUHMalucs 3pyHHOBaHMM OETOHOM,
3HOBY BHpIIIyeThCs (HDI3UUHO HeNiHiMHA 3a7ada. UYeproe 30UIbIICHHS
BEAy4YOro Imapamerpa anroputMmy, T1o6To (j + 1)4f Kpok iHTerpyBaHHS,
BUKOHYEThCA JIUIIE TOMi, KOJH, 3 OJHOTO OOKy, IOTPUMYETHCA yMOBa
piBHOBArd, a 3 iHIIOTO - y KOJHOMY CKIHYEHHOMY €JIEMEHTI HE TOPYIITYEThCS
KpUTEPii MIITHOCTi OETOHY.

VYpaxyBaHHS T'€OMETPUYHOI HENiHIHHOCTI He BUMarae MoauQikarii
aNrOpUTMY, MPEICTaBICHOTO Ha puc. 1. Y mpoMmy BHUNAAKy mpu OOYMCIICHHI
By3sioBuX peakuiii CE BUKOpUCTOBY€ETHCS TEH30p KiHIEBUX Aedopmariii, a mo
3aKiHYEHHIO iTepaliifHOro mporecy BUKOHYETHCS KOPEKIisi KOOpAWHAT BY3JIiB
Ha BEJMUUHY TIpUpocTy nepemimens {AU '} .

Matpunst  koe(ili€HTIB TP HEBIIOMHX PO3PaxXyHKOBOI CHCTEMH
anreOpaiunux  piBHAHb  (TiHeapizoBaHa Marpuist  kopetkocti  [K])
(dopMyeTbcsT Ha TEpIIOMY KpOILi IHTETpyBaHHs, a TIOTIM - N0 Mipi
HEOOX1THOCTI: TTPH 3MiHI )KOPCTKOCTI KOHCTPYKIII, [0 MOYe OyTH BHKIMKaHO
YTBOPCHHSAM TPIIIUH 200 MOJCIIOBAHHSAM MPOIECY VKIAJaHHS Ta TBEPAiHHS
OCTOHY, a TAKOXK MPH ICTOTHIH 3MiHI TEOMETPIl PO3PAaXyHKOBOI CXEMHU.

TakuM YWMHOM, OINHUC HENiHIHHOT POOOTH KOHCTPYKIII, IO 3yMOBJICHA
(hi3MYHOTO HEINiHIHHICTIO OETOHY 1 METaTy Ha MTOTOYHOMY KPOIIi iHTeTpyBaHHS,
0a3yeTbcs Ha METOMAI JOJATKOBHX HaBaHTaKeHb. B Toil ke wac s ommcy
HEMHIHHOCTI, 10 BUKJIMKAaHA TPIIIMHOYTBOPSHHSM 1 HAKOTTUYCHHSM BETHKUX
nedopmariii, BHUKOPUCTOBYETHCS METOJ[ 3MIHHHX KOpcTkocTed. Takwmii
KoMOiHOBaHui amroput™ (MomudikoBanuit meron Heroorona-KantopoBuua
[5]) € Hailbinbm eeKkTHBHMM MpPU MPOTHO3YBaHHI CHIMBHOI POOOTH
3aJ1i300€TOHHHX Ta METAIICBUX KOHCTPYKIIIH.
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UucenbHi eKCIMEPUMEHTH IOKA3ajd, IO BHKOPUCTAHHS IMOYATKOBHX
MOJYJICH TIPY>KHOCTI Tipu (GOpMyBaHHI JTiHEapi30BaHOT MAaTPHII KOPCTKOCTI
[K] e Oinbin nepeBakHUM y MOPIBHSHHI 3 BapiaHTaMH BUKOPHUCTAHHSI CIYHUX 1
JOTHYHHUX MOAYJICH, OCKUIBKM 3abe3leuye CTiMKy 30DKHICTD pe3ysbTaTiB /0
TOYHOTO 1 B OCTaTOYHOMY IIJCYMKY JO3BOJISIE JOCSTTH EKOHOMIl
npouecopHoro yacy EOM.

Po3paxyHkoBi cmiBBinHOIIEHHS Teopili nedopmanii 3anmizobeToHy 3
tpimubaamMu M.I. Kaprienko [6, 7] 103BOJIsIOTE BpaxyBaTH CIIUIBHICTE POOOTH
apMaTypH i po3TATHYTHX OJIOKIB OeToHY («cMyr») Mixk Tpimuaamu. CynpoTHB
CMyT OETOHY PO3TITY MOJEIIOETHCS 3a JOTIOMOTOI0 KoedirieHTa MypamioBa
. Jlo yIBOpeHHs TpiluH, KoJiu poOOTa KOXKHOI 3 KOMIIOHEHT 3aj1i300€TOHY
(GeTony 1 apMaTypu) BpaXOBYETbCS OKpeMO HpHHMaeThes, mo Py =1.
besnocepenHpo micis yTBOPEHHS TPIIMH MOAYJb MPYXKHOCTI apMatypu Eg
YMOBHO 3MeHIIyeTbcst B g pasiB (g <l). Ilomampmre HaBaHTaKCHHS
MOCTYIOBO Be/ie 10 TOBHOTO MOPYIICHHs 3YCIUICHHS apMarypu 3 OETOHOM.
Takuii cran Bigmosigae xoediumienty Yg=1. Bigomi pisHi Buaum ¢GyHKIIi
Y,=Py (e, mampuxman [10, 11, 13, 14]Cepen HUX 3aICKHOCTI, HABEACHI B
[10, 14], opienToBaHi Ha 3acTOCYBaHHA B YHCEIBHHUX JOCIIIDKEHHSIX
KOHTUHYaJTbHUX 00'€KTIB 1 BUKJIQ/ICHI IETATLHO IS peatizallii, ajne moka3yoTh
3HA4HI PO30DKHOCTI NPH KITBbKICHIM OIIHII poOOTH cMyr OETOHY MiX
TpimuHaMu. Y 3B'A3Ky 3 IIUM, Ha OCHOBI PO3pPOOJICHOI MaTEeMaTUYHOT MOJEII
oropy OeTOoHy 3 ypaxyBaHHSM KOHIEHTpamii HampyXeHb 1 METOIUKH
YHCEJIFHOTO MOJICJIIOBaHHS pyHHYBaHHS 3a1i300€TOHHUX KOHCTPYKLiHM, OyIio
BUKOHAHO YHCEJbHE MOCHI/DKEHHS PpO3TATY 3ai300€TOHHOTO 3paska, B
pe3yibTaTi skoro BcTaHoBIeHa (QyHKIIS Yo(€). 3a 00'ekT HOCHIKEHHS
MPUHHATHN 3pa30K i3 CTPIXKHEM TIEPIOAUIHOTO TPOQIITIO, IO PO3TAMIOBAHII
B3I0BX Bici 3paska [3] (puc. 2).

Ha ocHoBi otpumanoi miarpamu Q=Q(U) Oyna moOymoBana (yHKLisS
MypameBa Y4 (€y), 1O XapakTepusye CHiIbHY pOOOTY apMaTypu i 6eTOHY 3a
HassBHOCTI TPIIIMH IIUIIXOM YMOBHOT'O 301IbIIIEHHSI dKOPCTKOCTI apMaTypH:

2
MY
l-le_ QL ’

ge Hg=0.02 - xoediunieHT apMyBaHHS; pajAiyc 1 JOBXHMHA HUIIHAPUYHOIO

(6)

3paska: I =7 cm, L=20cm. I'padik orpumanoi takum ynHom GyHkuil Yg(E)
HaBEJICHO Ha puc. 2,KpuBa 1.
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0.2+

200

T T -
3
025 05 075 1.0 1.25 1.5 175 20 ‘C"s 10

Puc. 2.T'padixu koedinienta Y  ax Gynkuii nedpopmarii apmMaTypu

Kpusa 2 —rpadix ¢pynxuii Yg(€), oduucneHoi BiamnosigHo no [10]:
N Ro
P=1-s—B =1-s B (7)
S OS fS l‘l SE § S

ge S=1.1 - xoedinient, mo BpaxoBye npodins apmarypy; Ny, - 3ycHis, mo

BiJMOBigae yTBOpeHH!o TpiluH y Oetoni; fg - miomma momepeyHoro nepepizy
apmaTypHOro crprkus. Ha puc. 2, xpuBa 3 Binnosigae ¢pyHkuii P (€,), sxa

3anporoHoBaHa apTopamu [14] i B JaHOMy JOCTIKEHHI IpUMaacs B €0
CITPOIIIEHOMY BHUTJISII:
Ws=1-B(gs-€)*, ®)
ne
_ = _ — = GC;
B:(l_qjssss)/(gs_E 5)2 ’ 85 =1'$RT' 85 ZEI ’
S
=0.383+ 62.p,+ 2082, 0.1<P<1.

Tyt €xy =810° - rpaHn4Ha edopMalis OETOHY IIPH OCLOBOMY PO3TSI3i.

Ilpn upomy |g OOUMCIIOETbCA $K BIJHOIIEHHS IUIOII MOIEPEYHOIOo
nepepizy apMaTypu 0 yci€l IUIOIli BEPTHKAJIBHOTO Nepepidy OaJKH-CTiHKH.
TakuMm YHHOM, 3acTocyBaHHi ¢GopMmynn (8) mnpumyckae BHKOPHUCTaHHS
XapaKTepHOTO Ul  IHXKCHEPHHX pO3paxyHKiB IMpHHAOMY OOYHMCIICHHS
koedinieHTa apMyBaHHA | . Lle He y3ropKyeThes 3 MiIX040M, 3aCHOBAHUM Ha
JUCKpeTn3anii JocipkyBaHoro o0'ekry no MCE, ko g 0OUHCITIOETBCS SIK

BIZIHOIIICHHS IUIOIII MOTIEpEeYHOro mepepidy apmarypu no ionii CE, B sikomy
BOHA PO3TAILOBaHA.
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IlopiBHsAHHS TpadikiB, NPEACTaBICHUX Ha pHUC. 2, MO3BOJSE 3POOHUTH
BHUCHOBOK TPO Te, L0 OTPUMaHA B PE3yJbTaTi YUCEIBHOTO MOJCTIOBAHHS
Obynkuist Yg(€g) sKICHO y3rojukyeTbes 3 ii Bapiantamu y Burisai (7) ta (8),
3a0e3nedyroun 3HaueHHS g, AKi JIexaTb B 00IAcTi, IO OOMEXKEHa 3HH3Y
¢byukuiero (7), a sropu - (8). Ha mouartkosiit minsHii (mpu £s<0.5EI.(73)
rpadik 3anpononoBanoi ¢yukuii Ye(€,) (kpuBa 1) 6mmxue no ¢ynkuii (7 -
kpuBa 2). [Torim kpuBa 1 HaOimxkaeTbes 10 kpuBoi 3 - rpadiky dynkii (8) i
CIIiye 3a HElo 10 KiHIA 001acTi BUSHAUECHHS g =2.110°.

Buknagennii Buine uucenbHHH croci® orpuManus ¢yHkuii Y (€)

3aCHOBaHMH Ha JETaJbHOMY MAaTeMaTHYHOMY MOJEIIOBaHHI ITPOIECIB
B3a€EMOJIi apMaTypu MepioJUYHOro MpodiIo 1 OETOHHOTO MacuBy, SKe
CYNPOBOJIKYETHCS TUIACTUYHOO JeopMaliiero cTaji i 6ETOHY Ta yTBOPEHHSIM
TpimuH. [IepeBaroto Takoro miaxoay € sSiCHa IHTEPIIpETalis XapakTepy GyHKIT
Y. (Eg) , TOOTO MOXKIMBICTH MPOBECTH AHAJOTII0O MiX 3aKOHOMIpHOCTAMH Ii

3MiHM 1 TUMHU (QI3UIHUMH SBHUIIAMH, SKi BiJOyBalOTbCS TNMPH HaBaHTaXCHHI
3pa3ka.

2. locnimxennst neopMaTHBHOCTI Ta HeCydoi 3MATHOCTI

3aJ1i300€TOHHOY 0ATKH-CTIHKH

JUIs  IOCHIKEHHST MOXIIUBOCTEH pPO3pOOJICHOT METONUKHA YHCEIBHOTO
MOJICTIOBaHHsI HENiHiIfHOT poOOTH 3ai300€TOHHHX KOHCTPYKLIH B IIOMY i
30KpeMa TaKOTO BaXXJIMBOTO 1i aCIEKTy, K OMHC JehOpMyBaHHS 3al1i300€TOHY
i3 TpilIMHAMHU 3 ypaxyBaHHAM POOOTH PO3TATHYTHX CMYr OETOHY B 30HaX
TPIIIMHOYTBOPEHHS, BUKOHAHO PO3PaxyHKH Oalku-cTiHku [4]. Bubip 06'ekry
PO3paxyHKIiB 3YMOBJEHHH THM, IO, SK IMOKa3aJid YHCENbHI EKCIePUMEHTH
[14], BBeneHHs 3MIHHUX BENUYMH |, TIO3HAYAETHCS JIMIIE HA Pe3yIbTaTax

po3paxyHKiB cmaboapMoBaHHX KOHCTpyKIii. Tak mpu g>0.01, sx mpaswuo,
JocuTh npuiHat P=1.

Koedimientn apmyBaHHA  po3risHyToi  Oanmku-crinkun  bO-1-1. y
nomepeuHoMy Hampsamky H,=0.008, a B mos3momxaboMy - [,=0.0033.

ITocunene momepeyHe apMyBaHHS MaJl0 Ha MeTi 3amoOirTH yTBOPEHHIO
NOXWIMX TpilMH 1 3a0e3neuuTn pyHHYBaHHA OalKU-CTIHKH  B3JOBXK
HOPMAaJIbHHX TIEpepi3iB.

Ha puc. 3 HaBeneni po3Mipu KOHCTpYyKIHii 1 cxema apmyBaHHs. CTyIiHb
JUCKpeTu3amii i po3Mip KpOKy HO HaBaHTa)XCHHIO BCTaHOBIJICHI Ha OCHOBI
MoTiepeaHIX PO3paxyHKiB.

IInockuit HampyXeHHH CTaH BHKIIOYAaB HEOOXINHICTh ypaxyBaHHS
nedopManiiHOTO 3MEHIICHHST MIIHOCTI OETOHY - Clajardoi TUIKH JiarpaMu
0—¢. 3rigno [4], mpu BUroTOBJIEHH] GalKU-CTIHKH BUKOPHCTOBYBABCS OETOH



24 ISSN 0132-14Tuip matepiainis i Teopist ciopyn. 2014.Ne 92

npoekTHoro kiacy B30, MIIHICTh SKOTO B MOMEHT BHUIIPOOYBaHb CTaHOBHIIA
R, =322MIlla. Ins BU3HaYCHHS MeXI MIIJHOCTI OETOHY IPH OZHOOCHOBOMY

po3ts3i Ry, BukopucToByBamucs Gopmynu [12], siki MOB'SI3yIOTh IPU3BMOBY

minmicts R, i3 kybukosowo R, i sk cminctBo 3 Ry (kelem®) - mimictio npu

pO3TsI3i:
Rt 50R
—2=0.8-0.000R; = 9
R Rot 450+R ©)
| 770 330
Q v 2 Q d18 A-lll

8d10

. JA

d18

VA

100, ! ? 11100000 ' 300 I 100*7=700 io! 50_,|,|_|(§0

Puc. 3.Po3mipyu KOHCTPYKIi Ta cXeMa apMyBaHHS

3pincu Ry = 243Mlla. IloyatkoBuii MOIylIb NPYXKHOCTI OETOHY 3

ypaxyBaHHSIM TeIIOBoi 00poOku BupoOy mpuiimaBcs E, = 300* MiTa.
ITo3M0BKHE apMyBaHHS 3AIHCHIOBAIOCS CTPHXKHIMHU aiameTpoMm 18vm kiacy
A-lll, a momepeune — 10mm A-l. ITlpyxHOIulacTHdHa poOOTa apmarypu
MOJICITIOBANIacs  BIAMOBIIHO 1O JBOJIAHIIOTOBOi JgiarpamMu  O—&. Mexka
IJTACTHYHOCTI apMaTypHOI cTaji o0dYMCcIIoBajacsi Ha OCHOBI HOPMATHBHUX
onopiB Ry, [13] 3 ypaxyBaumusm koediuienra Bapianii v, =0.067 [9]:
0,=440MIla nnsd TO3MOBXKHBOTO apMyBaHHA 1 0;,=260MIla nns

rornepeyHoro. Moaysb MPY>KHOCTI apMaTypu MpUAMaBCs ES=2.1EI.(53 Mlla, a

HAXWI JdiarpaMd O—€ TICHs JOCSITHEHHS MexXi rmiactuaHocti B 10 pasis
MEHIIIHH, HiX JIJIS TIPY>KHOT TUTSTHKH.

I[To pe3ynapTaTaM 4YHCENBHUX EKCIEPUMEHTIB MoOyaoBaHi Tpadiku
3a5IexHOCTi HaBaHTaxkeHHs Q Bing mpormay U, cepeqWHHOI TOYKH MPOIBOTY
(puc. 4). Kpusi 1, 2 BigobpaxarTts nedopMyBaHHs 6e3 ypaxyBaHHS poOOTH
pPO3TATHYTOrO OETOHY B 30HAX TPINMIMHOYTBOPEHHs, NpPHU MbOoMYy KpuBa 1
OTpUMaHa 3 TPHUIIYIICHHS JTiHIHHO-TIPYXKHOI poOOoTH OETOHY, a KpuBa 2 - 3
ypaxyBaHHIM #oro ¢isnuynoi HeminifiHocTi. KpuBi 3, 4 Ta 5 BpaxoBylOThH
mIacTH4Hi AedopmMariii i TpIIIHHOYTBOPEHHS B OETOHi, a TaKOX CIUIbHY
poboTy OeToHy i apMaTypu micisl yTBOpeHHs TpimuH. Bun dymkuii Pg(€)
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npuiiMaBcs Uit KpuBoi 3 3rimHo puc. 2 ([padik 2), kpuBoi 4 3rigHo puc. 2
(rpagix 3), 5 -Ha OCHOBI YHCENBLHOTO eKCIIEPUMEHTY prc. 2 (Tpadik 1).

VYV BciX TOCTaHOBKAaxX 3aJadi BpPaxOBYBAIM MPYXHOIDIACTHYHY pPOOOTY
apmarypHoi crani. Exkcniepumentansuuii rpagik Q —U , mosHaueHo Ha puc. 3

mudporo 0. B pobori [4] sk pyitHiBHe 3a3HadeHO HaBaHTakeHHS Q=290xH,
sxoMy Ha rpadixy Q—U , Bimmosimae nporun U , = 2.0.

[opiBHSHHA pe3yNbTaTiB PpI3HUX PpO3PaxyHKIB 1 BHUIPOOYBaHb IS
PO3MISIHYTOT KOHCTPYKIIi 1MOKa3ajo, 0 HEXTyBaHHS pPOOOTOI0 PO3TATHYTOTO
0eToHY B 30HaX TPILIMHOYTBOPEHHS BEJE 10 3HAYHOI MOXHOKH.

XapakTepHo, 110 ypaxyBaHHS (i3UYHOI HETIHIHHOCTI Ay’Ke MaJlo BIUIMHYJIO
Ha pe3ylbTaTH pPO3paxyHKiB OalKH-CTIHKH, J€ TOJIOBHY pOJIb BiJirpain
PO3TATYBAJIbHI HANIPYKESHHS.

Jnst Beix Tppox ¢yHkuiit We(€,), mo Oynu BUKOpPHUCTaHIi, ypaxyBaHHs
CHiIbHOI pPoOOTH OETOHY 1 apMaTypu INpH HAsBHOCTI TPILIMH JI03BOJIMIIO
CYTT€BO 30UIBIINTH TOYHICTH pe3yNbTaTiB  po3paxyHkiB. Haiikpamie
y3TOMKEHHA 3 JaHMMH BUIPOOyBaHb IOKa3ye KpHBa 5, K 3a 3HAYCHHAM
HECy4ol 34aTHOCTI, TaK i o xapakrepy rpadika Q —U , (puc. 40).

AN Q, kH

02 04 06 08 10 12 14 y, oy 02 04 06 08 10 12 14 U, cm
a 4

Puc. 4.Tpadixu pynxuii HapanTaxeHHs Q - BepTUKANbHE NEPEMILIEHHS TOUKH A TIPU PisHUX Y
a: - 0 —excrniepumenT; 1 —6eToH npysxHMit, 2 —6eToH Mpy)HOmwIacTHaHuH (Y =1);

6. 0 —excnepument; 3, 4, 5 ~6eTon npyxHoMIAaCTHYHUH 1pH pisaux Y =y (€ )

Ha puc.5 moka3aHo pO3BHTOK 30H TPINIMHOYTBOPEHHS B MPOLECi
HaBaHTa)KEHHs OaJIKU-CTIHKH.
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¢Q=51.5KH ¢Q=58KH

= =
a
* Q=945 kH
= * =
[ e
Q Jy Jy Q=174 kH
A A A ) .
! - o % 3
= =

0
Puc. 5. Po3BHTOK TPILIMHOYTBOPEHHS (a+e —YUCEIbHE MOJCIIOBAHHS, 0 — €KCIIEPUMEHT)

PylinyBaHHS O€TOHY WOYMHAETHCS B HIKHIA UEHTPAIBHIM YacTHHI
KOHCTpyKLii (puc. 54). B Mexax ¢parMeHTa, e BiACyTHE apMyBaHHs, 30Ha
TPIIIMHOYTBOPEHHSI TIPOTPECY€E IO TOBIIHMHI B3IIOBX OCI CHUMETpii MmomiOHO
MaricTpaibHii TpimmuHi. A y GparMeHTi 3 HasBHICTIO TIO3IOBXHBOI apMaTypH
YTBOPEHHSI TPIIIMH HE CHPUYHUHSAE pPO3BAHTAXKEHHS OETOHY B CYCIIHIX
o0ymacTsIX 1 30Ha TPIMUH 3 HEBEIUKAM KYTOM HaxWwiIy J0 BepTHKa
PO3TaIIOBYETHCS B3JIOBXK CTPYIKHS B TOPH30HTAILHOMY HANpsIMKY IO OIOPH.
IMoTiM, Ha BiacTani 1/4 mpoipoTy Bim oci cuMeTpii 3'SIBISETHCS Opyra 30Ha
MaricTpajbHUX TPIIMH, SKa CTPIMKO NPOCYBA€ThCS MO TOBIIMHI Ha TaKy X
BHUCOTY, 5K 1 30Ha TPILIMHOYTBOpeHHs Ginst oci cumetpil (puc. 50). [logansie
HABaHTAKCHHS BEJE [0 TOSIBH TPEThOI 30HH BEPTHKAJIBHUX MAariCTPaIbHUX
TpimmH Ha Biacrami 1/7 mposipory Bim kparo Oanku-crinku (puc. 5g). JBi
00J1acTi TPINTUH, IO 3'IBUIUCS HAa TOH Yac, PO3BUBAIKCS B HAMPSMKY IO MiCIIsS
NPUKITaAaHHs HaBaHTaXeHHs. HacTymHi eTamd XapaKTepU3YIOThCs IOSBOIO
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MOXMJIMX TPIIUH OUIS OTOpH, AKi MPOCYBAIUCS J0 HaBaHTaKEHOI o0iacTi
(puc. 5p).

TTopiBHSHHS ~ XapakTepy  TPIIIMHOYTBOPEHHs,  3adikcOBaHOTO B
excriepuMenTi  (puc. 50), 1 pPO3PaXyHKOBMX KapTHUH TPIlMH (HAIPUKIAI,
puc. 56) cBigUHTH TPO 1X JOOPE Y3rOKEHHs Ha TTOJIOBHHI IIPOJIBOTY.

Cutiz ogHAK BU3HATH, 110 PYHHYBaHHS OCTOHY IO pe3yibTaTaM po3paxyHKy
MPOXOAMIO OUIBII IHTEHCHBHO HIXK Yy peallbHOMY eKcriepuMeHTi. L{e mpu3zseso
JO TOTO, IIO OTPHMaHE Ha OCHOBI pO3paxyHKIB TI'DaHWYHE HaBAHTAKCHHS
BHUSBWJIOCSI MEHINE 3a EKCIEpUMEHTalbHE 1 3abe3meumio 3amac MilHOCTI
nesxkum Oinpire 20%.

3 ycixX po3rIsaHYTHX (AKTOPiB, TPIIMHOYTBOPESHHSI MPOSIBIISIE HAKOTBITHI
BIUTMB Ha TiAJATIMBICTh JOCHIIHKYBaHOT KOHCTPYKIlii OalKH-CTIHKH, SKE
OyleMo OLIHIOBATH SIK BIIHOIIEHHS XapaKTepHOro nporuny U , BiANoOBiZHOTO

JI0 BEIMYMHU HaBaHTaXeHHS Q.
Ha  mouaTtky  HaBaHTaXeHHS  II€  BIJHOIIGHHS  JOPiBHIOBAJIO

3460107 culkH. Ilepen MOYaTKOM YTBOPEHHS TPIIIUH
U,/Q=362 (10 % cu/kH (36inbenns nume Ha 4.6%), a GesnocepeaHbo

nepej BUYEpHaHHAM Hecyuoi 3paTtHocTi U, / Q=6.28103 emlkH, mo Ha
nops10K Ginbiue nouatkosoro 3Hadenns U ,/Q .

BucHoBkn
OTxe, BUKOpUCTaHHS Teopil nedopMyBaHHS 3ai300€TOHY i3 TpIIIMHAMH
M.IL Kapnenko Ta ¢ynkuii g (E;) y BHUIIAAi, BCTAaHOBICHOMY Ha OCHOBI

MOTIepeAHIX PO3paxyHKiB, JO3BOJMIIO JOCTOBIPHO Ta €(h)EKTHBHO MOJEITIOBATH
HEeNHIHY po0OTy KOHCTPYKIi BiJ TIMOYAaTKy YTBOPEHHsS TPIIUH IO
BUUEPIIaHHS HEI0 HECYJO0i 3aTHOCTI.

PesynbpraTi po3paxyHKiB, OYEBHIHO, MOXKHa Ie Oinble HAOJIM3HUTH MO
EKCIIEPUMEHTAIBHUX JaHHUX, SIKIIO BJOCKOHAINTH TEOPi0 JIeOopMyBaHHSI
3aJ11300€TOHY i3 TpIlIMHAMH B YaCTHHI OMHCY ONOPY apMaTypHHX CTPHIKHIB
3pyIIeHHI0 OeperiB TpimuH. OJHAK MOAEITIOBAHHS POOOTH PEaTbHUX CIOPYI
IpH TAKOMY 3HAYHOMY CTYIIEHI pyHHYBaHH: He IPEICTaBISE€THCS TOUIIEHIM.
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Juzynos I1.11., I'ynap A.1., Conooeii H.H.
YHUBEPCAJIbHBII AJITOPUTM YHCJTEHHOI'O MOJEJTAPOBAHU S
HEJHWHEMHBIX ITPOLECCOB JE®OPMHPOBAHUSI )KEJE3OBETOHHBIX
KOHCTPYKLUM

Pa3paboTaH uMCIEHHBI AJTOPUTM W pEANH3YIONIUE €ro IMPOrpaMMHbBIE CPEACTBA JUISL
UCCIIC/IOBAHNS HENIMHEHHOTrO Je(OpMUPOBAHHS M TPEIIMHOOOPa30BaHHs IPOCTPAHCTBEHHBIX
JKEIe300€TOHHBIX KOHCTPYKIHi. Vcmomp3yeTcs MeTON KOHEYHBIX OJIeMEHTOB. YucieHHOe
MOJICTUPOBAHNE HEIMHEHHOro AeOPMUPOBAHMS W pPaspyLICHHs MaTepUaiIoB BBIIOIHICTCS
COIIACHO (hEHOMEHOJIOTHYECKHM TEOpUsIM. AJTOPUTM pacueTa OCHOBaH Ha Mertoie HproToHa-
KantopoBuua.  JIOCTOBEpHOCT  pe3yldbTaTOB  IOATBEPXKICHA  IyTeM  CPAaBHEHHSA  C
9KCIEPUMEHTAIBHBIMH JAHHBIMH M YHCJICHHBIMH PacuyeTaMH, BBIIOJHEHHBIMU C HCIIOIb30BAaHHEM
JPYTHX METOJIMK.

KaioueBbie cj10Ba: JKENIe300€TOHHBIE TIPOCTPAHCTBEHHBIC KOHCTPYKIIUH,
HenMHeitHoe e opMIpOBaHHe, TpEIHO00pa30BaHHue, (heHOMEHOJIOTNUECKHE TEOPHH,
METOJI KOHEYHBIX 3JIEMEHTOB.

Lizunov P.P., Gulyar O.l., Solod&i.
UNIVERSAL ALGORITHM OF NONLINEAR PROCESSNUMERICAL MODELLING
OF REINFORCED CONSTRUCTION DEFORMATION

A numerical algorithm and software tools for thedst of nonlinear deformation and fracture
spatial concrete structures are developed. Fitgment method is used. Numerical simulation of
nonlinear deformation and fracture of materialpésformed according to the phenomenological
theories. Calculation algorithm is based on the tdavikantorovich method. The accuracy of the
results was confirmed by comparison with experimketiata and numerical calculations performed
using other methods.

Key words. reinforced concrete 3D structure, nonlinear defdiona crack formation,
phenomenological theories, finite element method
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0.0. Mimenko®

YKuiscokuii nayionarsnuii ynisepcumem 6yoignuymea i apximexmypu
Togimpoghnomcvkuii npocn., 31,m. Kuis. 03680

BU3HAYEHHSA EOEKTUBHUX ®I3UKO-MEXAHIYHUX
XAPAKTEPUCTHUK OJHOCIIPAAMOBAHOI'O BOJIOKHUCTOT' O
KOMITIO3UTHOI'O MATEPIAJTY

Po3ristHyTO BiZIOMi METOAMKM TPOTHO3YBAaHHS MPYKHHX CTaIMX JUI MOZAEII KOMIIO3HUTHOTO
Martepiaiy, 10 apMOBAaHHIl OJHOCIPSIMOBAHMMH BOJIOKHAMH, 4€pe3 MiKpOMEXaHIuHI MapamMeTpH
HOro cKkJ1aJioBUX. 3alpONOHOBAHO METOAMKY BPaxyBaHHSA OTPUMAHHUX e(EKTUBHHX XapaKTEPUCTHK
JUISL {bOTO THITY KOMIIO3UTHOTO MaTtepially y IIapax po3poOieHOro 6araTomapoBoro CKiHieHHOTo
€JIEMEHTA TOHKOI HEOHOPIIHOI 000IOHKH.

KorouoBi cioBa: TOoHKAa mpyXKHa 00ONIOHKA, OaraTOIAPOBHH CKIHYCHHUH EJIEMEHT,
KOMIIO3UTHHUI MaTepiaj, MikpOMeXaHiuHi HapaMeTpH.

Beryn. B ocranHilt yac y 6araThox Tairy3sx TEXHIKH Ta OyIiBHHIITBI BCE
OUTBIIIOTO0 3aCTOCYBAaHHSA 3HAXOIATh KOHCTPYKINI Ta i1X eJIeMEHTH, SKi
BUTOTOBJICHI 3 KOMIO3WUTHHX MarepianiBe (KM). AHani3 Ta BUKOHAHI OLIHKH
3actocyBaHHs KM y pi3HHX ramy3six TEXHIKH, 30KpemMa B aBiaOyayBaHHI
Vkpainu, Pocii ta CILA, moBomite ix edektuBHicTs [1]. KommosurtHuii
Marepial XapaKTepU3yeTbCs MOJKIIMBICTIO NPOEKTYBaHHS HOrO 3 Hamepen
3aJaHUMH BJIACTHBOCTSAMH, IO JO3BOJISIE TIOKPAIIUTH EKOHOMIYHICTH 1
HaJifHICTh HEeCyuyMX KOHCTpYKUiil. Hampukian, mmpoxe BrpoBamkeHHS KM
Ha [lep>xaBHOMY TiANPHUEMCTBI «AHTOHOB» Ha TPOTsI3i OCTAHHIX COPOKA POKIB
JIO3BOJIMIIO 3HU3MTH Bary JiiTaabHuX amapatiB Ha 20% - 25% [1, 2]IIuranas
BHpPOOHUIITBA B YKpaiHi KOMITO3UTHHX MAaTepialliB, HANPHKIAT, TaKUX SK
BYyTJIEleBO-ByIenieBUX KM, BiTHOCHTHCS IO TPIOPUTETHUX HATPSMKIB, IO
BU3HAYAOTh O0OPOHO3JATHICTh I HAYKOBO-TEXHIYHMI MmoreHmian kpainu [3].
Jnst peamizamii 1miei mpoOieMu HEOOXiTHO CTBOPIOBATH IiANPHUEMCTBA 3
MOTYXHUMHM  HAYKOBO-JOCJHITHUMH  BiAJIUIaMH  aHAJOTIYHI  POCIHCBHKiH
XOJIAMHTOBIM KoMmaHii «Kommozut» [3, 4].

Buxigni mosoxenns. HaiiOinpim mocimipKeHUMU B TeOpii KOMIIO3HTIB Ta
PO3IMOBCIO/PKEHUMH Ha TIPAKTHUIl KOMIIO3UTHUMH MatepialaMH € Marepiaiu 3
BOJIOKHHCTOI cTpykTyporo (puc. 1) [5-8]. Lli marepianu eheKTUBHO
BUKOPHCTOBYIOTHCSI B TOHKOCTIHHMX OOOJIOHKOBHX KOHCTPYKIISIX, IO MalOTh
HEBEJIMKY Macy i pisHOMaHiTHI reomerpruni Gopmu [2, 8-13]. YV mawniii po6oTi
aBTOPH PO3TISAHYJIN JCsIKi ICHYIOYi B Teopii MEXaHiKM KOMIIO3UTIB MOJENi

D Comnogeii M.O., Kpuserko O.I1., Mimenko O.0.
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OJJHOCIIPSIMOBAHOTO BOJIOKHHCTOTO KOMIIO3UTHOTO MaTepialy Ta METOAUKH
BU3HAYCHHS HOTO ePeKTUBHHX (DI3UKO-MEXaHIYHUX XapaKTEePUCTHK.

BomokuwucTi KOMITO3HUTH, SIK

Hanosiomay MikpocTpykrypoBani KM,  xapakre-

) PHU3YIOTBCSI THM, IO Y SKOCTI apMYyIOUYOTro

i g B HHX BHUKOPHCTOBYIOTHCS OJHOBHMipHIi
\‘\_ KOMIMOHEHTH (1X HA3UBAIOTh BOJOKHAMH,

pimme ¢ibpaMu Ta HamMOBHIOBaYaMH),
OJIMH 3 PO3MIpIB SKHUX 3HAYHO NEPEBHIIYE
nBa iHmmx. ToBHIIMHA BOJIOKHA Mae
MopsIIoK Mikpomerpa. 3a3Buyail i KM
apMYIOTbCSI BHCOKOMIIIHUMHM BOJIOKHAMH TOBIIUHOIO, IO 3HaXOJHUTHCS B
Mmexax 5+300mxm [14].

VY SKOCTI apMyIOUYHX BOJIOKOH (y 3aJIe)KHOCTI BiJl BUIy MaTepiary MaTpHIIi,
SKy I[I€ Ha3WBAIOTh B'SDKYYHM) MOXYTh BHKOPHCTOBYBAaTHCH OTPHMaHi 3a
CHEMIaJIbHUMH TEXHOJIOTISIMH BOJIOKHA $K METalB Ta IX CIUIaBIB, TakK 1
umemertanis [15, 16]. Hampukian, HeMeTaleBUMH HAlMOBHIOBAYAMH MOKYTh
OyTH BYTJICIIeBi BOJIOKHA, BOJIOKHA 3 OOpY, CKJIIOBOJIOKHA, OPTaHIYHI BOJOKHA
Ta iHmi. OgHUMHE 3 HAWOLTBII mepcrneKTUBHUX i KM BUIIB BOJOKOH, SKi
BHKOPHCTOBYIOThCSI B YKpaiHi, Pocii Ta 3aKopJJOHOM, BBa)KaroThCsI BYTJICLEB1
ponokHa [1, 3,13, 15], mo cTUMyT0€ X BHKOPHUCTaHHS Yy  HAIIUX
JIOCITIPKEHHSIX.

[IpukiaagoM OJHOCIIPIMOBAHOTO BOJIOKHHCTOTO MaTepially € CTaHaapTHa
Byrmenesa crpiuka FIDARM 200/3003AT "XK «Kommozur»" [4]. Crpiuka
CKJITaJaeThCs 31 CYKYHMHOCTI IacOM BOJIOKOH, IO MO€AHAHHI MK co0oro
napajielisHo B MaTpuii. Y cepeqHboMy Kiibkicth macom Ha 10 cm cknamae 35
mtyK. KoskHe macMo Mae mpuOIn3HO
1000 BomokoH. Ha puc. 2 HamaHa
MikpodoTorpadis macma ByrIIele-
BUX BOJIOKOH, sKa 3po0OjeHa 3a
JIOTIOMOTOI0 ~ €JIEKTPOHHOTO  MIKpO-
CKOILY PEMMA-102-02 31
36inpiennsaM y 1200pazis. [diametp
' BOJIOKHA y macMi cknanae 7,36.mxm.
| | & 3aranom KM € HeomHOpigHUM
‘ MaTepiaoM. Onnaxk, apMoBaHi
BOJIOKHHICTI MaTtepiaii, depe3 iXHIO
pEryIsipHy CTPYKTYpy Ta HasBHICTb
BEJIUKOI KUJIBKOCTI BOJIOKOH, MOJKHa
posrisaaTd, chaigyoun miaxoxy B.B. Bomotina [9], sk omHOpimHe CyIiibHE
cepenosuine. e miaxin HA3UBAIOTh METOJOM CHEPreTUYHOTO 3IJIaJDKyBaHHS.

Matpuus

Puc. 1. OpnocnpsiMoBaHHH
BosIokHUCTHIT KM

30.00kV__ x1.20k

Puc. 2. Mikpodotorpadist ByrieneBux
BOJIOKOH
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3riTHO 3 MM METOJOM HEOJHOPIMHWN KOMIIO3MTHHN MaTepial 3aMiHIOEThCS
CKBIBAJCHTHUM OIHOPIAHMM TIIOM 3 TaK 3BaHUMH e@peKmusHumu
MEXaHIYHUMHU XapaKTePUCTHKAMHU. EdexTusHi (MakpocKomiyHi)
XapaKTePUCTUKH BU3HAYAIOTHCS IIIAXOM YCEPEIHEHHS 10 00’ €My BiATIOBITHUX
MIKPOCKOTIIYHUX  BJIACTUBOCTEH KOMIIOHEHTIB KOMITO3UTY. [IUTaHHSIMH
BU3HAYCHHS [MX XapaKTePHCTUK 3aiiMaeTbcs MeXaHika KOMIIO3UTHHX
MarepiamiB. B ocraHHI pPOKM BH3HAQYEHHIO TMPYXHUX E(QEKTUBHHUX
xapaktepuctTuk KM npucBsdeHo Oarato poOiT, y SKHX HaBOAATHCA Di3HOL
TOYHOCTI JaHi JJIsI OLIIHKK NPYXHUX CTajuX marepiany. BuOip Tiel uu inHmoi
METOJIMKH PO3PaxyHKy e(eKTHBHUX xapakTepucTuk KM 3anexuTth Bif
TOYHOCTI  KIHIIEBOTO  pe3yiabTaTy  Ta  HOrO  Y3TO/KEHOCTI 3
EKCIICPUMCHTATEHUMH TAHUMU.

IMocranoBka 3amaui Ta i Bupimenns. Y wmosorpadisx [19, 20]
BHCBITJIEHO TIMTaHHSA pO3pPOOKH 3 €IMHUX METOOJOTIYHMX  TIO3MINH
TPUBUMIPHOI ~ TEOpii TEPMOMNPYKHOCTI  CKIHUCHHOEIIEMEHTHOTO  METOAY
PO3B’ SI3yBaHHS CTaTUYHHX 3a7ad TEOMETPUYHO HENIHIHHOTO TEPMOIIPYIKHOTO
neopMyBaHHS, CTIMKOCTI Ta 3aKpUTHUYHOI TOBEIIHKH IIUPOKOTO Kiacy
TOHKHX TIPY)KHUX HEOMHOPITHUX OOOJIOHOK CKIAAHOiI CTpyKTypu. Ha 0a3zi
YHIBEPCAIFHOTO 130I1apaMETPUYHOTO IPOCTOPOBOTO CKIHYCHHOT'O €JEMEHTa
(CE) 3 monininiiHumMu (YHKIISMH (GOpPMH Ta BBEICHUMH IOJATKOBUMH
3MIHHUMH TapaMeTpaMy IOOYZOBaHO pPO3PaXyHKOBY MOJENIb METOLY
CKIHUCHHX eJIEeMEHTIB, o BpaxoBye ogHuM CE 3a TOBHOIMHOIO T€OMETpHYHI
0COOMMBOCTI KOHCTPYKTUBHHX EJICMCHTIB (3MIHHICTH TOBIUMHH, 37aMH Ta
IPaHOBAHICTh OOLIMBKH, pebpa, HAKIAIKH, BUIMKH, OTBOPH) 1 HEOXHOPIAHOCTI
Mmarepiany (BCTaBKM Ta 0araromiapoBy CTPYKTYpPY) TOHKOI OOOJIOHKH.
3acTocoBaHa MOMEHTHA CXeéMa CKIHYCHHHX €JIeMEHTIB. J[OCTiKYIOThCS Mai
TepMOTIPY>KHI JedopMaltii. 3a1ada TeOMETPUIHO HENIHIHHOTO IehopMyBaHHS
chopmynpoBaHa B TMPUPOCTaxX. 3B'SA30K MK KOMIIOHEHTAMH TEH30piB
nedopmariiii 1 HampyKeHb JUISI aHI30TPOITHOTO MaTrepially BCTaHOBIICHUH
y3arajibHeHUM  3akoHOM  [roamensi—Heilimana. Hns MopenmtoBaHHS
TEPMOIIPY>KHUX  BJIACTHBOCTEH  HEOJHOPIAHOTO  MaTepially  OOOJIOHKH
3aCTOCOBAHO MiAXiA, Wm0 0a3yeTbcs Ha CTPYKTYypYBaHHI HEOIHOPiTHOCTEH
Marepialy 3a TOBHIIMHOIO Ta Yy IUIaHi OOOJOHKM 3a JJONOMOTOIO
GararomrapoBoro mpocropoBoro CE. Marepianu mapiB NpeacTaBisIOTECS SIK
ONHODIHI ~ aHI30TPONHI  MaTepiaiM 3  3aJaHUMH  TEPMOIPYKHUMHU
BiacTHBOCTAMM. [IpuitaaTo [21], mo Gymb-saKi MaTepiaiu mapis, TEPMOIPYKHI
BIIACTHBOCTI SKHMX 3aJal0ThCsl O€3MocepenHbo 4epe3 BioMi TeXHIUHI cTadii,
BIIHOCATHCS IO KJacy TpaJMIiMHUX MaTepiamiB. Ti maTepianu, BJIaCTHBOCTI
SIKHX ~ BU3HAYAIOTBCS  depe3  MIKpOMEXaHiYHI  XapaKTEepPHCTUKH  IXHIX
KOMITOHEHTIB, BITHOCATHCS JI0 KJTaCy KOMIIO3UTHUX MaTepiaiB.
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VY HamoMmy BHUNAAKy B CKIHYCHHOEJIEMEHTHIH MOJeNl TOHKOI MPYXHOT
HeoqHopinHoT oGomonku [21] mig “edeKTHBHMMH  (Hi3MKO-MEXaHIYHUMHU
XapaKTePUCTUKAMH KOMITO3UTHOTO Marepiany” po3yMIIOThCS TEXHIYHI CTall
Matepiany mapy KM, ski BU3HAYaOTHCS 3a PO3POOJCHHMMH B MEXaHIIl
KOMITO3UTIB METOAMKAMH. Y 3B'S3Ky [IHM 3 SBIIIETBCS  MOXIIUBICTD
MOJICITIOBAHHS (DI3UKO-MEXaHIYHUX XapaKTEPUCTHK SIK OJHOIIAPOBOTO, TakK 1
0araTomapoBoro KOMIIO3UTHOTO MaTepiasry. Y paMKax CTBOpEHOI Mojedi
OaraTomapoBuii CKiHUCHHUH eJIeMEHT MOKHa BUKopuctoByBatu sk CE, mio
JIO3BOJISIE MOJICJIIOBATH Matepian OOOJIOHKM PI3HHMH THUIAaMH TPAIMIIHHUX 1
KOMIO3UTHHX MatepianiB mmapie [21]. ¥ wmexax ognoro CE BomoKHHCTHIT
Marepian MpUPOAHO NPUUMAEThCS K OJHOCIPSIMOBaHHM, TOOTO BCi BOJIOKHA
npsiMi, MapayieNnpHi Ta CIpsIMOBaHi B 0fHOMY HamnpsiMKy. B pisaux CE npsmi
BOJIOKHA MOXYTh MaTH pi3Hi HanpsIMKU. 3a paxyHOK IIbOTO MOXHA
MOJIETIIOBATH KPWBOJIHIAHY aHI30TPOMiI0 MaTepiany Imapy HEOTHOPITHOL
obOomoHKH. BpaxoBytounm, 1m0 Bu3HaueHHS €(QEKTHBHHX XapaKTEPHUCTHK
peali3yeThCs 3a CTPYKTYPHUMH TapaMeTpaMyd KOMIIOHEHTIB MaTepialy, TOMY
Ha IIbOMY €Tali po3poOJeHY METOAWKY MOXHA pO3TJBIIATH BIIACHE SK
MiKpOMEXaHIYHY MOJIEb.

Tpa,I[I/II_III/IHI/IM MaTepialioM Iapy y 3arajJbHOMY BHITAIKy € OPTOTPOIHHIA
Marepial, napamMeTpamMH SIKOTO BUCTYMAIOTh TEPMOINPY)KHI TEXHIUHI CTai:

E., E» B« — Monym mnpyXHOCTI IpH pO3TATY-CTUCKY B HAIpSAMKY
BIJITIOBITHUX KOOPJMHATHUX OCEH Xa"; Gy, Grgey Guge — Moyl 3CyBY,;
Vquou,Vqugn,Vouge  — Koedimientn IlyaccoHa; 0Oyn,05n,0g0 - KoedimieHTH

TepMmiuHoro posmmpenss [19, 20]. POSFH}I,Z[YBaHi MapaMeTpy 3 TOUKH 30Dy
OJTHOILIAPOBOTO KOMITO3UTHOT'O MaTeplany MOXHA PO3YMITH K “eeKTHBHI
disuko-Mexaniuni  Xapaktepuctuku’. X% — cHcTeMa  KpMBOiHiHHHX
TPHOPTOHOPMOBAHUX KOOPAMHAT, HATMPSAMKH SKHX 30iraloThCs 3 TONOBHUMH
HanpsMKaMH OpTOTPOITii MaTepiaty.

[pukiazoM KOMIO3HTHOTO Martepialy IIapy € OJHOCIPSIMOBAaHHN
BOJIOKHWICTHH MaTepial, 0 MIKpOMEXaHIYHUX TapaMeTpiB KOMIIOHEHTIB SKOTO
BimHocsateesa: E;, E, - Momyni mpyxHOCTI MaTepialy BOJNOKHA Ta MAaTpHIL;

G¢, G, - Momym 3cyBy Marepially BONOKHa Ta MAaTpuIi, v, V. -

koedinientn [TyaccoHa MaTepiaty BOJOKHA Ta MaTpuli; d; - AiaMeTp BOJIOKOH;
hy - ToBIiMHAa apmoBaHOro IMIapy; if - 4YacTOTa apMmyBaHHsi, O, O -

Koe(iLiEHTH TEPMIYHOTO PO3IINPEHHS BOJIOKHA Ta MaTPHIII.

Hdast BU3HAYCHHS e(EeKTUBHHUX TPY>KHAX XapaKTEePUCTHK
OJTHOCTIPSIMOBAHOTO KOMIIO3UTHOTO Marepially B MeXaHilli KOMITO3UTHHX
MarepianiB ICHYIOTb pi3HI MIKpOMEXaHi4HI METOJMKH HpPOTHO3yBaHHS
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KOHCTaHT IIPYKHOCTI  BOJIOKHHCTHX KommosutiB [9, 17,22 - 25]. B
MiKpOMEXaHIYHMX METOANKAX BUKOPUCTOBYIOThCS TaKi OCHOBHI 2inomesu [5]:

1) MaTpuis Ta BOJOKHA BBa)XKalOThCS JKOPCTKO 3B’ SI3aHUMH MiK c00OI0,
BOHU 1e(hOPMYIOTECS CITIIBHO 0€3 TIPOKOB3YBaHHS,

2) koxxuuii komroHeHT KM sBisie  co00H0 ONHOPIAHUE  i30TpONHUIA
Marepiar,

3) BonokHa i MaTpHLs Mpu AeOPMYBaHHS BeAyTh cede K JMiHIHO-TIPYXHi
MaTepiany,

4) cripaBeJIMBA TiMOTE3a PO PETYISIPU3ALLI0 CTPYKTYPH;

5) mpumyckaeTbes, M0 HATPY)KCHUH CTaH B3IOBX OpI€EHTAIlli BOJOKOH B
KO>KHOMY TIPEJICTAaBHULIKOMY €JIEMEHTI MaTepiay € OJHOPITHHM.

Ha ocHOBi 1mx mpunyiieds Marepian B mapi CE  BBaxkaeThes
TpPaHCBEPCANbHO-130TPONTHUM. E(QEeKTHBHUMH NPY)KHHUMH — CTAIUMH IS
TpaHCBepcanbHO-i30TponHoi Moaeai KM € [19, 20]:

E, E' —Moxymi mpy>KHOCTI JJIs1 PO3TATY-CTUCKY B TUIONIHMHI i130Tpomii Ta B
HANpsIMKY HOPMAaJbHOMY 110 Hel (B HAIPSAMKY BOJIOKOH);

vV, V' — koedimientn Ilyaccona, sfiki XapaKTepU3YIOTh CKOPOYCHHS B
IUTOLIMHI 130TPOIIiT IPH PO3TATY B IiH IUIOIIMHI Ta HAPSMKY HOPMAJILHOMY JI0
Hef,

G= E/[Z 1+ )] — MOJYJIb 3CYBY AJISI IUTOLIMHU 130TPOIIT;

G' —MomyJb 3CYBY [UIS IUTOIIUH, SIKI HOPMAJIbHI 10 IUIOIIKWHH 130TPOIIil.

V cHcTeMi TPHOPTOHOPMOBAHMX KOOPAMHAT X2 Ui TpaHCBEPCANbHO-
isotponHoro KM, y sIKoro BONOKHA HaTpaBjieHi B3A0Bxk oci X' , a TiomuHa

i3oTpomii mpoxoauts yepes oci X2 Ta X%, Maemo [19, 20]

U E
E,.=E;.=E, E.=FE, Gyg=57r—, Gp»=G.3.=G,

2 3 1 2"3 2 (1+V) Gl 2 Gl 3
- - - —y — —y.E 1
Vorgn=Vgrgn =V, Vpnge =Vpuge =V, Vougn =Vgun =V E @)

Op=0a', Oyu=0z=0.

Jist gpyroro BapiaHTa OIHOCHPSIMOBAaHOTO BoJjokHHcTOro KM, komm
BOJIOKHaA HaHpaBJ‘IeHi B310BXK oci X2" , a IJIOIHWHAa i30Tp01'Ii'1' MMPpOXOAUTHL 4€pE3

oci x¥ Tta x¥, MokHAa HEOOXiTHMM YHMHOM 3a/JaTH TEPMOTPYKHi CTasi
OPTOTPOITHOTO Matepiaiy, sIK TPaHCBEPCaTbHO-130TPOITHOTO

— — — I — E — —
Er =E3 =E, E» =F', Gps 2w’ G2 =Gyig =G,

_ _ _ . _ v E
Vig =Var =V, Vor Vg =V, Vppr=Vgr =V 5s (2)

Op =0z =0, Oy =0".
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Jlnst TpeThoro BapiaHTa OTHOCHPSIMOBAHOTO BOJOKHHUCTOrO KM, komu
BOJIOKHA HAIpaBJIeHi B3JOBXK OCi X° , a IIOIWHA i30TPOIIii MPOXOJUTH depe3

oci X¥' ta xZ | 3anexHocri HaOyBarOTh TAKOTO BUTJISAY:

E.=E,=E, Ep=FE, ..2..=2(1L+v), 13=Gpgy =G,

— — — — ! — — ! E
Virgr =V =V, Vgrn=Vgrgn =V, Vpngn =Vong =V =1, (3)

04 =0, =0, Og.=0".
PosrnsHemo  meski HaWOULTBIT  Bimomi  Mojenmi  JedopMyBaHHS
OJHOCIPSIMOBaHOrO  Kommosuta [5, 9, 17, 18, 22 - 25]. [Ipuiiaari  Buiie
MO3HAYCHHS JOMOBHUMO MapaMeTpoM C; — KoediuieHToM apMyBanHs (abo

IHTEHCHBHOCTI apMyBaHHS) KOMIIO3MTY, IO XapaKTEPH3ye€ BiIHOCHUIA
00’ eMHHI1 BMICT BOJIOKOH y MaTtepiai

Vi
Cs :me , (4)
ne V. — o0 em exementaproi komipku KM (V =hyEy,), Vi - 06’eM BomokHa
(Vs =S hy), S —miomia nepepisy Bonokua, hy, by, |o— ToBuMHA, mKpHHA,
JOBXXHHA apMOBAHOI KOMIpKH, i — dactoTra apmyBaHHS (KUIBKiCT BOJIOKOH
Ha OJIMHHULIO ITUPHHH Nepepi3y eieMEHTapHOI KOMIPKH).

Taxum unHOM, KOe(ilieHT C; € BIJTHOCHUM 00’ €MHUM BMICTOM BOJIOKOH Y
KOMIPIIi, KW € 0e3p03MipHOI0 BEIMIUHOIO. J[JIT BOJIOKOH KPYTJIOTO Tepepi3y
3 giametpoM O koedilieHT C; oOuHCIIOETHCS 3a hopmyoro [9, 11]:

2
md;

C; =——0; . (3)
4hy

BMicT BOJIOKOH y MaTpHIli MOKE 3MiHIOBATHCS y TOCHTh IIHPOKUX MEXaX.
TeopeTnyHo MakcHMalbHHH BMICT BOJIOKOH Moxe nocsratd 91% oG'emy
koMipku. OfHaK y peaJlbHHUX yMOBax 00'eMHa 4acTka BOJIOKOH B 80% Bixke

TPU3BOIUTE JI0 TOTIPIICHHS BIACTHBOCTEN BOJOKHUCTOTO KOMITO3UTY [16].
MakcuManbHO MOXKJIMBA KOHIEHTpAllid LMIIHIPUYHHUX BOJOKOH Cpy

BH3HAYAETLCS HASBHICTIO TeOMETPUIHUX oOMmexens. Benuunna Cmax

3JICKUTHh BiJ] TUIY YIAaKOBKH BOJIOKOH 1 BIAMOBIZa€ TaKOMY CTaHy, KOJH
BOJIOKHA TOPKAalOThCs ojaHe omHoro (puc. 3,a, 6) [16]. Jus TerparoHajabHOL
ynakoBku (puc. 3,a) Cp=0,785; nus rexcaromamsHoi (puc. 3,6) —

Crax= 0,907 [15, 16]Onnak, y peansaux KM KOHIEHTpallisl BOJIOKOH MEHIIIA
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HIK Cp 4, OCKIJIBKH MK BOJIOKHAMH 3aBKJIHU € MPOLIAPOK MATPHI[i TOBLIMHOKO
Onin (puc. 3,2, 0).
8mi //

/!

L

D 2y 1B

JPBAN

g
G
(D A « (B4

e

a 6 6 2

Puc. 3.Cxemun ymaKkoBKH OJHOCTIPAMOBAHHIX BOJIOKOH JliameTpoM d, : a —TeTparoHaabHa Ta

6 —rexcaroHajibHa npu 663HOCCPCHHBOM}’ KOHTaKTi; 6 —TE€TparoHajbHa Ta ¢ —€KCaroHajibHa 3

npomapkamu Matpuii O . [16]

Oxpim Toro, npu C; >0,70-0,75y Oinbmocti KM BUABIAETHCS CXUIBHICTD

JI0 YTBOPEHHs TpilIuH i po3mapyBadb [16], ToOMy Ili 3HAUYEHHS BBAKAKOTHCS
BEPXHBOIO MEKEI0 1A OlnbInocTi Matepiainis. [Ipu ryxke mManux 3Ha4EHHIX Cq

KPHUXKi BOJIOKHAa HE MOXYTh OOMEXHUTH NeopMallito MaTpyLli Ta pyHHYIOTECS.
[pu pOMy MaTpHUIIA IIle Ma€ 3amac MIITHOCTI Ta CIpUiIMae HaBaHTaKCHHS. Y
IpOMY BUNAIKy MinHicTh KM Hmk4Ya 3a MIIHICTP HEapMOBaHOI MAaTpHII,
OCKUTbKM HAsSBHICTh BOJIOKHa pIBHO3HAYHA BBEJCHHIO B  MATPHIO
HUTKOTIOIOHHUX TIOP.

Mogeasn E. Peiicca i B. ®oiirra [5, 9, 18, 22, 23, 26]1s HaiimpocTimmoi
MOJIEJi KOMITO3UTY — CHCTEMH KOPCTKO TIOB’ I3aHUX 130TPOITHUX CTEPXKHIB, SKi
PIBHOMIpDHO pO3TamIoBaHi B 130TPOMHIA MaTpuili — @DOWUTT 3ampoIrioHyBaB
obuuncroBaTy napamerpr KM IUIIXOM ycepeTHEHHs BiAMOBITHUX IMapaMeTpiB
KOMITOHEHTIB 3a 00’emMoM i 3a opieHramieto. [lizHime Peiicc 3amporoHyBaB
YCEepEeIHIOBATH KOMIIOHEHTH 3BOPOTHOTO TeH30pa. Po3pobmena mozens KM
OTpHUMala Ha3BY npasuio cymiui adbo Mojens Peiicca—Doiirra

E'=E;c + Ey(1-¢), v'=vic v (1-cy),
Xm*Ci+(1-¢)g

G'= ,
@ C) K P @O X ) G
_ Et En B Gt Gy,
E_Emcf+Ef(1_Cf)’G_Gmcf+Gf(l_Cf) ' @)

_Ci Oy Ei +(-¢)apy, E,
Ci Ef+(l-¢) B,

a'=c; o;+(1-c;)ay,,

me Xt =3¢, Xm=3Wnm 9=G,/ Gy
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Mogeas P. Xinaa [3, 23]. 3a miero MOAENIIO KOMIIO3UT CKIaIa€Thes i3
BOJIOKHA, SIK€ 3HAXOJMThCA B KOAKCIAIbHOMY LMIIHAPI — MaTpuii (MoIesb
KOaKCIaJIbHUX I_II/IHiH,I[piB)

2 -v_)Y(@-v,)E E
E'=E ¢ +E, (- ¢ )+ c(Vi-vm) @V )Ef By

EmCs Lf+|: L(1-ce)+ (v m)] E’

Vi=y 20V, -V ¢ )-v 3 )E (G

" Epcp )Ly ] L+ (v o) [T

1-c; )G, +(1+c; ) G v \E"'
GI:Q“E1+cf; m+(1— f)Gf' :ZK-(l\))[aE Q)

£)Gnt(@-c¢) G E'+4Kv
i (]
Ly=1-v,—22, Ly=1-v, -3,
(K¢ +Gp) K+ (K=K )c (G, _ E; - En

Ki+Gy—ci (K=K 7 17 3@-2v¢) "™ 3@-2v,,)’

Tyr K —wmomynb 00’ €eMHOTO CTHCHEHHS, IO BIATIOBIa€ MUIaTAllii B TUTOIIKHI,
dKa € IEpHeHIMKYIAPHOI0 10 HampsAMKy BosokoH;, K; 1 K, — 00’emmui

MOyl BOJOKHA 1 MaTpuii. 3a3HAYUMO, IO 3a [UM IiIXOJAOM BaXXKO
BU3HAYMTH MOJYJIb 3CYBY B IUIOIIMHI i30Tpormii [5].

Mogear O.A. Kinibunncbkoro, 3. Xamina i b. Pozena [5, 18, 23, 24].
KM posrnsgaetbess Sk BOJIOKHO Y BUIJSAI HWIIHApA, SKE IOMIIICHO B
MATIHAPHYHY OOOJIOHKY — MATPHIIO, SIKa B CBOIO YEPry 3HAXOAWUTHCS B
HEOOMEXEHOMY CEpEIOBHUII 3 TMPYKHUMH IapamMeTpamu, Mo IOPiBHIOIOTH
e(eKTHBHMM I1apaMeTpaM KOMITO3UTa. L[f0 MOzenp MNPHUHAHATO HA3UBATH
Mozeino Kinpunnceskoro-Xarnrina-Posena

2
E'=E, ¢ + Em(l—cf)+4cf_(1 )Wy —vi) ’
(-ci) & 1

K Knm Gnm
Cr(1=C¢ ) (V¢ —Vi) U K=Y Ky)
(1-c¢ )/ Ky +¢¢ /K +V Gy,
N+3,Co)M+pc,®)-3c; M- ¢ ¥ &5,
(n-c;)@+pe;®)-3clt- ¢ Y3,

V+6m :6m_y6f
1 PTaeys,

(6)

V'=eiV H(1-cp vt

G'=Gh]é

|6f_ 1 16_ 1 lr]:
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4K (G _~ (@7c) Gyt (At ¢ ) G
4K E(N')z] ’ (+c )G+ (1-c )Gy
T E
Miaxin J.C. AGoainbma [18, 25]. AGomiHBII JOMOBHHB IEPEIYMOBH
mozeni KimpunHcbkoro-Xarnrina—Po3eHa a1BoMa JOJaTKOBUMH IIEPETyMOBaMH,
B PE3YJIbTATi OTPUMABIIH 3aJIEKHOCTI
G; /G,

E'=E; G+ En(l= ), V'=V (G +Vp(1=¢¢), G'=—(—— 1[Gy, (7)
Cy "‘fo(l_cf)

E E 2
E=g" E'/{[cf -0-g )](% G+ g )]— Gl ¢ ){%vm—vf] J

G (1-¢4) Gy + 1+ ¢t ) G
~Cn @Gyt @) Gy
Mogear T'.A.Bamina [5,9,17,23]. [Ingd BusHaueHHS e(QEKTHBHUX
MEXaHIYHAX XapaKTEPUCTHK OJHOCIPSIMOBAaHUX KOMITO3UTIB BaHiH 3acToCcyBaB
Teopio emnTHuHUX (YHKUIH Beifepmrpacca 1 cremianbHi MepoMopdHi
¢ynkuii. I''M. Casin, JI.A. ®inpIITHHCEKHHN Ta HIII TAKOX BUKOPHCTOBYBAJIH
JIBONIEPHOANYHI QYHKIIT AJ1s1 JOCIiIKeHHS BoJIOKHUCTHX KM.

E'=E, ¢ +E.(1- ¢ )+ 8c; (1-¢; )V =V )* Gy,
e S 2 o B A o ) 4 )
R 2 (ALY
M 2-CitxmCit(A-Cc) (-1 9’
o= Xm*Cs+(1-Ct) g
@-Ci Xm+@+CiXm)g ™
1), 1 { Xn*d .
E B 4G | X+ v )4 4 v )| 0
L e, )@ 2 )g }
[ e, =20, )|+ (= 2 ¢ Tk, )y
(1=c¢ )Gy + 1+ ¢ ) Gy
" (A+cs )Gt (- ¢ )Gy

AHaiizy Ta TOPIBHSAHHIO MIKPOMEXaHIYHAX METOAMK TPOTHO3YBaHHS
eexTBHUX (i3UKO-MEXaHIYHUX XapaKTEPUCTHK OJHOCTpsMoBaHOTO KM

K +G[1+

(8)

G=G




ISSN 0132-14710mip matepianis i Teopist ciopyn. 2014 .Ne 92 39

NPUCBSYEHO HHU3KY poObit [5, 18, 26, 27ra in.]. [IpoBeneni po3paxyHKH Jar0Th
MiCTaBy 3pOOWTH BUCHOBKH, IO [IJIS OIIHOYHHUX PO3PaxyHKIB MOXKHA
3acTOCOBYBaTH  Mojeib  Peiicca—®oiirra  (4). Ilo3moBxui  mpyxHi
XapaKTEepPUCTHKH, M0 pO3paxoBaHi pI3HUMH METOAaMH, SK MPaBHIIO,
XapaKTepU3YIOThCS HE3HAYHWMH BiIXWJICHHSMH 3HA4YCHb, Ha BiAMIHY Bif
MONEPEYHHX, JI€ PI3HUIS MOKe OyTH Beiaukor. Y pobGorti [5], anamizyroun
NOXMOKM TpU BHKOPUCTAHHI KOXKHOI 3 MoOjesel, BiAMIYEeHO, IO MOJEJb
Banina (8) nmokasye kpaily KOpeJsIifo pO3paxyHKOBUX 1 €KCIEPUMEHTAILHUX
nmarnx. OHAK, HASIBHICTH BEJIHMKOI KUTBKOCTI Moaeiei KM Ta 3HaYHHN PO3KHIT
EKCIIEPUMEHTAILHUX JIaHUX YCKJIaJHIOE€ BHOIp Tiel um iHmoi 3 HUX, Ky O
3arajJoM MOKHa OyJi0 BBXKaTH HaHKpAIIO0.

V T1abn. Ha TPHUKIAAI TIOJIMEPHOTO BYIJICIUIACTUKA HABEICHO YHCEIHHE
TIOPIBHSHHA MK €000 €(QEKTUBHHX XapaKTEPUCTUK OJHOCIPSMOBAHOTO
BoJsiokHucToro KM, 110 o04mcieHi 3a po3risIHYyTUMH METOIWKAMH ISl Pi3HOTO
BMmicty BosiokoH C; =0.35, 0.55, 0.78uxinni mani [5]: enoxcuara marpuist D/1-

20 En= 35/77la, v,,=0.32; Byrnenesi Bonokna JIY-3 E; =250/71a, v = 03.

OuiHOYHI TOPIBHSHHS OTPHMaHNX C€(QEKTUBHUX XapaKTEPHCTUK BUKOHAHI 3
BiNOBimHIMH po3paxyHkamu 3a Moxemwmo (4). ITpu c; =0.55 criocrepiraersest

33/I0BUTbHA  JUI1  JAaHOTO  Marepiajly  BIINOBIAHICTE  PO3PaxyHKOBHX 1
SKCIICPHMEHTAIILHO BU3HAYCHHUX €(DEKTUBHHX XapaKTEePHCTHK.

Tabmuus
ECI)CI'(TPIB. Cs EKCH?pI/IM. 4) (5) (6) ) (8)
craii nai [5] «P—D» «X» «K-Y-P» «A» «B»
1 2 3 2 5 5 7 8
035 | - | 89775| gy | ow | O | 0%
e e [oss | TR oo | L0 | e | ntel i
0.78 - 195,77 1(%53/'07)7 1(%%7 1(%%7 1(%%7
1 2 3 7 5 6 7 8
0.35 - 0313 | (0/32%) | (0i04%) | (0.32%) (0.32%)
v oo [ o | 038, | o | a2l
0.78 - 0,304 (-8:3(3);1) (-8:2203/0) (-8:§g°3/0 (-8:2203/0)
035 - 2,025 (3%',8811%/0) (3%',%%%/0) (3%’,%%%/0 (3%',%%%/0)
G .1ta | 0.55 (51%1%02',32% 2,897 (6%,%13%/0) (51’,%23/0) (51’,%3/0 (51’,%23/0)
0.78 - 5,745 (ég,’gé?"ia) (gée’;g&) (gée’;g&) (gée’;g&)




40 ISSN 0132-14Tuip matepiainis i Teopist ciopyn. 2014.Ne 92

1 7 3 7 5 5 = 5
0% - 539 | (41390 | (37.05%) | (10,66%)(14.69%)

E.ria | 055 | oosopand 47 | (srason) | (58.2790) | (10.74%) (150%)
078 | - | 15157) Goan | (ro.20%) | (1045%) (33.0%)

0% | - | 2| - | s |cazd o)

G Ma | 055 - 3,768 - (2?,33@1%) (-223'?19270/0 %6702)8
078 | - | 800] - | Garow |(2no0m (%)

BunHo, 1m0 TO3M0BXHI TPYXHI CTalli, po3paxoBaHi PI3HUMH METOJIaMH,
MAalOTh He3HAYHI BiIXHWICHHS 3Ha4eHb y Mexkax 0,001-0,65%/1ns momepeunmx
pizHuIs Moxke nocsratu 10,45-76,20%.

Pe3yabraTm po3paxyHKy Ta aHaJi3 po3B’si3KiB. 3acToCyBaHHS B
pospobuneniit  meromuui [19, 20] MeromiB TPOrHO3yBaHHS e(EKTHBHHX
NPYKHUX XapaKTEPUCTUK (MiKpOMEXaHIYHMX METOIUK) BUMArae MpOBEICHHS
CHeLiaJIbHUX JOCHI/PKEHb O OOTPYHTYBAaHHIO JIOCTOBIPHOCTI Ta TOYHOCTI
OTPUMYBaHUX PO3B'S3KiB. Y poOOTI BUKOHAHO TOPIBHSJIBHUN aHai3
pE3yJIbTATIB PO3paxyHKy HEOJHOPIMHHX IUIACTHH 32 MOMEHTHOI) CXEMOIO
ckinuennnx enemenTie (MCCE) Ta 3 BHKOPHCTaHHSM IIPOTPaMHOIO
kommiekcy (ITK) NASTRAN [28, 29].

HaBeneHno pesynbTaTd YHCIEHHUX JOCHIHKEHb 301KHOCTI Ta TOYHOCTI
PO3B’ A3KIB JIHIHHUX 3a/7a4 CTATHKW 3THHY TOHKHX KOMITO3UTHHUX TUIACTHHOK.
PosrnsHyTO 01THO-, TBO-, TPH- TA YOTUPHUIIIAPOBI IUTACTHHKH, III0 BUTOTOBIICHI 3
BOJIOKHHCTOTO OJHOCHpsiMOBaHOTO KM 3 mepexpecHO CXEMOK apMyBaHHS.
[lapu GaraTomapoBoi ITACTUHKU OJHAKOBOI TOBINWHH. KBaapartHi, dKOPCTKO
3aTUCHYTI MO KOHTYPY IUIACTUHKH, HABAHTAXKCHI PIBHOMIPHHUM HOPMATBHUM
THCKOM IHTCHCHBHICTIO (. 3a pO3paxyHKOBHH (pparMeHT MPUHHATO YBEPTh
mwiactuau (puc. 4), Bich xt HaIlpaBJIcHa 3a TOBIIMHOIO. B3sATi Taki BHUXimHI
mani: a=2cm, h=0.0lcw, g= 1 xelem®: Mmarepial — IOJIMEpHHI
BYIJICIUIACTAK 3  ONHMCAHHUMH  BUIIE
MIKPOMEXaHIYHUMH XapaKTCPUCTHKAMH.

Poss'sskn 3a MCCE 1 IIK
' NASTRAN LIBUAKO 30IraroThCH.

a/ Z * . . .. . .
h JocmimkeHHs TXHBOT 301KHOCT1
MOKa3aj0 MPaKTHIHUH 30ir pe3ynabTaTiB
L

. .
x! / x?

s citok 8x8 CE ta 12x12 CE. 3a
PO3paxyHKOBY [UIA YBEPTi IUIACTHHH

Puc. 4 npuiiasito  citrky 88 CE. ux
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po3B’ s3yBanus 3amau BusHaueHHs HJIC Tomkux mractud B IIK NASTRAN
[28, 29]3acTocoByroThes mtocki wotupu-By3nosi CE Plate,sxi MoxyTs MaTn
pisHy ToBIuHy Ta Oararomaposi CE Laminate,sxi noxi6ui mo Plate, ane
CKIIQIAFOTHCS 3 IEKIIBKOX IIapiB.

1. Oonowaposa xomnozumna niacmuna, JUIA SKOT BOJOKHA HampaBlieHI
B370BX oci X . ITopiBHSHHS pe3ynbTaTiB po3paxyHky 3a MCCE i NASTRAN
st hopm nedopmyBadHs (puc. 5) Ta HanpyxkeHs (puc. 6) BUKOHAHO B3IIOBXK

cepenHix miaroHaneil mmactuHm (B3moBX oci X° Ta oci X°). HampyxenHs

02?2 ma pucynkax npuBeneHi B reHtpi BimmoBimamx CE. Jlns koxmoi 3

YOTHPHOX  MIKPOMEXaHIYHHX  MOJAENEH  IPOTHO3YBAHHSI  MNPYKHHUX
XapaKTEePUCTHK IOPIBHIOBAINCH PO3B'S3KHM Ul TPHbOX 3HAYEHb KOE(ILie€HTY
C¢=0.35, 0.55, 0.780Tpumano moBHUI 30ir po3B's3KiB, IO MiATBEPIXKYE

JIOCTOBIPHICTH 1 TOUHICTh po3paxyHkiB 3a MCCE.

/ )
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Puc. 5.TlopiBHAHHS (1)0pM nehopMyBaHHs OAHOLIAPOBOT l'IJ'IaCTI/IHKI/I B3IOBXK HANPSIMKY
BONOKOH ( X° ) Ta B IIONepeYHOMy HanpsMKy ( X° ) 1S YOTHPBOX
MiKpOMEXaHITHIX MOJIENEIl MPOrHO3yBaHHS
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OriHKa BIUIMBY Ha HampyxeHo-mepopmopanuii cran (HC) mmacTuHKH
BHKOPHUCTAHHS Pi3HUX MiKpOMeXaHiuHWX Mojener BukoHaHa 3a MCCE s

TPbOX 3Ha4YeHb Koe(illieHTa BIJHOCHOTO 00 €MHOTO BMICTY BOJIOKOH Cj
(puc. 7, 8). Moxna xoncraryBat, mo npu Hu3bkiii C¢=0.35 Ta cepenmiii
C; =0.55 xonnenrpauii BoNOKOH BUKOpHCTaHHs Tuiy Mmoneni (4), (6)-(8)
NPaKTUYHO HE BIUIMBAa€ HA Po3B’s3ku. [Ipu BHCOKiil yacTmi Bonokon C; =0.78

CIOCTEpIraeThcsi HE3HauyHa  PO3ODKHICTH  PO3B'S3KIB, HaWOumbIIE 1€
mposBisieThest st Moneni KinpunmHcbkoro-Xamrina-Po3ena. He3naunuii BiuB
BUKOpHUCTOBYBaHWX Mojened KM Ha HIC omHOmAapoBOi MIACTHHKH MOXHA
MalyTh MOSICHATH OJTHOPITHOIO 3a TOBIIMHOIO CTPYKTYpOro Martepiamy. Po36ir
pO3B’S3KiB B37OBK OCi X° TIOACHIOETHCS HASBHICTIO BENHKOI PIi3HHIN Y
BH3HAYCHHI BEJIMYHH TONEPEIHNX €(PEKTHBHUX XapaKTEPUCTHK.

o2 013-10'4
z

KTEM | MecE PO KeME _ ecE B

—e— NASTRAN —o— NASTRAN

. . 22 i :
Puc. 6.11opiBHSHHS pO3NOiTY HANPYXKEHb O B OJHOMIAPOBiil IIIACTUHIT

2' 3'
B3/I0BK HAIPSMKY BOJIOKOH ( X~ ) Ta B momnepeyHoMy Hanpsmky ( X )

OriHKa BIUIMBY Ha HampyxeHo-mepopmopanuii cran (HC) mmacTuHKH
BHKOPHUCTAHHS Pi3HUX MiKpOMeXaHiuHWX Mojenei BukoHaHa 3a MCCE s
TPbOX 3HA4YCHb Koe(illieHTa BIJHOCHOTO 00 €MHOTO BMICTY BOJIOKOH Cj

(puc. 7, 8). Moxuna xoncraryBaty, mo npu Hu3bkiii C¢=0.35 Ta cepenmiii
C; =0.55 xonnenrpauii BoNOKOH BUKOpHCTaHHs Tuiy Mmonemi (4), (6)-(8)
NPaKTHYHO HE BIUIMBAaE Ha po3B’s3kd. [Ipu BHCOKii vacTii BosokoH C¢ =0.78

CIIOCTEPIraeThCs  HE3HauyHa  PO3ODKHICT  PO3B’'S3KiB, HaOinmbIme 1€
MPOSIBIIAETRCS U1l Mojeni KinpunHchkoro-Xamrina-Po3zena. Hesnaunuii BiiuB
BuKOpHuCTOBYBaHUX Mojened KM Ha HIC omHOmAapoBOi MIACTHHKH MOXHA
Ma0yTh TOSICHATH OJTHOPITHOIO 3a TOBIIMHOIO CTPYKTYpOro Marepiamy. Po36ir
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pO3B’SI3KiB  B3IOBXK OCI

x3

BH3HAUYCHHI BEIMYUH NonepeyYHux eq)eKTI/IBHI/IX XapaKTCPUCTHK.

¢

TIOSICHIOETBCSI HASBHICTIO BEJHMKOI PI3HUII Y
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Puc. 7. ®opmu nehopMyBaHHS OAHOMIAPOBOT MIACTUHKH JUIS PI3HOTO BMIiCTY BOJIOKOH
IIPU BUKOPHCTAHH] YOTHPHOX MIKPOMEXaHIYHUX METOJMK IIPOTHO3YBaHHS IPYKHUX CTAIUX

2. Jlgowaposa KoOMnoO3umMHA nAACMUHA, IUIA SKOI BOJIOKHA B IIapax
HampaBlIcHi MEepEeXpecHo: y MEpIIOMy IIapi apMyBaHHS € B3IOBX oci X2, y

Apyromy
IopiBusuus pesynbraTie pospaxyHky 3a MCCE i NASTRAN mnokazamo ix
MOBHUI 30ir. Xapakrep 30iry po3B’s3KiB Takuid CaMHid, K IS OJHOIIAPOBOT
wiactuaku (puc. 5, 6).

Ha puc. 9 HaBeneni pesyabratd po3paxyHkiB 32 MCCE, ski I03BOJIHIN
NpOaHai3yBaTH BIUIMB BHKOPHUCTAHHS PI3HUX METOIUK MPOTHO3yBaHHS
e(eKTHUBHHUX CTanuX Ha Gopmy aAedopMyBaHHS JBOIIAPOBOI IUIACTHHKH. SIK i
OYIKYBaJIOCh, OCKUTPKH HAIPSIMKH apMyBaHHs B Iapax pPiBHOIPABHI, TOMY

— B3goBx oci X3. JlocmimkeHHs nposeneni npu  C; =0.55.

nepopMyBaHHA 3a ocaMH X2 Ta X° y BCIX BHNAAKaX € OJHAKOBHM.
Buxopucranus mojeni KinmpunHchkoro-Xaiina-Po3eHa migBHIIye )KOPCTKICTh
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IJTACTHHKH, & BUKOpHCTaHHS Moneni PeiicCa—DoirTa 3MeHIye ii KOPCTKICTb.
Mogeni AGoninmia Ta Banina € mpomibkauMu. Bimuyramii BnuB Ha HJIC
JIBOIIAPOBOi TUIACTUHKW Bix BHUKOpucTaHHA Monxeni KM wmoxHa MaOyTh
MOSICHUTH 3HAYHUMH BIOXWICHHSAMH I HUX BEJIWYMH IOTEPEYHHX
e(eKTUBHUX (iI3UKO-MEXaHIYHUX XapaKTePUCTHK, IO TMPOSBHIOCS TIpH
ICTOTHIN HEOTHOPITHOCTI MaTepialy 3a TOBIIMHOIO TIJIACTHHKH.

a0 o2t
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Puc. 8.Posnoziny HanpyxkeHs G2? B OJHOIIAPOBOI MIACTHHIN IS Pi3HOTO BMIiCTY BOJIOKOH
IIPH BUKOPHUCTAaHHI YOTUPHOX MIKPOMEXaHIYHHX METOJHK MPOTHO3YBAHHS NPYKHHX CTAIUX

3. Tpuwaposa romnosumua niacmuna, Uil SKOT BOJIOKHA B Imapax
HaNpaBJIeHi TIEPEXPECHO: y EPIIOMY Ta TPETHOMY IIApax — B3IOBXK oci X2,y
npyromy — B3foBxk oci X3 . Jloctimkenns nposeseni npu ¢ =0.55. Maemo

noBHUH 30ir po3B’ s3kiB otpumanux 3a MCCE i NASTRAN.

Jist TpuIIapoBOi TUIACTUHKM BHKOPHCTaHHS METOJWK IPOTHO3YBAaHHS
e(eKTUBHUX XapaKTEPUCTUK IPAKTUYHO HE BIUIMBAE HA PO3B’sI3KM — (opmu
nedopmysanHs 36irarotecs (puc. 10). Sk y BUMaaky oAHOMAPOBOI IIIACTHHKH,
s moxaeni  KinmpumHchkoro-XarriHa-Po3eHa cnocTepiraeTbcsi HE3HAUHE
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BimxwiieHHs popmu 1epopMyBaHHS B MOTIEPEIHOMY HANIPSIMKY Bifl (hOpMH, 10
OTpYMaHa MPH BUKOPHUCTAHHI 1HIIMX MOJIEIICH.
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Puc. 10.®opmu nedhopmyBaHHs
TPHIIAPOBOI [TACTUHKA

4. ‘Iomupumapoea Komno3umua naacmuHa, I SIKOi BOJIOKHA B mapax

HAMpaBJieHi TIepexXpecHo; y MepIIoMy Ta TPeThbOMY Mapax — B3IOBXK oci XZ , y
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Puc.11. ®opmu nepopmyBaHHsS
YOTHPHILIAPOBOI [ITACTUHKA

BucHoBku
PospoGieny B [19, 20] MeToAMKY MOLIMPEHO Ha 3amadi JIOCIIIKEHHS
TOHKHUX HEOTHOPIMHUX OOOJIOHOK, MApH SKUX BHKOHAHI 3 KOMITO3UTHOTO

Matepiamy

BOJIOKHHCTOT

CTPYKTYpH.

APYroMy Ta YeTBEPTOMY — B3JOBXK OCi
x3.  JlocmimkeHHs
c;=0.55. Maemo

po3B’s3kiB  orpumanux 3a MCCE i
NASTRAN.

3ictaBnenuss (opMm aedpopMyBaHHSI
(puc. 11), w0 OTpHMaHi npu
BUKOPHCTAHHI PI3HUX MIKpPOMEXaHIYHUX
METOJMK TIPOTHO3YBaHHS €(EKTHBHHUX
xapaktepuctTuk KM, nano mpakTHYHO
NOBHUH 30ir (hopM, 32 BUHATKOM MOJIEI1
Kinbunacskoro-Xamina-Posena, sIKa
JUISL BCIX PO3MIITHYTHX 0araTomrapoBUX
TUTACTUHOK MiABHUIIYE TXHIO dKOPCTKICTb.

poBeieH|
MMOBHUI

npu
30ir

Y pamKkax CTBOpPEHOi MO

OaraTomapoBuii CKiHUCHHUH eJIeMEHT MOKHa BUKopuctoByBatu sk CE, mio
JIO3BOJISIE MOJICJIIOBATH Matepian OOOJIOHKHM PI3HUMH THUIAMH TPAIMIIHHUX 1
KOMIIO3UTHHX MarepiaiiB mapiB. Bu3HadeHHS e(EeKTHBHUX XapaKTEPHCTHK
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peami3yeTbcs 3a CTPYKTYPHHMH TapaMeTpaMd KOMIIOHEHTIB MaTepiany Ha
OCHOBI BIJIOMHX MIKPOMEXaHIYHUX MOJeNell TPOTHO3YBaHHSA (Di3UKO-
MEXaHIYHUX CTaJIHX.

HaBeneno pesynbTaTd YHCIEHHUX JOCHIIHKEHb 301KHOCTI Ta TOYHOCTI
pO3B’s3KIB JMHIMHMX 3ama4 CTATHKW 3TUHY TOHKHX OJHO-, NIBO-, TPH- Ta
YOTHPHIIAPOBUX KOMIIO3UTHUX IUIACTHHOK. HacTymHum ertamoM poOOTH €
PO3B’si3aHHS 3a/a4 HEJIHIHHOTO JeOpMyBaHHS Ta CTIMKOCTI HEOJHOPIITHHX
MPYKHUX 00OJIOHOK 3 KOMITIO3UTHOTO MaTepiany.
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Counoseii HA., Kpusenko O.11., Muwenko O.A.
OINNPEAEJEHUE D®®EKTUBHBIX ®N3NKO-MEXAHUYECKUX XAPAKTEPUCTHUK
OJHOHAIIPABJIEHHOI'O BOJIOKHUCTOI'O KOMITIO3UTHOI'O MATEPUAJIA
PaccMOTpeHb! M3BECTHBIC METOIAMKU IMPOTHO3HMPOBAHUS YIMPYTHX ITOCTOSHHBIX JISI MOJEITH
KOMIIO3UTHOTO ~ MaTepuajia, AapMHPOBAHHOIO  OJHOHANPABICHHBIMH  BOJOKHAMH, IO
MHUKPOMEXAaHMYECKUM TapaMeTpaM ero COCTaBJISOIUX. [IpemnokeHa METOOMKa —ydeTra
MOJMY4EHHBIX d(P(HEKTUBHBIX XapaKTEPUCTUK IJIsi ATOTO THIA KOMIIO3UTHOIO Marepuaia B CIOSX
Ppa3paboTaHHOr0 MHOTOCIOWHOrO KOHEYHOTO JIEMEHTA TOHKOH HEOAHOPOIAHOH 000I0UKH.
KawueBble ciioBa: TOHKas ymnpyras o000JOYKa, MHOTOCIOMHBIA KOHEYHBIH 3JIEMEHT,
KOMITO3UTHBIH MaTepHai, MUKPOMEXaHUYECKHE TTapaMeTphbL.

Solovei N.A., Krivenko O.PMishchenka.4.
DETERMINATION OF THE EFFECTIVE PHYSICOMECHANICAL
CHARACTERISTICS OF UNIDIRECTIONAL FIBER COMPOSITE M ATERIAL
The known technique of forecasting the elastic tmts for the model composite material
reinforced with unidirectional fibers by micromecdi@l parameters of its components is
considered. The method of effective characterigtimounting for this type of composite material
in layers of the developed the multilayer finiterakent of an inhomogeneous thin shell is proposed.
Key words: thin elastic shell, multilayer finite element, cpasite material, micromechanical
parameters.
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AN ESTIMATION OF RESIDUAL LIFETIME OF SPATIAL
STRUCTURAL ELEMENTSUNDER CONTINUAL FRACTURE
CONDITION

The echniques of modeling of continual fracture proctssspace circular and prismatic
bodies under prolonged load condition and somelteesii determining of the estimated lifetime
(up to local loss of material bearing capacity) ahd residual (additional) lifetime (time of
continual fracture zone growth) is presented irs thaper. The Kachanov-Rabotnov's scalar
damage parameter to describe the continual fracfitee material and the semianalytic finite
element method (SFEM) as numerical method of bgugdesblem solution is used. It's shown,
that the value of residual lifetime could be diffégnificantly for different loading condition and
object configuration.

Key words: creep,cyclic loading, damage, continual fracture, lifetimspatial problem,
semianalytic finite element method (SFEM).

Introduction. Structural elements of responsible objects functidten
under long-term static or cyclic force loading. Tgrecess of creep or fatigue,
accompanied by the gradual accumulation of scattdeanage, the formation
and growth of macroscopic defects (fracture zonexjer these conditions
there are occurs. Its consideration is necessarg feliable analysis of long-
term strength and lifetime estimation.

A description of this processes, which took the @arontinual fracture»
based on widely known concept of continual damagmumulation process,
which set out the works of V.Bolotin, L. KachanawaYu. Rabotnov and used
phenomenological damage parametiéris developed and implemented for
different loading conditions in the publication MfBobyr, V.Golub, G.Lvov,
Yu.Shevchenko [1-4] and in other publication of kikian and many foreign
scientists. However, as noted in [5], the one isuacproblem is the
determining the residual lifetime - time of fractwrone growth after the local
loss of the material bearing capacity becauseaifiieg the damage parameter
critical values. Solving this problem in the spkgtating have not reflected
enough in scientific publications. On the otherdasuch asighlighted in [6],
the residual lifetime value can variosgnificantly for different objects and
may be up to half of the total time of structurensént operation.

[0 Bazhenov V.A., Gulyar O.1., Pyskunov S.O.
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The purpose of this paper is to highlight the manovisions of the
developed technique for modelling of continual ftae zone growth of spatial
bodies and presentation of the results of residitetime determination for
critical structural elements under different loggdoonditions.

1. Semianalytic finite element method (SFEM). The solution of
evolutionary problems of spatial bodies deformatignocess requires
significant computational cost and special algonsh for damaged
accumulation process and fracture zones growthlation. It is not always
possible to solve these problems using modern gaivdinite element
software systems (ANSYS, ABAQUIS, etc.).

The semianalytic finite element method (SFEM) iseffective instrument
for finite element modeling of stress-strain statel deformation process of
canonical form spatial bodies - inhomogeneous eiahd prismatic bodies.
Being based SFEM, a discrete calculation model estggthe finite element
mesh in the cross section of the examined object,ame finite element (FE)
to be used in the orthogonal towards the crossiosedt plane (along the

forming, i.e. z° coordinates ), thus the FE size in tie direction is the same
as the body one. The term "inhomogeneous" is usethe sense of the
variability of the physical, mechanical propertesd geometrical dimensions
of the body along the forming. SFEM can signifitgpntreduce the

computational expenses for solving the problemtiqpdarly on the stages of
stiffness matrix calculating and FEM linear equasicsystems solving. The
efficiency and accuracy of the method is shownafavide range of linear and
nonlinear problems in mechanics [7-9], where readmn also find a more
detailed description of the method features, itpl@mentation and links to
additional author’s publications.

Fig. 1. Circle &) and prismatick) inhomogenious body
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2. Continuum fracture mechanics relations and algorithms for
damaged parameter determining. The damage accumulation process
described with kinetic equations, which associatad augment of
phenomenological damage parameter (D#F)to the stress, strength, or
deformation parameters. Herewith DP changed in fim& w(t=0)=w,=0 to

w(t*) =1, wheret* — is the time othe local loss of material bearing capacity.

The next view of kinetic equation for DP calculatie most simply for the
multi-cyclic force loading [10]:

dw _ o :
dN _A(GB(l—oo)j ’ @

where A and n — experimentally determined constants; — tensile strength

of the material.

It is expected, that under multi-cyclic loading ddion process of material
deforms elastically and the loading process camdréed out with variable
parameters of the cycle (mean middle stress anditad®). Therefore, it is
provided for construction of DP value determiningosithm, that load process
must be divided into a number of steps - stepgffoblem solving S*. Within
each stage (s=1, 2...S*-1, S*) load means constant stresg, and constant

amplitude o, during the some quantity of cyclds,. Using this assumption,

S
the DP value by previous load history (uNg cycles, Ng=> N,) is
sl

determined by a formula which obtained in [10] asl@sed form solution of
equation (1):

g =1-(m) 1—Li(o )" N . (2)
(n+1)cg = as s

A DP value description unddong-termstatic loading condition (when a
creep process presence) conducted using the felkpession [2]:

dw r M 1
EO-clo, /- of 3
2=C| o/ (1-0)] T 3)
whereC, m, q, ¢ B — experimentally determined material constantsclwviare
functions of temperatureg, — equivalent stresses calculated according to the
chosen strength criterion.

Creep problem solution considering damage accuronlaprocess is

performed by the algorithm based on the use ofntipdicit integration over the
time scheme with help of Newton-Kantorovich itevatiprocedure. When
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starting each iteration of a time intervaim, stress values; are calculated

considering creep deformation process by the faamul
(@' _§5u G +(s" ) (4)
Components of stress tensoy are defined in compliance with the Hook’s
law considering an increment of total deformation:

— \m_ m — \m
(55), = )n—1+(A0ij )n ;
while the components of stress devia(ei'f)r,‘]1 relate to an increment in creep

deformationAsi‘J? :

=€ . (¢)7=(¢) - aeg). ®

n

— components of creep deformation rate tensor;

& =%; G, = E/(1-2u)- elastic consatnt&t,— time interval value.

The DP values additiofAw),, and accumulated DP valueg,, on a time
intervalm calculated with next relation:

d
(‘%:wm—l"'(Aw)m:wm—l"'(d_(?j At (6)
m
The criterion oflocal loss of the material bearing capacityut*) > ,
where w* =1 — critical DP value. It's fulfillment in the sonmoint of studied
objectK with coordinates(Z" ), =2" :{ ¥, 7, 32} , indicates the transition

of the scattereddamages accumulation process, which accountedraiy
using DP, to occurrence of macroscopic defectsitialirareas of continual
fracture. This points in time determining the vabfehe estimated lifetime of
studied object.

3. Algorithm for modeling of continual fracture zone growth. To
simulate the initial macroscopic defects occurresiche poinK the area with
volumeV; introduced there at the time point t*+At (Fig. 2,a). The size of

this area in planeI - 7% is the same of size of FE, in which conditiam w*

reached, and its sizAZ® in the Z° direction defined as the sum of half the
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distance from the poirK to neighboring integration points in FE (namedas

-1 andK+1, Az3lz%+%, Fig. 2b). Values of stress and elastic modulus of
the material taken as being equal to zero wittspexified area:
o (t=t*+At, 2 =2%) =0, H z=Z)=0 . (7)

Volume V,, the value of which is caused by the discrete rhpdemeters,
defines the minimum increment of the characterssitie of the fracture zone in
the course of its growth.

z¥

/ p
S S /| E=0.0,=
S S/ E=0.05=0

i
S /
///////

Cc

Fig. 2. Procedure of modeling of continual fractmoee growthd,c)
and special finite element)(
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Implementation of (7) is carried out using spediaite elements with
adjusted values of physical and mechanical corstdrite stress-strain state
parameters and DP values determine by (3) - (6indubllowing point of
time. This is accompanied by a gradual increageacfure zone by acceding to
it of new volumeV,, at time intervalst,, after fulfilment of conditionw> w*

in appropriate points. The procedure of continuacture zone growth

modeling is performed to achieve a zone of critisie (volume) V'
(Fig. 2€). The appropriate time interval (number of cyclés)erminesesidual
lifetime (vitality) of the object after the of fracture zeneccurrence.

4. Results of finite-element modeling of continual fracture zone growth
and residual lifetime definition. The allowed approaches being spent to
solving of practical problems afesidual lifetime definition of responsible
structure element the connecting union under multi-cyclic loading dition
and the blade of a gas turbine under creep.

The connecting union (choke) of valve settings faigh pressure
polyethylene synthesis is a massive circle (cyloady body loaded with cyclic
internal pressure. The initial defect is available the inner surface of the
choke - an weakened area of degraded material galyand mechanical
properties. General view of the object and the Ferdte model, used for
solving and describing the defect presence, shovig. 3. The initial elastic
stresses distribution in the absence of defechifoum on choke’s height and
variable along the it's radius.

Fig. 3. The connecting union with initial defect
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The description of the damage accumulation propegf®rmed with eq. (2)
using 0g=1300MPa, A=1.5495x 10% and n=4,267. The degradation of

material mechanical properties within the defeetaaperformed with linearly
change ofn in the range 4,267-4,4 (increase of the vatumdicates more
intensive damage accumulation at the same levslre$s). Estimated lifetime
of the choke (until thdocal loss of the material bearing capagity the

absence of the defect wa$.9x10 cycles, and N*=3.89x1( for defect

presence. The obtained DP values rapidly decrestseboke wall thickness
with distance from the inner surface and at théadie of 3nm DP value is

less then 0,1. Thus, after thecal loss of the material bearing capaaty the

inner surface thevall remains virtually intact and the choke mayusedstay

in operation.

The simulation of fracture zone growth was conddidte axisimmetrical
and spatial statement. Finite element model is show Fig. 4a. Time for
zone growth in the radial direction (of the wallcmess) to depth 14m
which obtained in axisymmetrical statement, is heds than one obtained in
spatial statement. This difference gradually desgsaand at a zone depth
12 mm (corresponding to half of the wall thickness)sitanly near 5%. But in
any case, the magnitude of the residual life dfterfracture zone growth is
almost an order greater than the time to zone oesukVherein, it should be
noted, that during all of time of the fracture zagrewth the detail keeps tight
and relevant performance properties [9] (Fip) .4,

Stationary gas turbine blade is a spatial bodyarhglicated shape. The
blade is swirled at the vertical axis, has a vaeiadt height cross-sectional
area. It is influenced by centrifugal forces in eténogeneous, both in height
and in cross-section, temperature field. Basedesults of elastic deformation
modeling of blade based on three-dimensional FEMaragerous cross section
R, was chosen. This section characterized with coatiain of average strain
oo and average temperaturg, which leads to the most intensive creep process
and damage accumulation. Listed values &nd Ty) are used further to
describe the design scheme and the results of rbielemn solving. Creep
deformation process modeling is made for a bladgnfient with size 0,9&,
<R<1,06R,. Fragment is loaded with its own centrifugal Igad he simulation
of the upper part of blade in secti®*1,06 R, implemented with unevenly

distributed Ioadq=q( Z, z’-') that meets strain values, been applicated in this
cross-section (Fig. b)).
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Fig. 4. SFEM discreet model connecting pipe witfedes @),
configuration of continual fracture zone after éiffint number of cycle®)

The description of creep and damage accumulationegses of the blade
material is carried out with the following equation
de; _ Ba"  dw_ ( o )m 1
dt ~ (1-) ' dt i (1-w)° : (8)

whereB = B(T), C = C(T), m =m(T), n =n(T), r =r(T), g = oo, T) — material
constantsT — temperature.

The location of initial fracture zone within theafiment corresponding to
the maximum value damage parameter (Fig. 3yas determined due to
modeling of blade deformation under credg. location is aligned with the
zone of maximum values of the DP at height of bladgment (Fig. H). It
wasrequired to use a finite element models with aificant number of nodes
in a cross-section to determine of fracture zos&s and shape in the process
of it's growth (Fig. 5¢). The fracture zone growth modeling results up to
complete loss of bearing capacity showed, thatptioposed facility value of
residuallifetime is low and is about 5% of the estimatéetime (Fig. 6). This
suggests that the actual value of the blade lifetisndetermined by local loss
of bearing capacity in fact.
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Conclusions. Developed in this paper
methods for modeling of continual fractur
process and fracture zone growth allows
determine of estimated and residual lifetin
values for responsible structural elements tt
work under long-term static and high-cycl
loading condition. It is shown that fol
different objects and loading conditions value
of residual lifetime may differ significantly.
Thus, it's need to study a problem c
extending of details operation time after loc
loss of bearing capacity in each individui
case.
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Fig. 6.Continual fracture zone
confiauration in blade fraame
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bascenos B.A., I'vaap O.1., Iluckynos C.0.
BU3HAYEHHSA JOJATKOBOI'O PECYPCY MPOCTOPOBUX EJIEMEHTIB
KOHCTPYKIIIA B YMOBAX KOHTHHYAJILHOT'O PYWUHYBAHHS

IpencraBiaeHO METOANKY MOAEIIOBAHHS TPOLECIB KOHTHHYAIBHOTO PYHHYBaHHS KPYrOBHX Ta
HNPU3MAaTUYHUX TN CKIagHOi (OpPMHM B YMOBAaX TPUBAIOrO CTATUYHOrO i 0araTOLMKIOBOTO
HABAHTAKCHHS Ta pE3YJbTaTH BHU3HAYCHHS [OJATKOBOrO pecypcy (Yacy 3pOCTaHHS 30HH
KOHTHHYaJIBHOTO pyHHYBaHHs1). s ommcy Mpolecy KOHTHHYaJIbHOTO PyHHYBaHHS BUKOPHUCTAHO
CKaJipHUH Tapamerp TmommKkomkeHocTi KauyanoBaPaGoTHOBa, JUIs 4YHCEIBHOrO MOJEIIOBAHHS
[IPOCTOPOBOTO  HAIPYKEHO-Ae(hOPMOBAHOTO CTaHy BHKOPHCTAHO HAMiBAHATITHYHHNA METOX
ckinyenux exementiB (HMCE). IToka3saHo, 110 BENMHYHHH JOAATKOBOIO PECYpPCy MOXYTh CYTTEBO
BIZIPI3HATHUCH IUIsI PI3HUX 00’ €KTIB 1 YMOB HABaHTA)KCHHS.

Kio4oBi ciioBa: mOB3ydicTh, LMKJIIYHE HABAHTAXCHHS, MOIIKOKCHICTh, KOHTHHYyAaJIbHE
pyiiHyBaHHs, pecypc, NMPOCTOpOBa 3aja4a, HaMiBAHAIITHYHHI METOA CKIiHYEHHHX CJICMEHTIB
(HMCE).
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basicenos B.A., I'ynap A.1., Huckynos C.0.
ONPEJAEJEHUE JONOJHUTEJBHOI'O PECYPCA ITPOCTPAHCTBEHHbBIX
JIEMEHTOB KOHCTPYKLHMA B YMOBAX KOHTUHYAJIBHOI'O PA3PYILIEHUS

IpencraBieHa METOAMKA MOACIHPOBAHNUS IPOLIECCOB KOHTHHYATBHOTO Pa3pyIICHHs KPYTOBBIX
U TPU3MATHYECKHX Tl CIOXKHOH (OPMBI B YCIOBHAX JUIMTEIBHOTO CTaTHYECKOTO M
MHOTOLIMKJIOBOTO HATPY)XXCHHSI W PE3YJIbTATHI ONPEEICHHs JOMOIHUTEIFHOIO pecypca (BpeMeHH
pocTa 30HBI KOHTHHYaJIbHOTO paspymieHmst). Jlas ommcaHust mporecca KOHTHHYaJIbHOTO
paspyllieHusl MCIOJIb30BaH CKaJsApHBINM mapameTp noBpexnaeMoctu KavanoaPaGotHoBa, mms
YHCIICHHOTO MOJEIHPOBAHMS IIPOCTPAHCTBEHHOTO HANPSDKEHHO-IS()OPMHUPOBAHHOTO COCTOSHUS
HCIIONb30BAH MMOJIyaHAIUTHICCKUI MeToq KOHeuHbIX oditemeHToB (IIMKD). IlokasaHo, uTO
BEJIMYMHBI JOMOJIHHTEIBHOTO PECypca MOTYT CYIIECTBEHHO OTIMYAThCS JUIS PasHBIX OOBECKTOB M
YCIIOBUH HATPyXKEHUSL.

KiroueBble  cjoBa:  mom3ydecTs, — LUKIMYECKOE  HATPY)XKCHHE,  IIOBPEXKIACMOCTS,
KOHTHHYaJIbHOE paspylIeHHe, pecypc, NPOCTPAHCTBEHHAs 3ajaya, MNOJIyaHAJMTHYECKUH MeTon
KoHeuHbIX dtemenToB ([IMKD).
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Kyiv National University of Construction and Architectur
31 Povitroflotsky Avenue, Kyiv, Ukraine. 03680

INFLUENCE OF SYSTEM STIFFNESS PARAMETERS AT
CONTACT SOFTNESS IN VIBROIMPACT SYSTEM

The possibility of contact character changing bstesn parameters changing is researching. It
is investigated the contact between two bodiesvirdegree-of-freedom vibroimpact system. We
show which parameters changing can transform thie iinpact in system into the soft one. In the
main these parameters are the Young’s modulus emahetrical characteristics of the contact zone
for both bodies.

Key words: vibroimpact system, impact duration, rigid impaszift impact, stiffness, Hertz
theory, optimization.

Introduction

Vibroimpact machines and equipment are often erieoed in many
applications of engineering practice. In generateys in which impacts of
matching elements occur play an important rolehi theory of vibration of
mechanical systems. Therefore the study of themadyc behaviour and
vibroimpact movement characteristics in differemtrkvcondition has got the
special interest. Such investigations are develapéénsively during the last
decades [1-3].

S.G. Kryzhevich writes for ground the actualityhi$ Doctor’s dissertation
theme [4]: ‘HecMmoTpst Ha MOTPeOHOCTh MPHKIATHOW MEXaHHKH M TCXHHUKH B
pa3BUTH  MCETOHAOB  HUCCJICAOBAHUA HWHBAPUAHTHBIX MHOXECTB  CHUJIBHO
HEITMHEHHBIX JUHAMHUYECKHUX CHCTEM, YCTOfIQHBOCTH ux peHIeHI/Iﬁ u
MCXaHU3MOB BO3HUKHOBCHUSA Xa0THUYECKHUX KOHeﬁaHHﬁ, a TaKxXe B
HCCIICAOBAHUAX IO aHAJIU3y KOHKPCETHBIX BI/I6p0y2[apHLIX CHUCTEM, pa6OTLI B
OTHUX HAIPaABJICHUAX Ha HaCTO}IH.II/II‘/JI MOMCHT €II€ HaXOoOATCA B HadaJabHOM
cramun” (“The applied mechanics and technique need inelbgment of
methods for investigations of invariant stronglynhhioear dynamic systems and
their solution stability. The mechanism of chadfilcration rise and analysis of
specific vibroimpact systems are required too. pitesof such necessity the
works after these directions are at initial stagerasent”).

There is the viibroimpact systems (VIS) classifimas by different aspects
[5]. One of them is impact type characteristic gidior soft. Some principal
difference between rigid and soft contact were fdated in [6]. The main sign

[ Bazhenov V.A., Pogorelova O.S., Postnikova T.G.
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is its duration. Just impact duration dictateswlag of its simulation. If impact
duration is large impact isn’'t instantaneous. lisuation by boundary
conditions with Newton’s restitution coefficienting based on stereomechanic
theory isn’'t possible [7]. The stiffness of VIS mlents causes the impact
softness.

The soft impacts take place in engineering vergrofThe authors write in
[8]: “Soft impacts occur in many practical mechatisystems where there is
some “cushioning” at the impacting surfaces — mdantreducing the noise
and chatter. It can be visualized as a mass imgaacibt with a hard wall, but
with a spring-damper support in front of a wall.eTéxistence of the spring-
damper type cushion introduces some special featathe system dynamics”.

The investigation of systems which constituted obftlyg impacting beams
and rods of non-negligible mass is fulfilled in.[9]he impact is simulated by
force which depends linearly from bodies penetratione into another. Some
virtual spring imitates this force. The values afdies’ displacements and
penetrations characterize the impact softness. diithors investigate the
influence of virtual spring stiffness at system dgic behaviour and vibrative
motion character.

In our works we studied two models of VIS. Thetfinsodel is VIS with
rigid impact. Its calculation scheme is correspagdio the system with
percussive or nonpercussive dynamic damper [1@] (F&). Another model is
VIS with soft impact. Its calculation scheme isresponding to vibroimpact
platform, which is widely used in building industrior concrete mix
compaction and concrete products forming [7] (Eib).

F(o) v
. | my (&)
= & FO | ] i = <
my my m
s i k= Hq
X
a b

Fig. 1. Calculation schemes of VI8: with rigid impactb — with soft impact

Contact impact forces in these systems in depewrdzom time have got
the forms that is shown at FigaZh,c Numerical parameters values have been
written in [7, 10]. The rigid impact is almost iagtaneous because its duration
is very small. Therefore the contact force graphievery impact has the form
of “stick”. On the contrary the duration of softparct is large; the contact force
graphic in every impact has the form of “bell” [11 should be noted th&te
frequency of external loading at vibroimpact platfias larger to 20 times then
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the frequency of external loading at vibroimpacsteyn with rigid impact.
Therefore the scale of time axis at Fig,B,is different for these two models.
Fig. 2b shows “stick” in the same time scale which is u$ed “bells” at
Fig. 2¢cin orderthe comparison of contact force character to beecgrpure.

E?()}l > kN
100
0+ . - -
87 88 89 90 t,s
a
}TL‘()H > kN
100
0
87,8 879 1,8
b
F‘C(JH 2 kN
200
0
2 2,05 241 t,s

Cc

Fig. 2. Character of contact force which gets ekiteVIS:
a,b— with rigid impactgc — with soft impact

The bodies displacements in independence fromammehown at Fig. 8,b.

Let us look attentively at the Fig. 3. For the systwith rigid impact it is
seen well as attached body (thin curve) jumps afn@y the main one (thick
curve) in a moment. It doesn’t penetrate into tle@mibody. On the contrary in
the system with soft impact the upper body whefinfaland shocking the
lower one causes its considerable deformation anétpates into it.

Is it possible to select the parameters of VIS wighd impact like that the
impact in it will become the soft one? This artiskearches the answer at this
qguestion. The parameters influence at the impaitidun was also studied in
[12].
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x,m
0,12
0,04
87 88 89 LS
a
0 .
! t
2/05 2.1 A
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Fig. 3. Bodies displacements in independence fioma in VIS:
a — with rigid impactp — with soft impact

1. The main equations

We'll study the problem about impact softening gsthe scheme of two-
of-degree-freedom VIS of two bodies which is shaatrig. 1a. This VIS is
described in [11]. Let us remind of it shortly. Téestem is formed by the main
body and attached one. Bodies are connected bwrliakstic springs and
dampers. The main body is subjected to the actigedodical external force:

F(t)=AF,cos@t+d, ), (1)

where A is parameter of its intensity. We consider thetiecollinear impacts
with low velocities. The contact surfaces are smpaurvilinear, without
roughness. For impact simulation we use the Herdatgtact interaction force
based on quasistatic Hertz's theory [13]:

3
Feon(2=K[H(2 1 }17,
_4 g L T @
K= , O = , 0= :
3(3,+3,)VA+B B Emt
where z(t) is the relative closing in of bodies due the lodaformation in
contact zonez(t)=x— %, H(2) is the Heaviside step function:
1, z=0
H(z)z{o, 2<0’
Y; and E; are respectively Poisson’s ratios and Young's rexidor both
bodies,A, Band q are the characteristics of contact zone local gégmWe
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consider that these surfaces are spherical, therB=1/2R+J 2R, where
R,R, are the contact surfaces radiuses. The Hertzés\thiakes into account

only local deformations in contact zone.

In [14] the authors examine the limitations forngsiof Hertz's theory in
different individual cases. For example the contatfaces aren’t Herzian,
impact velocities are large and the plastic deftiona occur, there is
conformal contact between bodies, the impacts amne elastic and energy
dissipation has to take into account. The authaiewThe Hertzian contact
theory remains the foundation for almost all of #wailable force models, but
by itself, it is not appropriate for most impaatspractice, due to the amount of
energy dissipated during the impact”. In [14] thare the set of contact forces
models which enlarge and define more precisely Hieetz's theory. They
complete the expression for contact force by aolfti terms that take into
account damping. The authors write in conclusi6ikere is no doubt that the
biggest landmark in contact mechanics was the wbiiertz for static elastic
contacts. The Hertzian contact approach is basddeotheory of elasticity and
still remains the foundation for elastic and diasiye contact force models
available in the literature”. The using of lessghumpact models for VIS (for
example the wave theory) causes considerable difis due to repeated
impacts. Therefore Hertz’s theory is widely useddnalysis of VIS dynamics
now too. The words of Prof. lvanov A.P. are propere: Beibop Toit win
HHOH MoAecan ydapa I pCeHICHUSA KOHerTHOﬁ 3aJa4yd CBsiA3aH C
KOMIIPOMUCCOM MECKIAY l'IpOCTOTOﬁ 1 pCATUCTUIHOCTBIO, JOCTUTHYTH KOTOPOTO
Ha TpaKTHKe, ojaHaKo, yaaercs peako” (“The choice of one or another impact
model for specific problem solution is connectedhwiompromise between
simplicity and reality. You can rarely to reach lsummpromise in practice”)
[3].

Movement equations of the system have the form:

% =285~ X~ 28 40 X (X X)=0K (Xr X# D+

ﬁ[F(t)—Fcon(xl—xz)],

Xo ==28 0y (X,— 5(1)_(*)22( X~ X~ D)‘*% Bon( X X9, 3
where w=/k;/ =Jk,/m,; & =9 -2 .M W, -
W =K/ My, 0, 2/ My 5 G ma,’ 2 Zmez'X mzi(*)lv 2

partial vibration frequency,F.,,(% —X%,) — contact interaction force, it
simulates the impact and works only during the ichpkitial conditions are:

% (0) =0,%,(0) = D, % (0) =0,%,(0) =0.
Numerical parameters of VIS are given in [10] amd able 1 further.
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2. Impact softening by system parameters changing

The clear criterion of impact rigidness or softnesgabsent. The typical
trait of impact softness is its duration. Is it tart#aneous or not? Let us
examine the value — the coefficient of the relatimpact duration

Keon=T/Teon» WhereT —period of external loading (1), =2rid ", T, — the
time of impact i.e. the time of contact betweenibsd

The impact duratior,,=7,8110"s, the coefficient of the relative impact
duration k.., = T/T,,, =1113,3 for the motion with rigid impact that isosin
at Fig. 2a, Fig. 3a. Here VIS has parameters that are in Table 1.

Table 1

Bodies' characteristics Main body Attached body
Massm , kg 1000,0 100,0
Partial vibration frequencyy ,rad (™ 6,283 5,646
Young's modulusE; , H [* 2,09910" 2,09910"
Contact surface radiug;, m 2 2
CoefficientsA,B, m?, q A4=0,5 B=0,5 q=0,319
External loading amplitudé&,, H 500,0
External loading frequencspo,rad (37 7,23

Let us examine what way can be chosen for decibaseoefficient of the
relative impact durationk.,, (i.e. increase the impact duratiof,,) by

changing the parameters of VIS, in the main thignstss parameters. For this
problem decision we use numerical effective metheded on theory and
techniques of nonlinear programming for solutioa firoblem of parameters
optimization. We use the modified steepest desaamthod — gradient
projection method with correction of residual wibnstraints [10,15,16]. We
formulate the minimax problem like that: to findchuparameters of VIS which
will provide the smallest value of relative impaltration coefficientk.,,,, i.e.
the largest value of impact duratiaf,,. We seek for the objective function
keon=T/T.on by deciding the problem about steady-state exitibgations of
VIS under the concrete system parameters. Numeinitegration of motion
equations (3) was fulfilled by Runge-Kutt4 drder method. The calculation of
objective function gradient takes into account ttlenstraints laid on the
parameters. The obtained value determines the ogtiinization step. We
investigated the influence of such parameters aaanduration: the attached
body’s massm,; the joining spring’s stiffnesk, (it comes into the partial



68 ISSN 0132-14Tuip matepiainis i Teopist ciopyn. 2014.Ne 92

frequency expression (3)); Young’s modulus of beitstem bodies,, E, ; the
radiuses of contact surfaces for both bodiRsR, in assumption that these

surfaces are spherical (these radiuses comesptessions of coefficienta
andB in formula for Hertz's force (2)). The other parders weren't changed.
We have obtained such results. The impact durates enlarged considerably
under influence of these parameters changing. Taghics of displacements
and contact force are shown at Fig. 4 for pararsatalues which are given in
Table 2.

x,m
0,12
0,06
0
-0,06
90 91 92 93 94 1,8
F‘con’kN
3
1
0,6
-0.6 g0 91 92 93 %4 1,8
Fig. 4. Characters of (1,1)-periodical vibratiogiree (k_,,=8,868)
Table 2
Bodies' characteristics Main body | Attached body
Massm , kg 1000,0 310,0
Partial vibration frequencyy ,rad ™ 6,283 3,606
Young's modulus; , H 1,410" 1,000°
Contact surface radiuB, m 2 2
Impact durationT_, s 0,098
Coefficient of impact duratiork,, 8,868

At the displacement graphic (Fig.4) we see howchtd body (thin curve)
penetrates into the main one (thick curve) duertlomal deformation. The
contact force graphic (black curve) can be compavitil the external loading
graphic (grey curve). It isn’'t similar at “sticklraady, it draws near the “bell”.
The same picture is observed under the other paeasnealues obtained after
VIS optimization (Table 3, Fig. 5).
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Table 3
Bodies' characteristics Main body | Attached body|

Massm , kg 1000,0 231,0
Partial vibration frequencyy ,rad (™ 6,283 3,606
Young's modulusE; , H [* 1,410 2,4410°
Contact surface radiug,, m 1 0,5

Impact durationT_, s 0,164
Coefficient of impact duratiok,,, 5,301

Xx,m
0,2
0,1
0
-0,1
90 91 92 93 94 t,s
F;’on 2 kN
2
0,6
91 92 93 94 1S

-0,6 gg

Fig. 5. Characters of (1,1)-periodical vibratioginee (k_,,=5,301)

The best result (i.e. the biggest value of impagatation) for T-periodic
one-blow vibration regime was obtained for such \fi§rameters values

(Table 4, Fig. 6).

Table 4
Bodies' characteristics Main body| Attached body

Massm , kg 1000,0 310,0
Partial vibration frequencyy ,rad (™ 6,283 3,606
Young's modulusE;, H [ 2,4410° 2,116"
Contact surface radiug;, m 0,1 0,09

Impact durationT_, s 0,233

Coefficient of impact duratiork,, 3,732
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x,m

90 91 92 93 94 L

con?

0,6

- _

o ' J J J J

t,s
-06 7

Fig. 6. Characters of (1,1)-periodical vibratiogiree (k

con

=3,732)

Let us notice some i .
unexpected result obtaine(feon skN &=2234.5, -m
during researches: o B
decrease of joining spring ke =223.4. m
stiffness doesn't provide k =1117.2, N-m™
the considerable impact
softening. The contact
forces changing during
one impact at different
values of joining spring
stiffnress are shown ai
Fig. 7.

Decrease of stiffness
twice and ten times Fig. 7. Contact force dependence from joining spstiffness
diminishes the contact
impact force almost equally and practically doesimtrease the impact
duration.

Further decrease of stiffness causes the lossbilist for T-periodic one-
blow regime and rise afT-periodic multi-blow regimes. Let us notice by the
way that phenomenon of existence of periodicalmegi with large (in the
limiting case infinity) number of impacts per peatibas got the name “chatter”
("rattle”) or infinity impact regime (in Russiantdrrature ¢ryk”). It is one of
the significant reasons of appearance strangectirae. rise of the chaotic
vibrations [4].

2004

0 20 40 60
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For further impact softening we can increase thpaich duration some
more when decreasing bodies’ materials Young's redand changing the
contact surfaces radiuses. But then the motionacher changes too — motion
becomesT-periodic. Such regime is shown for example (T&hlEig. 8).

Table 5
Bodies' characteristics Main body | Attached body
Massm , kg 1000,0 310,0
Partial vibration frequencyy rads* 6,283 3,606
Young's moduluskE, , H [in 2,010 810"
Contact surface radiuB, ,m 15 0,9
Impact durationT_, s 0,837
Coefficient of impact duratiork,, 1,039
x,m
0,15
0,05
-0,05
-0,15
90 91 92 93 94 Ls
F;’(mﬁkN
STAWA\WAW WA,
0 ——\ /] [\ /7 [\ /Y
90 of 92 93 94 ts
03
-0,6

Fig. 8. Characters of (2,1)-periodical vibratiogiree (keon = 1039)

The impact is very soft. The penetration of thaated body into the main
one is significant. The contact force graphic isnqmunced “bell”. The motion
is ZT-periodic.

The impact duration is increasing but the contaotd is decreasing when
the impact is becoming more soft. Fig. 9 shows gtienomenon for third
values of relative impact duration coefficient vetgarly.
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Let us pay attention that the using of nonlineantact Hertz's force
provides the possibility of simulation both rigiddasoft impact, the possibility
of finding the contact force

F kN T/T,,=8.867 value and its change law in
con” time, the possibility of
1 /T =530 impact duration

con

calculation. The using of
the boundary conditions
5] with Newton’s restitution
T/T,, =3.732 coefficient based at
1- stereomechanic theory
doesn't provide  such
possibility [17, 18]. The
using of Hertz's force
Fig. 9. Qontact force during one peri(_)d of impact provides also to take into
in dependence from its duration account more diversified
influence of system
parameters then the using of force which dependsatly from bodies’
rapprochements and has got only one proportiorefficient characterized the
stiffness.

34

0 0.1 02 g

Conclusions

The investigations fulfilled in this work allow toake the next conclusions.

1. Parameters of VIS with rigid impact may be chethiike that the impact
will become the soft one. Gradient projection mdtheith correction of
residual with constraints gives the possibility fitad the optimal system
parameters which will provide the maximum impaatadion.

2. The using of nonlinear contact force based asigtatic Hertz's theory
allows simulating the impact in VIS with both rigihd soft impact. Its using
gives the possibility to find not only maximum valoef contact force but its
changing in time too, provides the calculationmpact duration. The using of
this force provides also the diversified takingoiraccount of the system
parameters influence at its dynamic behaviour.
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Baoicenos B.A., [Tlocopenosa O.C., [locmuikosa T.I.
TBEPJIAM TA M'SIKMH YJIAP B BIEPOYJAPHUX CUCTEMAX

JlocmipKyeTbesl MOXIIUBICTE 3MIHH —XapakTepy KOHTakTy MDK TilaMH JBOXMAacoOBOI
BiOpOyZapHOi CHCTeMH 3 ABOMA CTYITHAMH BUIBHOCTI IIUIIXOM 3MiHH ii mapamerpiB. [Toka3aHo, sika
3MiHa MapaMeTpiB MO)KE MEPETBOPHTH TBEPAMIl yhap B cucTeMi Ha M'skuil. B ocHOBHOMY, wi
mapameTpy Taki: Moy npyxkHocti KOHra Ta reoMeTpuuHi XapaKTepPUCTUKH 30HH KOHTAKTY IS
000X TiJI.

Kurodosi cioBa: BiOpoynapHa cuctema, TpUBAICTh yhapy, TBepAMil ymap, M‘sKuii ynap,

JKOPCTKICTB, Teopist ['epua, onTumizaris.

Baoicenos B.A., [Tocopenosa O.C., [locmuuxosa T.I.
TBEPbII U MATKUM YJIAP B BUBPOYJIAPHbBIX CUCTEMAX

Hccnenyercss BO3MOXHOCTh CMEHBI XapaKTepa KOHTAKTa MEXKAY TelaMH B JBYXMAacCOBOM
BUOpOYJapHOW CHCTEeME C JABYMs CTENCHAMH CBOOOIBI MyTEM HW3MCHEHHUS €€ MapaMeTpoB.
IlokazaHo, KaKoe W3MEHEHHE MapaMEeTPOB MOXET MpeoOpa3oBaTh TBEPIBIH yaap B CHUCTEME B
MSrKHid. B OCHOBHOM, 3TH MapaMeTpbl TaKOBBL. MoIynu ympyroctd HOHra m reomerpuueckue
XapaKTEPUCTUKH 30HBI KOHTAKTA /ISl 000MX Tell.

KuiroueBbie cjioBa: BUOpoynapHas CHUCTEMa, JJIMTEIBHOCTH yHapa, TBEPIbIA ynap, MATKHA
yaap, )KeCTKOCTb, Teopus ['epia, OnTUMHU3ALHs.
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YK 539.3

I M. IBquel-ucol, II-p TE€XH. HAyK

*Kuigcoruii nayionansnutl yricepcumem Gydienuymea i apximexmypu
Tosimpoghnomcoxuii npocn., 31,m. Kuis. 03680

B3AEMOAIA XBUJIb CWIBHUX PO3PUBIB Y BOAI
3 IMPY>KHUM EKPAHOM

BuKOpHCTOBYIOYM HyJIbOBE HAOMIDKEHHS HPOMCHEBOIO METOAY YHCEIbHO JOCTIMKCHA
nepeOynoBa reomeTpii chepuyHHX (POHTIB MiIBOAHOI XBHJII CHIBHHX DPO3PHBIB Ta 3MiHY
IMITyJIBCY, 1O MEPEHOCUTHCS HUMH, TIPHU IOJ0JaHHI XBUIICIO IPYXKHOTO eKpaHy. BussieHo, 1o B
ieabHO MPYXKHUX eKpaHaxX IOOJH3y MiCIb IOBHOTO BHYTPINIHBOTO BiJOOpa’KeHHS IIPOMEHIB Ha
MEXI CepeJOBHIL BOJa-eKpaH I0JaTKOBI BHYTPIIIHI HAPY>KEHHSI CTPIMKO 3pOCTAIOTh.

Ku11040Bi ¢/10Ba: py>KHE CEPEAOBHIIEC, XBIJI CHIIBHUX PO3PHBIB, B3a€MOIisl, KPDUTHYHI CTaHU.

Beryn. [mxeHepHa mpakTHKa 3 BUKOPHUCTAHHSAM BHOYXiB IIiJl BOJOIO
00yMOBITIO€ HEOOXIMHICTh 3'SICYBaHHS BIUTUBY XBWJIb CHJIBHHX PO3PHBIB Ha
MiABOMHI 00’ €KTH, a TaKOX PO3pOoOKYy 3aco0iB 3aXHCTy ocTaHHIX. TpaauimiiHi
aHANITHYHI Ta YHWCENbHI METONU JOCTiPKEHHS HAIpYXeHO-IePOPMOBAHOTO
CTaHy 3aHYPCHHUX Y BOJY NPYKHUX TUT NPH MIBHIKOIUIMHHUX TUHAMIYHIX
BIUIMBAaX YCKJIAJHIOIOTHECSA MMOOYJOBOI0 TPO(MLTB TMONIB HANpyXeHb Ta
nedopmaniii, siki HaJieKaTh 10 Kilacy po3pUBHUX QYHKIIH. binbim epekruBHrM
JUISL aHaJTi3y TeOMeTpil TOBEPXOHb PO3PUBY IMOJIHOBOI (DYHKIIT, SIKI yTBOPIOIOTH
(pOHTH PO3MOBCIOJUKEHHS XBWJIb, a TaKOX JJIs BH3HAYEHHS 1HTEHCHBHOCTI
IMITYJIBCIB, SIKI TIEPEHOCATHCS HHMH, BHSBIIETECS HYJIHOBE HAOIMKCHHS
npoMereBoro Meroxy [4]. lleii Metom mnpu cBOIM NPOCTOTI JO3BOJIAE
OTPUMYBaTH  JIOCHTh TOYHHA pPO3B's30K B  MNPUGPOHTOBUX  30HAX
HECTAI[IOHAPHUX XBHJIb, SKi PO3MOBCIOKYIOTHCS B PI3HUX CEPEIOBHUIIIAX.

IMocranoBka 3aaauyi. [1pu BigcyTHOCTI 00’ EMHUX CHJI BEKTOP TMEpEMillleHb
€JIEMEHTa MPY)KHOTO OJHOPIAHOTO I30TPOMHOTO CEPEAOBHIINA BHU3HAYAETHCS

gepe3 CKASIPHUM Ta BEKTOPHHMA  TOTEHITiamun U=00+0x¥Y, sxi
3a7I0BOJIBHSIOTH XBHJIBOBI PiBHSIHHS
2 - 2
Po=100  pop- 10 (1)
a“ at B ot
ne o= (A+2u)/p,B=+/l/p — mBHAKOCTI MOMMpPeHHs MO310BXKHBOI (P) Ta
nonepeuroi (S) XBuUIb, )\=)\(E,V),u=u(E,v) — mapamerpu Jlame, E —
moxyins FOHra, Vv —koedinient [Tyaccona, p—rycruna.
Po3rsmaTiMeThesl TUIOCKA BiCECHMETPHYHA 3ajada, TOMY BEKTOPHOMY

U Isanuenxo I'M.
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HoTeHIiany MoxxHa Hazatd Burian W=W{, ne ( — oauHMYHA HOpPMAib [0
TJIONTUHY PO3B’SI3KY, 1 XBUIIHOBI MOTEHINATN 3aIMCATH Y BUTJISAI IPOMEHEBUX
psmis [2, 4]:

~ S t-1)“"2H (t- o o G(t=T)*2 H(t-T
q)(x't):goq)k( Z|)<+2)!( D, ‘“(X't)=2w"Q( (Tk)+2)!( T).(Z)

k=0
ne X —pagiyc-ektop, Oy = (X), W, =W (X), T, =T (X), T, =T (X, H(tT)-
¢byukiis Xesicaiina. IlincranoBkoro Bupasie (2) B (1) MoxHa oTpuMaTH
PIBHSIHHS eHiKOHAITY Ta PIBHSAHHS MEPEHOCY B PEKYpPEHTHIiH Qopmi

(=2, (o7)’=2

az 1 Bz 1
2(01) (O )+0,0°1=0%,4, (0sk<w)
20000 )+ P 0°T=0%P . (3)
PiBHSHHS €fKOHATY 3BOJATLCS A0 CUCTEMH TU(EPEHIIaTbHUX PIBHAHD
dp_ dx_. di_j.2 -_
d_s_oy Fs_pv dS_|d 1 p_DT (4)

B npomenesiit cuctemi koopauHat &N(, Ae HaAmMpsMOK & cmiBmagae 3
IpOMeHeM, I HaJeXHUTh IUTOLIMHI PO3MOBCIOLKEHHS (POHTY, a { NOIOBHIOE
CHCTEMY [I0 IPABOi TPilKH, pO3B’ 130K (4) st P-XBUITi OyAy€ThCs y BUIIISI

g=ng+f 1=%, pr=h
X=n¢+ f, T_cx’ DT—C(, (5)

ne N — ONMHUYHUI BeKTOp HOpMali 1o moBepxHi GpporTy, f — BekTOp, AKuMii

BU3HAYa€ MOYATKOBY reoMeTpito (GpoHTy. AHAJIOTI4HO OYIYyeThCS PO3B’ 30K
cuctemu (4) i mns Sxeumi. Takum dYHHOM, (OPMYETBCS CiMEHCTBO
NPSMOJIHIHHAX TIPOMEHIB Ta ITOBEPXHI (POHTIB XBWIIb CHJIBHHX PO3PHBIB
(T=const), nepueHmuKyIApHUX 10 LUX IpomeHiB. IllykaHi mepemiiieHHs,
Hanpy>XeHHS Ta X IHTEHCUBHOCTI BU3HAYAIOTHCS Yepe3 3HAMICHI 13 PO3B’ A3KiB
piBHAHHS nepeHocy Benmmunnn ¢, ta P, (k=0, 1, 2...).

Jlnst aHamizy XBHWJIb CWJIBHMX pPO3PHUBIB HalBaxummBima iHGOpMAaIis Mpo
MUHAMIYHUN BIUIMB XBWJII Ha TPYXKHE CEPEHOBHIIEC MICTUTHCS y HYJIBOBHX
yieHax psamiB (2), sKi BU3HAYAIOTH BEJIMYKMHY CTPUOKA IOJILOBOI (YHKII Ha
(GpOoHTI XBWJII Ta OCHOBHY YacTHHY XBHJIOBOTO iMITynbCcy. ToMmMy MokHa
00OMEXHUTHCh BpaxyBaHHSM JIMIIE iX, IO 3HAYHO CIIPOILIYyE 3amady. B mpomy
BUIAJIKY PO3MIIAIAIOTHECA IMITYyJIBCHI XBWJII Majoi JOBXKHHH, JJIsI BUBYCHHS
SKHX 3pyYHO BHUKOPDHCTOBYBAaTH METOAM, IO  3aCTOCOBYIOTBCS B
cTepeoMexaHiuHiil Teopil ynapy [1].

BpaxoBytoun 3po0ieHi NPUITYIIeHHS JUIs BiCECUMETPHYHOTO BUIIAAKY NPH
PO3MOBCIO/DKEHHI B370BXK INPOMEHS XBHJII 3MIIIEHb YaCTHHOK CEpPEIOBHUIIA
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HaIpy>KEHHs Ha (PPOHTI BU3HAYAETHCA i3 3a5exHocTel [3]:
CM) 5-CMn)

= , 0= : 6
VRS v RS (©)

ge R ta S — panmiycn kpuBuHH ToBepxHi ¢ponty, C(n)— mouyarkosi

o

HANPYKCHHS.

Mertonuka  po3B s3yBaHHs. OTpuMaHi  CIIBBIJHOIICHHSA  JAIOTh
MOJKJIABICTh 32 IOYATKOBHMH IMIYJIBCHUMH BIUTHBAMH BH3HA4aTH (GOpMy
(pOHTIB Ta BEIMYMHY PO3PHBIB, IO MEPEHOCHUTHCS HUMH. B omHOPITHHX
NOPYKHUX CEpPEeIOBHIIAX IOMEPEYHI Ta TO3J0BXKHI XBHJII CHJIBHUX PO3PHBIB
PO3IOBCIOIKYIOThCS He3alIe)KHO. BOHM B3a€MOJIIOTh JIUIIIE HA MEXaxX PO3IiTy
CEepEeIOBHII 3 PI3HUMHU MEXaHIYHUMH BJIACTHBOCTSMH, Ha SIKMX MaJal0da XBHJIS
PO3YITLTIOETLCS. HA CHCTEMY BiTIOOpakKeHUX Ta 3aJIOMJIEHUX XBHIIb, IPUUOMY, B
piarHaX MOXITHBI Jume P-xButi.

ANTOPUTM KOMIT IOTEPHOTO MOJICNTIOBAaHHS SBUMN Judpakiii XBHIb
CHJIBHHX PO3PUBIB Ha TIPYXKHOMY e€KpaHi OyIyeThcs Ha BHKOPUCTAHHI
“ TOKAJIBHO-TUTONIIMHHOTO HabOmmxkeHHst” [2], sike 103BOJISIE BBAXKATH, IO B MICIIi
MaJiHHA Ha TOBCPXHIO (POHT € JIOKAIBHO IUIOCKUAM. I[lo3HadyaTHMeMo
inmexkcamun “1” 1 “2” xBmmi Ta X mNapaMmeTpH, IO PO3IOBCIOKYIOTHCS
BIJITIOBIZTHO y BOJI Ta B TuTi ekpaHa. Jpyri iHmekcu “—” 1 “+” BIAMOBIAaTUMYTH
XBUJIAM [0 Ta Hicis B3a€MOAIl 3 OIMXKHBOIO O JuKepelia XBUL HoBepxHeto G;

npyxHoro ekpana. Iumexkcn “P” Tta “S MaTMMyTh mIapaMeTpH XBHJIb,
MOPO/PKEHUX Ha 30BHINIHIA TIOBEPXHI €KpaHa MaIiHHAM Ha Hel BiAMOBITHO
MO3/IOBXKHBOI Ta TOMEPEYHOT XBWIb. PO3B'S30K 3amadi PO3MOYUHAETHCS 3
noOyfoBH CHUCTEMM Majalodmx mpoMeHiB P_ xBumb. B Touxax B3aemogii

npoMeHiB 13 Mexelo G; MOpOmKyeTbCSd IMy4OK HpoMeHiB P, S, XBuUIb,
3aJJOMJICHHX B CEpElOBHIIE €KpaHa, Ta BimoOpakeHOi B pimuHy P, XBuii.

Hampsimkn mipoMeHiB, sKi OMUPaOThCS Ha OJHY Maly IIITHKY MEXi po3miry
CepeIOBUII 33I0BOJILHSIOTE piBHAHHAM CHemiyca
Sin@,_ _sin®y, _sin@,, _sinW,, )
- 1
o oy a3 B
ge © i W — kyrm MK HOpMaJIIMHU 10 TOBEpXHI €KpaHa Ta HampsMKaMHu
MPOMCHIB BiaOBIAHO P- Ta SXBHMIIb.

KoxHa i3 3aloMIIeHHX depe3 MeXy BOJa-eKpaH XBWJIb Ha JIPYTiil MOBEpXHi
PO3MiTy cepeoBHII B CBOIO YEPTy MOPOKYye P-XBHIIIO Yy BOJI Ta XBHIII 000X
MOJIIpH3alliii, IO BiIOMBAIOTLCSA B CEpEOBHINE eKpaHa. HampsMKu MpoMeHiB,
MOPOPKEHUX MAIiHHAM TTO3I0BXKHBOI XBHII1, BU3HAYAIOTHCS 13 3AJIEKHOCTI

Sin®,, _sinW,, _ SiM, _ SiO4p
- - 1
as B, a, a;

(8)
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a TS TIOTIEPETHO1 XBHITI
sinW,, _sinW,g _sin®@,g_ Simd; g
= = - 9)
B, B> oy ay
[HTEeHCHBHOCTI IMITYJTLCHUX XBHJIb BU3HAYAIOTHCS i3 CIiBBIIHOIICHH TEOPii
NPYXKHOCTI B MPOMeHeBiii cuctemi koopaunat {N¢ [3]
Og =—paU, Oz, =—pPv, (10)
Je To3HaueHo U Ta V — IMIBHAKOCTI €JIEMEHTIB TPYXHOTO CepeoBHINA Ha
(pOHTI MO3IOBKHKOI Ta MTONCPEYHOT XBHUII.
3B’ 530K MK CTpHOKaMHU HanpyXeHb Ha (POHTI XBUJIb CHJIBHHX PO3PHUBIB
Ta IIBUAKOCTSMH DPyXy TPYXKHHX EJIEMEHTIB IO3BOJISIE JUIS JOCIIIKSHHS
MPOIIECiB B3aEMOii XBHJIb Ha MeXaX PO3IITY CEPEeNOBHIN BHUKOPUCTATH
JIOKAJIbHI YMOBH 30€peKEHHS KITBKOCTI PyXy Ta YMOBH O€3MepepBHOCTI
HIBUKOCTEH €JIEMEHTIB CEPEIOBHIII.
Ili ymoBH Ha WMeXax BOJa-€KpaH peami3yloThCsl TphOMa JIHIHHUMHU
anrebpalyHUMH  PIBHSHHAMH  BiZHOCHO —mBHAKOCTEH Uy, Upy, Vo, (Vo —

BIZICYTHS, T.S. piIHA HE CIpUHMae NOTHYHHMX HANpyXeHb i B Hill Hemae
3YCIJIEHHs] HAa 3CYyB), SKi JIO3BOJSIOTH JUISi KOXHOTO MPOMEHS BHU3HAYATH
MOYATKOBI IIBUJIKOCTI PyXy €JIEMEHTIB CEepeJOBHINA, SIKi HajexaTb (QpoHTY
XBWJI, TICNA iX B3aeMOJIl Ha MeKaxX pPO3MOAUTY CEpPENOBWIN, a Jami 3a
noromororo  criBBiguomens (6), (10) — HanpyxkeHHs B Oyab-AKiid TOUII
TJIONTUHY PO3B’ SI3KY, J€ MPOXOIUTh (PPOHT XBUIII CHIILHUX PO3PUBIB.

KBazinoBHe BinoOpakeHHsl XBWJIi CHJIBHUX po3puBiB. B reomerpuuniit
ONTHIN BiIOMHI e()eKT MOBHOTO BHYTPINTHHOTO BiOOpa’keHHS, TIOB’ I3aHHM 13
OCOOJIMBICTIO 3aJIOMJICHHSI CBITJIOBHX MPOMEHIB MpH iX MPOXOIKEHHI depes
Mexy po3ainy G IBOX 130TPONMHHUX MPO30PUX CEPEIOBHIN i3 MOKA3HUKAMU
3aJIOMJICHHS Ny 1 Ny, SKi BiAPI3HAIOTHCS. Sk BUIUHMBaE i3 3akony CHeniyca, s
CBITJIOBOTO TPOMEHS, SAKUM Iajae MmiJg KyroM ¢ Ha IOBEPXHIO PO3imy i
3aJIOMJIIOETBCS M1 KyTOM X, Ma€ MiCIe CIiBBiAHOLIEHHS Ny SiNd = N, Siry. I3
i€l piBHOCTI BHAHO, 10 X = arcsin[(ny/ny) sind] i y pasi n{>n, npu aeskomy
3HAUeHHI ¢ BUpa3 B JAyKKaxX JOPIBHIOE OJMHHMIN, a IPH IOJAIBIIOMY
36inbIneHHi ¢ — mepesumtye ii. OcKiNbKK (YHKI[S arcSinapryMenTy, 6iIbI1oro
3a OJIMHHUINIO, HE ICHYE, MPU TAaKUX 3HAYCHHAX § HE MOKe ICHYBAaTH 1 SBUIIE
3aJIOMJICHHSI CBITJIOBOTO MpOMeHs. B 1bOMy BHINAJKy BCs €HEpris, MpUHECEeHa
Ha MexKy G Maialoyoro CBITIIOBOKO XBUIICIO, HECETHCS BiTOOPaKECHOIO XBUIICHO 1
B JIPyTe CEPEIIOBHUIIE CBITIOBHUII MPOMiHb HE IPOHHKAE. BrazaHa 0COONUBICTH €
MiZICTABOKO JUIS HA3BU IOTO SBUIA €(PEKTOM TIOBHOI'O BHYTPIITHHOTO
BiJIOOpaKCHHSI.

Jlesika aHazoris 1poro edekry Mae Micue i JuIsi XBWIBOBUX IPOIECIB, sKi
MPOTIKAIOTh HA MEXaX PO3ALTY MPYKHUX CEPEIOBHIL, X04Ya B I[bOMY BUIAJKY
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BCi sIBHINA € Ha0araTo ckiaaHimmmu [6, 7].

SlBumie  KBa3iMOBHOTO  BHYTPINTHHOTO  BiJOOpaKeHHS B  MPYKHUX
CepellOBUINAX MIATBEPPKYETHCS EKCIIEPUMEHTOM, MPOBEACHHUM B IHCTHUTYTI
mexaniku HAH VYkpainu min kepiBauirBom mpodecopa I1.3. JIyrosoro [5].
ExcriepumenT TpOBOAMBCS I 130TPONMHUX cepenoBul. OCKiTBKH CIPOOH
EKCIIEPUMEHTAIILHOI TIEPEBIPKH IHOTO €PEKTy 3yCTPIiHaroThCS 31 3HAYHHMH
TEeXHIYHUMH TPYIHOIIAMHM, IIOB’SI3aHMMH 31 CKJIAJHICTIO BUMIPIOBaHHS
HAMpy)XeHb BCEPEHHI IaPYBATOr0 MACHUBY, JIOCIIKEHHS MPOBOIUIUCS IS
BUIAJIKY, KOJH B SIKOCTI CEPEIOBHIIA, B SKOMY 1HII[IIOBAJIACS TOYATKOBA XBHJISI
CHUIILHOTO pPO3pHUBY, Oyna BHOpaHa BOJAa, a MPYXHUM CEPEJOBHUIIEM, SKE
BiJJUYBAJIO JFO MAAar04u0i XBHII 1 K€ CIOPUSIIO BHHUKHCHHIO €(DEKTy MOBHOTO
BHYTPIIIHBOTO BiJOOpaskeHHs, OYII0 OpraHiuHe CKIIO.

-5
6,107, Ila 6,107, lla
x,m O] ' 0:1 . 0.2 | x,m
0| 0.1 0,2
-10 4
=10 4
_30J
-50 - -204 ! \
a o

Puc. 1.3anexHOCTI BEINYMH CKJIAJ0BUX TEH30pa HAIPYXKEHb B IUIACTHHI
BiJl KOOPMHATH X TOYKU H TaiHHS IPOMEHS

ExcriepuMeHTabHI pe3yilbTaTH OTPUMaHI IPH HACTYNHHUX 3HAYCHHIX
(isMko-MexaHidHMX mapameTpis cepemoBuur mus  Bomm  P=10° kela®,
a,=1500m/c; mis oprekma P,=1,1210°kelv®, E=5,2510° [1a, v=0,35,
0,=2500m/c. Bymno mpuiiHsaTo, mo chepudHa XBUJIS CTHCHEHHs iHiliioBaHa
TOYKOBUM JUKepenoM y Boxi Ha Biactani 0,3m Bim mosepxsi posminy G.
3HaueHHs HamNpyXeHb Ha ii (QPOHTI y MOMEHT MiAX0my (PpPOHTY A0 TOUYKH
MEepPEeTUHY 13 MEXEI0 pPO3JALTYy Ha IMOBEPXHI MPYXHOI IUIACTUHM CKJIAIO Op.
=10 ITa. O6uncneHi CKIagOBI TEH30pa HAMPYHKEHb 0,=0,,,.(X) (puc. 1a) i

0y, =0,2.(X) (puc. 1) y nnactuui B Touui H no mipy ii nepemimenns mo

wionmHi G y3m0BX oci x. MokHa 0auuTH, IO CTHCKYIOYl HalpyKEeHHS
0,=0,,,(X) MOHOTOHHO 3pPOCTalOTH i MParHyTh IO HECKIHYCHHOCTI B TOYLI

KBa3iMIOBHOT'O BHYTPIHLOTO BimoOpaxkenus mpu x=0,225u, ska Biamosimae
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KyTy KBa3ilOBHOTO BHYTPIIIHBOTO BimoOpaxeHnHs 01.= arcsinf,/a,) = 36,87°.

Oynkuis 0, =0,,,(X) (puc. 19) cnouarky cmajae, mpoTe B OKOJI TOYKH

KBa3i[IOBHOTO BHYTPIITHHOTO BiMOOpPaKEHHS TaKOXK IBUAKO TparHe o
HeckinyenHocTi. Ilpu x>0,225w Qynkuil HanpyxkeHb 0,=0,,,(X) i

0y =0, (X) He OOYMCIIOBANMCSH, OCKIIBKMA XBHJI HAlpyKEHb B IPYrOMY

CEpEeIOBUIIII IEPECTAIOTh MAaTH CHIIbHI PO3PUBH.

Pe3ynbTaTn TeopeTHYHHUX JOCTIIKEeHb. 32 JOMOMOTOI0 3aMpOIOHOBAaHOL
METOJWKH IPOBEICHE YHCENbHE MOCHIIKEHHS 3MiHM iHTCHCHBHOCTI XBWIIb
CHJIBHUX PO3PHUBIB Yy BOJI MICJIS MPOXOKCHHS HUMHU TPYXHHUX €KpaHiB, IO
MalTh Ppi3Hi (i3uKo-MexXaHIYHI Ta TEOMETPUYHI TapaMmeTpu. YWCICHHI
pPO3paxyHKH TIOKa3ajd, IO TPW TMaJaiHHI XBHJI CHJIBHUX PO3PHUBIB i3
Cepe/IOBHINA 3 MEHIIOK aKyCTHYHOI JKOPCTKICTIO B CEPElOBHIIE, SKE Mae
OUTBIIy aKyCTHYHY J>KOPCTKICTh, B TOYKaxX Ha TIOBEPXHI OCTaHHBOTO, JI¢
BUKOHYEThCS yMoOBa SiN©;,0,=0,, BHHHKaEc KPUTHYHHI cTaH. Bin

XapaKTepU3yeTbCs THM, LI0 B LUX TOYKaxX Al (POHTY 3aJOMIIeHOI XBHJI
no0yToK pafiyciB kpuBuHH noBepxHi Gpporty RS- 0, Tomy U,, — oo . Takuit
CTaH B TCOMETPUYHIH ONTUII  HA3UBAETbCS IOBHUM  BHYTPIIIHIM
BiIOOpaXCHHSAM. 3aKpUTHYHHWHA CTaH HE JOCHIIKYBaBCS, TOMY IO XBHII
Hanpy)XeHb B €KpaHi IepecTaloTh OyTH XBWJSIMH CHJIBHHX PO3PHBIB 1
CTBOPEHHMI allrTOpUTM B IIbOMY BHIIQJKy BTpadae cuiay. OTpumani edektu
MPOLTIOCTPOBAHO U €KpaHa 3 OpraHiyHoro ckima TtoBmuHOW 0,02,

[IpuiimManuce npu po3paxyHKax A BOJAU! pl:103 Kelm®, 0, = 1500nm/c; mns

OprcKia; E=5,25|ZI.0517a, v=0,35, 0,=2500Mm/c. XBunsi CTHCHEHHS:

iHiIifoBasacsi B TOYIi po3MimieHid Ha Bigctani 0,2y Big MOBEpXHI eKpaHa i
BUKJIMKaNa y BOAI Ha (pOHTI B
toui X=0, y=0,2u B cuctemi
KOOpJMHAT, [IOB's3aHi 3
eHiLeHTPOM BUOYXY,
JIOJTATKOBE HANPYKCHHS
0, =107a. Ha puc. 2

CyMiIlleHi eTmopH JO0JATKOBUX
HanpyxeHb O;. Yy BOIl Ha

03 -02 -01 00 01 GpoHTI  TEpBUHHOI  XBHII

Puc. 2.Tlepepo3nonineHHs iHTCHCHBHOCTI CHUJIbHAX PO3pHBIB1 npu
XRUII CUITRHUX NORNKRIR V RO TINVIKHUM €KNAHOM BIJICYTHOCTI TIPY>KHOTO €KpaHy

(miBopyd oci y) Ta HampyKeHb
04p,015 Ha (QPOHTAX XBWIb CHIBHHMX PO3PHBIB, AKi IPOHUKIIU YEPE3 EKpaH.

BinoOpakeni xBuii Bifg 000X MOBEPXOHb €KpaHa Ta EIIOPH HANPYXXCHb Ha
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(poHTaxX XBWIb CHIIBHUX PO3PUBIB y CEPEAOBHUII €KpaHa YMOBHO HE TOKa3aHi.
BugHo, mo npyxHui ekpaH mepedynoBye GPOHT XBUJI CHIBHUX PO3PHBIB Y
BOJIi, PO3YIIIIIOIOYH HOTO Ha JiBa (PPOHTH MEHIIIOT iHTEHCUBHOCTI 31 3MIIIIEHHAM
y 4aci.

Tako DOCHiIKyBaBCs BIUIMB XBUJII CHIBHUX PO3PUBIB Ha HAmpy>KEHO-
neopMoBaHmii cTaH ekpaHa. Ha puc. 3 300pakeHa 3aJC)KHICTh HAMPYKEHb
0,, B TOUKax IaJiHHA IPOMEHIB XBUI CUIBHHUX PO3PUBIB Ha moBepxHio G;

BiI KOOpIWHATH X. BusBieHo,
0 NpH HAOMIKEHHi mafaiodoi O, ,Mlla

XBUWJII Ha MexXi BOJAa-€KpaH J0 . 0.04 0.08 012 x,m
TOYOK, 1€ BiJIOYBAE€ThCS TOBHE

BHYTpILITHE BioOpakeHHS, 5

J0/IaTKOB1 HAaIpY’)K€HHsI O,, B

iﬂeaJ'H)HO MPYXKHUX CKpaHax 4

C’.FleKO 3pOCTaIOTb. . CIII,‘I'[ Puc. 3.3MiHa HanpyXXeHb MIPHU BiIJaNeHH]
MAKPECIUTH, 10 3HaWACHUU BiJl TOYKH MaAiHHA HOPMAIBHOTO JI0 EKPaHy
eekr HEOOMEKEHOTO TIPOMEHST

3pOCTaHHS nedopmarrii i

HamnpyXeHb B TOYIll KBa3iMOBHOTO BHYTPIIIHHOTO BiMOoOpakeHHS Ha MeKax
PO3UTy TIPYKHUX CEPETOBHII CIPABEUTMBHI JIUIIE B paMKax TEOpii inealbHO
NPYKHUX TUI. Y pealbHUX CYHIIBHUX CEpelOoBHINax, II0 HE € iJeajbHO
NPY>XKHUMH, LeH e(eKT BUSBISIETHCS B IIBUAKOMY 30UIBIICHH] IIUX ITapaMeTpiB
B OKOJIi 0COOJIMBOT TOUKH.
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Isanuenxo .M.
B3AEMOAISI XBUJIb CUJIBHUX PO3PUBIB Y BO/I 3 ITIPYKHUM EKPAHOM
Vcrone3yst HyneBoe MPHOIMIKECHUE JTy4EBOr0 METOJA, YUCICHHO HCCICAOBAaHbBI EpPecTpoiKa
reoMeTpun cepuueckux (POHTOB MOABOMHOI BOJHBI CHWIBHBIX pa3pblBOB M H3MCHEHHE
HMITYJIbCa, IEPEHOCUMOT0 UMH, P NPEOJOJICHHH BOIHOM ynpyroro skpana. OGHapy»KeHO, 4To B
HAEAIBHO YHNPYrHX KpaHaX BOJIM3M MECT IOJHOI'O BHYTPEHHErO OTpa)KCHHs Jiyueil Ha rpaHuie
paszena cpel BoJa-dKpaH JOMOIHUTEIbHbIC BHYTPEHHUE HAPSKEHUS CTPEMHUTEIBHO BO3PacTaloT.
KiroueBble cjoBa: ympyras cpela, BOJHBI CHJIBHBIX pa3pblBOB, B3aUMOJCHCTBHE,
KPUTHUYECKHUE COCTOSHUS.

Ivanchenko G.M.
THE WAVE INTERACTION OF HEAVY BREAKS IN THE WATER W ITH ELASTIC
BARRIER

Transformation of underwater shock wave sphericaitfgeometry and chauge of impulse
carried by it at interaction witu elastic shield iemerically investigated witu the use of zero
approximation of ray technique. It is establisht#dht in the vicinity of spots of total internal
reflection in the plane interface between water eladtic body the additional internal stresses tend
to infinity.

Key words: elastic subsurface, waves of significant faultgyact, critical states.
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B.A. BaskeHoB, 1-p TexH. HAYK
0.C. MoropenoBa’, kaun. diz.-Mar. Hayk
T.I. l'[ocnu{ilconal, II-p TEXH. HAyK

*Kuiscokuii nayionansnuii ynisepcumem 6yoienuymea i apximexmypu
Tosimpoghnomcoruii npocn., 31,.m. Kuig. 03680

TMOPIBHAHHSA TUHAMIYHOI TOBEJIHKH BIBPOYJIAPHOI
CHUCTEMM B 3AJIEXKHOCTI BIJI XAPAKTEPY KOHTAKTY MIK
II EXEMEHTAMM

J1nst IOpiBHSIHHS THHAMIYHOI TOBEIIHKU BiOpPOYIapHOI CHCTEMH NMPH PI3HUX THIIAX KOHTAKTYy
MiX ii eleMeHTaMu — TBEpIOMy Ta M'SIKOMY, IOOYZOBaHi Ta MOPiBHIOIOTHCS KPHBI HABAHTAXKEHHS
Ta AaMIUNTYAHO-4aCTOTHI XapaKTEePHCTHKH CHCTEeMH Uil 000X THHIB yaapy. IloOymoBu
BUKOHYIOTBCS METOJIOM IPOJIOBKEHHS PO3B‘SI3Ky 3a MapaMeTpoM B CYKYHMHOCTI 3 METOJOM
1no0yI0BH MEPIOUMIHHUX PO3B‘ A3KIB CYTTEBO HEMHIIHUX CHCTEM, SIKHMH i € BiOpOy#apHi CHCTEMH,
Ta MOJCTIOBAHHSIM YyIapy HENIHIHHOI CHJIOK KOHTAaKTHOI B3aeMomil, mo 0a3yeTscs Ha
KBasictatuuHiii Teopii 'epia.

Kuio4oBi ci1oBa: BibpoygapHa cicrema, TBEpAHI Ta M' IKMil KOHTAKT, KpHBA HaBaHTAXCHHS,
AMILTITYJHO-4aCTOTHA XapaKTEPHUCTHKA, IPOAOBKEHHS PO3B' 513Ky 3a mapamerpoMm, teopis I'epua,
JIMHaMivHa MOBEJIIHKA.

Beryn

B crarTi BUKOHY€TbCS MOPIBHSHHS JAWHAMIYHOI MOBEAIHKM BiOpoyaapHOI
cuctemu (BYC) mpu Takiii 3miHi 11 mapaMeTpiB, IO BHUKJIUKAE 3MiHY THITY
ynapy Mk i enemeHtamu. s Toro, mo0 BHUKOHATH Take ITOPIBHSIHHS, MU
pO3MIIaEMO KpHBI HaBaHTaKEHHS Ta aMIUTITYAHO-YAaCTOTHI XapaKTEPUCTHUKU
BYC B aBoX BHNaakax — Jjisi TBEPAOTO Ta UL M'sKOTO yaapis. [loOynoBa mux
XapaKTEpPUCTUK BHKOHYETbCA METOAOM TIPOAOBKEHHSA  PO3B'S3KY  3a
apaMeTpoM.

CrarTs € MpOJOBXKEHHAM pPOOOTH aBTOPiB, ska Oyia po3mouaTta paHille.
Pesynprat Oynu Bukmageni B poborax [1-5], me nokmamgHo omucaHi
TEOPETHYHI OCHOBHM Ta peallizaiisi METOAy NpPOJOBKEHHS pO3B’s3Ky 3a
napaMmeTpoM i aHaiizy auHamikn (BYC) 3 TBepaum ymapom, mo6ynoBaHi
KpHMBI HABaHTAXEHHS Ta aMIUNTYIHO-4acTOTHI xapakTepuctuku (AUX).
Bigomo [6], mo xapakrep KOHTakTy Mix enemeHtaMu BYC € opHiewo 3 11
BaXXITUBIMINX PUC, OJHUM i3 acrnekTiB kinacudikamii BYC. B nammiit poboti B
bOMY BHITYCKYy 30ipHHKa [/] mokasaHo, 110, 3MiHIOWOYM mapamerpu BYC,
MOXHA 3MIHUTH XapaKTep KOHTAKTy MK ii €JIeMeHTaMH — TBEpAMH KOHTaKT
MEepEeTBOPUTH Ha M'SKMHA. SIK Npu mbOMy 3MIHHMTBCS AMHAMiYHA ITOBEIiHKA
BYC, xapakrep ii komuBajgbHOro pyxy? Jlo cboro gacy Mu 3acTOCOBYBalld
METO/I IPOJIOBKEHHS PO3B’ A3KY 3a IMapaMeTpoM s anamizy aunamiku (BYC)

D Baxenos B.A., [Toropenosa O.C., IToctHikoBa T.I'.
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TITBKH 3 TBEPAUM ynapoM. Bukopucraemo 1eil METOA B CHHTE3i 3 METOIIOM
MOOYZIOBH IEPIOJUYHMX PO3B'A3KiB CYTTEBO HENiHIMHUX cucteM [8] s
MoOyI0BH NTWHAMIYHUX XapaKTEPUCTHK KoJUBaiIbHOTO pyxy BYC 3 M‘saxum
yaapoMm, sSKuii Oyme MaTd Miclle B CHCTEMI TpH II€BHUX 3HAYCHHAX 11
napaMmeTpiB. B cTarTi MOpiBHIOIOThCSA AUHaMiuHI xapakTepuctuku BYC Ta
xapaktep il KOJMBAIBHOTO PyXy IJIS BOX THIIB KOHTAKTYy, OTPHMaHi NP
PI3HMX 3HAYEHHSX MapameTpiB oaHiel Mmoaeni BYC.

1. IlocranoBKka 3agavi

Mu posrisigaemo monens BYC, sika mpejcTaBieHa B ctarti [/] B mpoMy
BUIYCKYy 30ipHHKa Ta 300pakeHa Ha puc. lg B wmiii crarri. Ommc monen,
BUTJIS] 30BHIIIHBOTO HABAHTA)XKCHHS, PIBHSHHS PyXy Ta CIOCIO MOJICITFOBAHHS
yAapy TaKo»K OIMCaHi TaM B TIOCTAHOBII 3amadi. He OymemMo iX MOBTOPIOBAaTH.
YucIioBi mapaMeTpy CHCTEMH BiAMOBinar0Th Ta0uii 4 B crarti [7], T06TO I1IE €
rapaMmeTpH, sKi 3a0e3MeuyIoTh M' IKHi yJap B CUCTEMI — yaap, 0 Ma€e BEITUKY
TPUBATICTD TAa HAMMEHII MOKIIMBUH KOE(IIiEHT BiIHOCHOT TPUBAJIOCTI yAapYy.

2.IloGynoBa KpUBUX HaBaHTaskeHHA 11 BYC 3 M' sikuM yaapom Ta i
NOPiBHAHHSA 3 aHAJOTiYHUMH KpuBUMH 1J1s1 BYC 3 TBepaum yaapom

B po6Gorax [1-5] mokmamHo ommcaHi Teopis Ta METOAMKA 3aCTOCYBAHHS
METONy TPOJOBXKEHHS PpO3B 3Ky 3a IapaMeTpoM B CHHTE31 3 METOIOM
NoOYZOBH NEPIOUIHNX PO3B'SI3KIB CYTTEBO HENIHIHHMX chcTeM. KopoTko 11s
METOIMKa NoiArae B HAacTymHoMy. OCKUIBKM MM OyxyeMo TepioJuyHi
po3B's3ku 3 mepiomoM T, ge T — mepioA 30BHINIHEOTO HABAaHTAXKCHHS, TO
TOJIOBHUM PIBHSHHSM € YMOBa T-TIepioJMyHOCTI po3B‘s3Ky. Po3kinanatoun miBi
YaCTHHM PIiBHSAHHS B psin Teinopa Ta BIAKWAAIOYHM WICHU IPYTOro Ta BCIX
OUTBIII BHCOKMX TOPSIKIB, JIIHEAPI3yEMO HEIHIHHY CHUCTEMY Ta OTPUMYEMO
NiHilHYy anreGpaidHy cucTeMy. Ii HEBiZOMHUMHE € TIPHPOCTH BHXiTHUX 3HAUCHB
nepemimens Ta mBHAKOcTed Tim BYC. Ili mpupocTH BHHHKAIOTH, SKIIO
napamerp, oOpaHuii BeayduM, oTpumye mpupict. KoedimieHTn Ta mpasi
YaCTHMHHM anreOpaiyHoi CHCTEeMH OOYHCIIOIOTHCS [UISXOM  PO3B‘ I3aHHS
BiqnoBigHux 3amad Komri. Po3p's3yroum anreOpaiuHy cHUCTEMy, 3HAXOIHUMO
MPUPOCTH BUXIJTHUX 3HAYCHb MEPEMIIICHh Ta MIBHIKOCTEH, IO I BU3HAYHTH
caMi BHIXiZHI 3HAU€HHs INEpeMillleHb Ta MBHAKOCTEH. BoHM B cBOlO yepry
00yMOBIISTH PO3B'sI30K AM(EepeHIiaNbHIX PIBHSIHD PYXY ISl HOBOTO 3HAYEHHS
BEJYYOro ImapaMmeTpa, sKiii OTpuMaB MPHUPICT. TaKUM YHHOM KPOK 32 KPOKOM,
30impInyr0YM (YM 3MEHIIYIOYM) Ha KOKHOMY KpOIli BEAyduil mapamerp Ha
o0paHy BeIMIHHY, OyayeMo Oyab-aKy XapakTepucTuky BYC B 3a1eXHOCTI Bif
rapameTpa, mo oOpaHui BeTydIHM.

BibpoynapHa cucrema, sika € CHIBHO HENiHIAHOIO, IPH 3MiHI TTapaMeTpiB
K caMOl CHCTEMH, TaK W 30BHIIIHBOTO HABAHTAXXEHHS, B MJIWNCHOCTI MOXeE
3MIHIOBATH PEXUMH CBOTO KOJIMBAILHOTO Pyxy. ToMy iHKOMW T-mepioauaHuit
PEXUM, IO OTPHMAaHUI YHCEITbHUM METOJOM IPOIOBXKEHHS PO3B 3Ky 3a
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rmapaMeTpoM, CIIpaBii MOKE HE peali3yBaTHCS, TOAI BiH BTpadae CTIHKICTb.
Omxe, moOyn0BH Oy/b-IKOT XapaKTEPUCTUKH MalOTh OyTH JOTIOBHEH] aHAII30M
CTIHKOCTI  OTPHUMaHHMX  pPEXKUMIB  KOJMBaHb. [Ipobmema  CTiiKoCTi
BiOpOyIapHOTo peXWMY KOJHMBAHb 3BOJAWTHCA 1O aHAJI3y BIIACHUX YHCEN
MaTpHIli MOHOXpOMii, sika 30iraeThCs 3 MAaTPUICI0 OTpUMaHOi anredpaigHol
cucTemH. i BIAcHI UmMcla € MyIBTHIUTIKaTOpH miei cuctemu. IIpo cTilikicTs
KOJIMBAILHOTO PyXy pOOJNATH BHCHOBOK 33 3HAYCHHSIMH MYJIbTHILTIKATOPIB
CHCTEMH, SIKI ISl CTIHKOTO pPEXHMY KOJIMBaHb 3HAXOJAITHCS B CepeluHi
oauHuyHOrO Kona [8]. To6TO, KOMMBANbHHI PEKHM CTIHKHH, SKIIO Yci
MYJIbTHIDTIKATOPA CHUCTEMH JIeXKAaThb B OIMHUYHOMY KOJI. SIKIIO pexuM
BTpayae CTIHKICTh, X04a O OIMH 3 MYJbTUIUIIKATOPiB BUXOIUTH 32 MEXKY I[bOTO
KOJIa.

3a 1i€er0 METONMKOI TOOymyemMo KpuBi HaBaHTakeHHsS miusi BYC 3
mapaMeTpaMH, sKi HpuBeaeHi B Tabmuii 4 B crarti [7] B IBOMY BHITyCKY
30ipHuka. Ilpu moOymOBI KpHWBHX HaBaHTAXKEHHS BEAyYUM TIApaMeTPOM €
0€e3pOo3MipHHUii MapamMeTp IHTEHCHBHOCTI 30BHIIIHBOrO HaBaHTaXeHHA A .
I'padixu KpuBUX HaBaHTaKEHHS NPUBEJCHI Ha puc. 1.

Amux M

0,11

0,0 . . . .
0,0 05 1,0 15 A

Puc. 1.KpuBi HaBaHTa)KEHHSI TIPU M’ IKOMY yaapi

Ha rpadikax mo ocu opauHaT BifKJIaeHI HaIlliBpo3MaxH KOJMBAaHb 000X Tl
(Anax=(Xminl 1Xmax)/2), mo ocm abcmuc — mapamerp IHTCHCHBHOCTI

30BHILIHROTO HABaHTaXEHHA A. BepxHs kpuBa Ha rpadikax BimmoBimae
NPUETHAHOMY TUTY, HWOKHS — OCHOBHOMY. JIUISHKM KPUBUX HaBaHTa)KCHHS
Ciporo KOJIbOPY BiAMOBiZaIOTh Oe3yJapHOMY pyXy BiOpOyIZapHOI CHCTEMH,
TUTSTHKA TIYHKTUPHUX JIHIA — HECTIHKOMY T-TepiomndHOMY pyXy 1 TUIBKH
JISTHKA 9OPHOTO KOJBhOPY BIJNOBIMAIOTH CTiiKOMY T-TIepioAMYHOMY PYXOBi.
Haramaemo, mo T — mepio/1 30BHIIIHROTO HaBaHTa)XXeHHs. B giama3zonax 3MiHU
apryMeHty, ae T-epioquIHui pyX HECTiHKHA, MOXYTh peasrizoByBaTucs NT-
nepioandHi pexumu. Hampukian, Ha puc. 2 npuBeacH] rpadiku mepeMiiieHb
OCHOBHOTO Ta mnpuenHaHoro T BYC Ta cmim KOHTakTHOI B3aeMoii B
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3aJIe)KHOCTI BiJl 4acy MpHW 3HAYEHHI MapaMeTpa iHTCHCHBHOCTI HAaBaHTAKCHHS
A=0,65. Ileit 27-nepiogu4yHUil OTHOYIAPHUI PEKHUM PYyXy OTPHUMaHHN
NPSMUM YHCEJIFHUM IHTETPYBaHHSM DIBHSHb PyXy CHCTEMH MeTojaoM Pynre-
Kyrra 4-ro nopsaky. ToBcroro miHi€lo TyT 1 mami 300pakeHI KpHBi, IO
BiTHOCATBHCS JIO OCHOBHOTO Tijia, TOHKOIO — JO mpuenHaHoro. [loOymoBaHi
¢a3oBi TpaekTopii T cuctemMu. Ha rpadiky KOHTaKTHOI CHII TOHKOIO CipOro
JIHIEIO MMOKa3aHe 30BHIIIHE HABaHTAXKCHHS VIS TOTO, 00 kpamie Oauutu 27-
NEePiOUIHICTD PEXKHUMY.

XM A
0,2
0,1 -

0,187

Fonsl 02H

NA ,ﬂ CALA
T \/93\\,94\}/

\\ J / \/ L\ \/" \// \V J ‘
-4
Xl,.M c xl,M c
-0,1 4 0,2
-0,3 -0,5
-0,06 -0,03 0,00 Xx,m -0,07 0,0 0,1 X, M

Puc. 2. Xapakrepuctuku 27-nepioquusoro ogHoynapaoro pexumy (A=0,65)

st mopiBHSHHA IUHaMiuHOI noBexiHkn BYC 3 pi3HHM THIIOM KOHTakTy
npuBeneMo Ha puc.3 rpadiku KpuBUX HaBaHTaeHHS miusi BYC 3 TBepamm
ymapoMm, siki gokmamHo omucadi B [3]. UucinoBi mapameTpu TO# ke camiit
mozeni BYC piamosinatots Tabnuii 1 B cTatTi [7] B IbOMY BHITyCKY 30ipHUKA.

[NopiBHIoIOuM rpadikyn KPUBHX HaBaHTaXXCHHS Ha puc.l Ta puc.3, 6aunmo,
0 TO-Teplle, XapakTep KPUBHX HE 3MIHHUBCS, MO-JIpyre, 3HAYECHHS
HamiBpo3MaxiB 000X TUT MpU M’ SKOMY yIapi MEHIIe HiXK TPU TBEPAOMY NP
OJIHAKOBHX 3HAUCHHSAX MapaMeTpa IHTEHCHBHOCTI 30BHIIIHBOTO HABAHTAXECHHS
A. Le moriyno: mpu moM' SKIICHH] ynapy WOro TPHBANICTh 30UTBIIYETHCS, IPU
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bOMY KOHTaKkTHa cwia (auB. puc. 9 crarti [7]) Ta HamiBpo3Maxu KOJIHMBAHb
3MEHIIYIOThCH.

A .M

max >

0,0 teosgennrrttl ; :
0,0 05 1,0 15 A

Puc. 3.KpuBi HaBaHTa)KEHHS TPU TBEPAOMY yAapi

3. Ilo6ynoBa aMIUIITYIHO-4ACTOTHUX XapakTepucTHk 1 BYC 3
M'SIKHM yAapoM Ta iXHE MOPiBHSHHS 3 AaHAJOTIYHHMH XapaKTePHCTHKAMH
nis1 BYC 3 TBepaum ynapom

3a METOIUKOIO, 110 TpHBeneHa B poboTax [1,4,5]Ta cTucio onucana B 1. 2,
no0yayeMoO aMIUTITYIHO-4acTOTHI xapaktepuctuku (AUYX) mis BYC 3
napameTpamu, siKi mpuBeicHI B Tabmuui 4 B CTaTTi [/] B LbOMY BHUIYCKY
30ipHuka. [Ipn moOynoBi AUX BeAydnM MmapaMeTpoM € 9acToTa 30BHIITHBLOTO
HaBaHTaXeHHA . [lapameTp IHTEHCMBHOCTI 30BHIIIHFOTO HABAHTAXCHHSI TIPH
npomy popiBaioBaB A =1,0. AUX npuseneni Ha puc. 4

Amux s M

0,2 1
0,1 1

0 2 4 6 8 10 o, padc_1

Puc. 4 AUX npu M’ sikoMy yrapi

ITo ocu opawHAT BimKiajeHi HamiBpO3Maxd KOJUBaHb 000X T, TIO OCH
a0cIuc — 9acToTa 30BHINTHHOTO HABaHTAXCHHS (0. BepXHs KkpuBa Bimmomigae
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MIPUETHAHOMY TilTy, HIKHS — OoCHOBHOMY. Jlimgakn AUX ciporo xomabopy
BiNMOBiAAOTh Oe3ymapHoMy pyxoBi BYC, ningHKM TyHKTHPHUX JHIA —
HeCTiikoMy T-mepiomnIHOMY pyXy 1 TIIbKA JIUISTHKA YOPHOTO KOJIBOPY
BINMOBIAAIOTH CTilikoMy T-mepioguanomMy pyxoBi. Sk Oaunmo, AUX wmae
JIOBOJII CKIQJAHUN Xapaktep. [liIKpecnuMo CKIaaHWiA Ta I[iKaBH XapakTep

AUX B niamasoHax 4acToT 4,1padm'1 <w< 4, 7padB‘l Ta

7,4 pao 7t <w< 7,5pao @, TyT iCHYIOTh OJTHOYACHO TPH TUIKH KPUBHX IS
KOKHOTO Tina. J[Bi 3 HHUX BIANOBIAAIOTH CTIHKUM T-TIEPIOAMYHHM DPEKHMAaM,
OlHa — HeCcTiHkoMy. B HIHCHOCTI MOXYTh peali3oBYBaTUCh TiJIbKH CTIHKi
PEKUMH, B IIbOMY Jiaa30Hi iCHYIOTh OJTHOYACHO OTHOYIApHUH Ta Oe3ymapHuit
CTifKiI pekuMu. SIKUI 3 HUX pealli3yeThCs CTPaBIi, 3aJEKUTh BiJl BUXITHUX
YMOB, TOOTO, BiJl TOTO, B IKOMY CTaHi 3Haxoawmiack BYC B MOMEHT Tiepe TiMm,
SK YacTOTa 30BHINIHBOTO HABAHTAXKEHHS OTPUMaja HEBEIHKHH MPHUPICT.
IcHyBaHHsI IMX TPHOX TIJOK, OTPUMAHUX MPH Pyci B3IOBK KPHBOI Ta HpHU
IHTETpYBaHHI pIBHAHb pyXy 3 PpI3HUMH BHUXIJIHUIMH YyMOBaMH, HAOYHO
JIEMOHCTPY€ HAQ/I3BHYAaiHO BEJMKY 3aJ€KHICTh CTaHy CWJIBHO HENiHIHHOT
CHCTEMH, SIKOIO 1 € BiOpoyaapHa cucTema, Bifl BUXiIHUX yMOB. Jlist mpukiamy
Ha puc. 5 HaBemenuit 7-mepioanunuii Oezynapuuii pyx BYC mpu 3HaueHHi

YaCTOTH 30BHIIIHBOTO HaBaHTaXeHHSI W=4,5 pao [, sixuit peai3yeTbes mpu

IHTerpyBaHHs PiBHsHb pyXy MeTosioM PyHre —KyTTa 3 HYJIbOBHMH BUXIAHUMH
ymoBamu. lleit pexxum BiamoBimae mimsgami AUYX, ska TokazaHa CipuMm
KOJIOPOM.

X, M

0,02

_0‘03140 141 142 14 144 t,c
Xy, M-C

1 . 1
Xy, M-C
0,05
0
-0,05
0 0,05

-0,1 4 -0,15 +
-0,03 -0,01 0,01 x,, m ) Xy, M

Puc. 5. Xapakrepuctikyu T-nepiogudroro 6esyaapHoro pexumy (w=4,5pad @")
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Jliis mopiBHSHHS MpuBeaeMo Ha puc. 6 rpadiku AUYX mst BYC 3 tBepaum
yIapoM, siKi JoKIaaHo onucaHi B [5]. YdCaoBI mapaMeTpu Tiii ke camiit Mmoaesi
BYC Bignosigarots Tabnumi 1 [7] B npoMy BHITyCKY 30ipHHKA.

TTopiBasHAS AUX 000X cricTeM TOKa3ye, IO BOHHU 3a3HAJIN 3HAYHUX 3MiH:
Mo-TIepIe, BiAOYBAETHCS TMOMITHUIN 3CYB YacTOTHOI XapaKTEPUCTHKHU B3JOBXK
OoCi YacToT, MO-Apyre, Ha OUIBIIUX YacTOTaX CIOCTEPIraeThCs IPYTHMA
pe3oHaHCHMIA cmieck. HasiBHiCTP 3-X TUIOK KPUBUX B JCIKOMY Jiala3oHi
4acToT 30epiraeTbcs. J[BI TiNKM BIJNOBIAAIOTH CTIHKUM |-TICPIOIUIHUM
peXUMaM — ONHOYIApPHOMY Ta Oe3yJapHOMY, TPETS TiJlka — HECTIHKOMY
PSKUMY KOJIUBaHb.

A max > M

0,2 4

0,0 : ; : > . ‘.1
0 2 4 6 8 10 ®©, pao-c-

*" / \

Puc. 6. AUX npu TBepaoMy yaapi

OTxe, 3MiHM ITapaMeTpiB BIOPOyIapHOi CHCTEMH, IO 3pOOHIHN yIaap MiX
TUIAMH M'SIKMM, BHKJIHMKAIOTh TaKOX 1 3HaYHy 3MiHY aMIUTITYIHO-4aCTOTHOI
XapaKTePUCTHUKH.

BucnoBku

Bukonani B po0OOTI MOCHIIPKEHHS JO3BOJSIOTH 3pOOUTH HACTYIHI
BUCHOBKH.

1. 3actocyBaHHS METO/Ja MPOJNOBKECHHS pO3B‘SA3Ky 3a IapaMeTpoM B
CYKYITHOCTI 3 METOJOM TMOOYJOBH TMEPIOJUYHUX PO3B'S3KIB  CYTTEBO
HEJIHIHHUX CHCTEM, SIKUMH € BIOpOyAapHi CUCTEMH, Ta MOACIIOBAHHIM yIapy
HEJIIHIHHOI0 KOHTaKTHOIO CHJIOI0 Ha 0a3i kBasicrarmunoi Teopii ['epua
JI03BOJISIE BUKOHATH TOBHUH aHali3 IWHAMIYHOI MOBEAIHKM BiOpoymapHOI
CHCTEMH.

2. XapakTep KpHBHX HaBaHT@XECHHs HE 3MIHIOETBCS TPU TaKUH 3MiHI
napameTpiB BYC, sixka mpuBOAWTH 10 3MiHU THITY yIapy 3 TBEPAOTO Ha M’ SIKHH.
3MIHIOIOTBCS BEIMYMHH HaIliBpo3MaxiB KoJlMBaHb 000X Tim BYC, BenmuuwmaH
KOHTaKTHOI CHJIM Ta TPUBAJOCTI yaapy.
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3. 3wmina mapamerpis BYC, 110 mnpuBOIUTH A0 IOM'SIKIICHHS yOapy,
YCKIIQIHIOE XapaKTep Ta BHKJIMKAE 3HAYHI 3MIHM aMILTTYJIHO-4aCTOTHHX
XapaKTEePUCTHUK CUCTEMH.
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bascenos B.A., [lozopenosa O.C., I[locmnuxoea T.I".
CPABHEHME JJMHAMMYECKOI'O IOBEJEHUSI BUBPOYJIAPHOM CUCTEMbBI B
3ABUCUMOCTHU OT XAPAKTEPA KOHTAKTA MEXKIY EE 9JIEMEHTAMHU

st cpaBHEHHs JMHAMHYECKOTO I[OBEICHUsS BHOPOYIApHOW CHCTEMBbI NMPU Pa3HBIX THIAX
KOHTaKTa MEKAY €€ DJIEMEHTAMHU — TBEPIAOM M MSITKOM, IOCTPOCHBI M CPaBHUBAIOTCS KPUBBIC
Harpy>KeHUS M aMIUIUTYJHO-4aCTOTHBIC XapaKTEPUCTHUKH CHCTEMBI A1 OOOMX THUIIOB ynapa.
IlocTpoeHus BBIMONHSIOTCS METOIOM MPOJOJDKEHHS PEIICHUs M0 MapaMeTpy B COBOKYITHOCTH C
METOJIOM TOCTPOCHHS MEPUOJUYECCKUX PEUICHHH CYIIECTBEHHO HEIMHEHHBIX CHCTEM, KAKUMH H
€CTh BHOpPOyTAapHbIC CHCTEMBI, MU MOJCIMPOBAHUEM YAapa HEIMHEWHOH CHIIOW KOHTaKTHOTO
B3aUMOJICHCTBUSA Ha Oa3e KBazucTaTuueckoil reopuu I'epua.

KiaioueBbie ciioBa: BHOpOymapHas CHCTEMa, TBEPIbIH W MSATKAA KOHTAKT, KpUBas
Harpy>KeHHUs, aMIUTUTYIHO-4aCTOTHAs XapaKTEPUCTHKA, MPOJOIDKEHHE PEIICHHS MO Hapamerpy,
Teopus I'eplia, TMHAMHYECKOE TOBEICHUE.

Bazhenov V.A., Pogorelovas., Postnikovd.G.
COMPARISON OF VIBROIMPACT SYSTEM DYNAMIC BEHAVIOUR IN
DEPENDENCE FROM CONTACT KIND BETWEEN ITS ELEMENTS

The loading curves and the amplitude-frequencyagttaristics for vibroimpact system under
different contact kinds between its elements aeated and compared. We consider two contact
kinds: rigid and soft. The loading curves and atogk-frequency characteristics are created by
parameter continuation method in totality with neettof periodic solutions creating for essentially
nonlinear systems. We simulate the impact by nealininteraction contact force based on
quasistatic Hertz's theory.

Key words: vibroimpact system, rigid and soft contact, logdourve, frequency response,
parameter continuation, Hertz theory, dynamic behay
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YKuiscokuii nayionarsnuii ynisepcumem 6yoignuymea i apximexmypu
Togimpogpnomcvkuii npocn., 31, m. Kuis, Yxpaina. 03680
Hayionanvnuii mpancnopmuuil ynisepcumem

eyn. Cysoposa 1, m. Kuis, Yxpaina. 01010

HEI'OJIOHOMHA JTUHAMIKA KOJIMBAHDB KPYXKJIAHHA
KOJIOH I'"IMBOKOI'O BYPIHHA

Ha ocHOBi MeToz1iB HEroOJIOHOMHOI MEXaHIKM MOCTaBJIEHA 3a/[a4ya PO KOJIMBAHHS KPYXJITHHS
n0510Ta OYPHUIIBHOI KOJIOHH, SIKa MONCPEAHBO HAMPYXKCHA MO3I0BXKHBOI CHIIOK i 00EPTAETHCS Mij
€0 NPUKIAJCHOTO [0 MAO0JT0Ta MOMEHTY CHJI pi3aHHS. BHKOHAHO aHam3 MexaHi3My
caM030y/KeHHs KoltiBaHb. [lokazaHo, 110 BOHH MOXYTb OyTH SIK CTilKi, TaK i HECTIHKI.

Ku1ro4oBi ciioBa: OypuibHa KoJIoHa, OypiHHS, JOJIOTO, KOJMBAHHS KPYKIISTHHS.

1. B Tenepimmniii yac y cBiTOBili eHepreTuui npoOiiema mo0yBaHHS 1
nepepo3nonuin HapTH Ta Ta3y Bce OulblIe 3arocTproeTbes. Y 3B'SI3KY 3
BUYCPIIAHHSAM JIETKOJIOCTYITHUX BYTJICBOJHECBHUX IIaJHB, OCTAHHIM YacoOM BCe
Oumpmri 00’emu HadTH 1 Tasy MO0OYBAaIOTHCSA i3 AyXKe TITHMOOKHX TiI3eMHHUX
pe3epByapiB. 3a JaHWMH T'€OJIOTOPO3BIIKH PECYpPCH Ta3y B YKpaiHCHKOMY
cextopi akBaropii YopHOoro i A30BCBKOTO MOpIB OIHIOIOTECA B 1228
Mapo.ky6.m. Tlpore raubuHa nux mnokmamiB ckiaamae (000w 1 Oimbrne, a
pekopaHa TaubOuHa OypiHHs B YKpaiHi moku mo piBaa 6200x. OmHak B 1ux
BHITaKax TpobOiieMa BUAOOYyBaHHS HapTH 1 Ta3y IMOB'A3aHa 31 3HAYHUMH
TEXHOJIOTIYHUMH TpyAHOIIaMu OypiHHA TIHOOKMX cBepioBuH. OnHa 3
OCHOBHHMX TPYIHOIIIB — MOXJHBICTh TOSBH HEIMITATHUX CHUTYallii, SKi
BUKJIMKAHI KPHUTUYHUMU CTaHAMH KBa3iCTAaTUYHOI DPIBHOBArM 1 KOJHMBAHb
OypuipHoOi kononu (BK) [1 — 8].

[IpoTe HAMOLIBII CKITATHIM MEXaHI3MOM BOJIOJIFOTh 3TMHI KOJIUBAaHHS HU3Y
BK, sixi BUKITHKaHI Ji€0 HA JOJOTO 3MIHHUX 3 YaCOM HOPMAJBHUX 1 JOTHYHHUX
CHJI KOHTaKTHOI 1 (DpUKIIHHOT B3a€MOAil MOJIOTA 31 CTIHKOIO CBEPIJIOBHHH
[9,10]. B upoMy BHMAIAKy T€OMETPHUUYHHI LEHTP MOJOTA MOYHUHAE PyXaTHCS
HaBKOJIO OCHOBOiI JIiHIi CBEpAJIOBHHH, OOTaHAouM abo BiAcTalOud Bif
00epTaIbHOTO pyXy caMoi KOJIOHH. CXOXi pPyXH 3MIHCHIOIOTH I Ji€l0
TIPOCKOMIYHUX CHJI iHepmii Tipockom abo poTop MEHTPUPYTH MpaTbHOI
MAaIlTHY CTapoi KOHCTPYKIIii. Y MeXaHili BOHH OTPUMAIH Ha3BY MPOIECIHHUX
KOJIUBaHb. ¥ po0OTax BiAMIYA€THCS, MO ONMHUCAHWN BHUIIE PyX LEHTpa JOJIOTa
Ma€ IHIIy TPHPOAY 1 JUIsi HOTO0 BHU3HAYCHHS BHKOPHCTOBYIOTH TEPMIiH
“whirling” — kpysxisiHHs. BoHO BUBYAIOCS HA BEMbMH CIIPOLICHHUX (Pi3HYHHX i

O Taiinaituyk B.B., [lleBuyk JI.B.
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MaTeMaTHYHUX MOJIEINISX 3 OJHOI0 a00 TBOMA CTEICHSIMH BUILHOCTI MPHU Pi3HUX
3aKOHaX (PUKIIHHOI B3a€MOJIiT JOJOTA 31 CTIHKOIO Ta JTHOM CBepmyioBHHU. [1i
MOJIeTi BEJIbMH JIaJIeKi Bijl peadbHOi CUCTEMH 1 ciabo BimoOpakaroTh peabHi
JIUHAMIYHI ITPOIIECH.

SIK MOKa3ylTh EKCIIEPUMEHTH Ta CIIOCTEPEKEHHs, MPU JIESKHX PEeKUMax
KOJIMBaHb KPYXJISHHS JOJIOTO TOYWHAE IMEPEKOTYBATHUCS TIO0 KPUBOTIHIHHIN
MOBEPXHI JHA CBEPJJIOBHHH, a HOTO IICHTP PYXA€THCS MO JOCHTH CKIATHUX
TPAEKTOPIsX, AKi HAraayoTh 0AraToONEIIOCTKOBY KBITKY.

BuBueHHS aBTOKOJMBAaHb TaKOI CHCTEMH MOKE OYyTH BHKOHAHE JIHIIC
MeTofaMH HerosoHoMHoi MexaHiku [11]. CmpaBxHs poOoTa mpUCBSYEHA
npoOJIeMi KOMITIOTEPHOTO TMepea0aYeHHsT 1 MOJICIIOBAHHS SIBHINA KOJWBaHb
KPYXIISTHHS TOJIOTA 1 OypPIIIBHOI KOJIOHU SIK HETOJIOHOMHOT CHCTEMU.

2. TlocraHoBKa 3aiavi NPO HEroJOHOMHE KOYEHHsI 3 BePTiHHAM
TBEPAOro Tijia Mo WOPCTKiii moBepxHi. Po3poOka 6ararboX nMutaHb MEXaHIKH
HETOJIOHOMHHMX CHCTEM TICHO TIOB'S3aHE 3 3aCTOCYBaHHSM METOJIB Teopii
mudepeHIanbHuX  piBHSAHb 1 JUQepeHmianbHoi  reoMeTpii.  3arambHe
FEOMETPUYHE TPaKTyBaHHA MPOOJIEM pyXy TaKuX CHCTEM IPHUBEIO IO
CTBOPEHHSI HOBOTO pO3AiTYy IU(EpeHIanTbHOoI TeoMeTpii — HEroJOHOMHOL
reoMeTpii, OCHOBY fKOI CKJIaJia€ 3ajada Mpo KOUEHHs Oe3 KOB3aHHsS OaHiel
MOBEpXHI MO iHmIK . BoHa QopMyiroeTbcs TakuM 4YHHOM. € Hepyxoma
HOBEpPXHA S 1 pyXxoMa HOBEpXHsS S,, AKa KOHTaKkTye 3 S B Touli JoTUKy G.
3amana BekTOp-PyHKIis GXt) 3aeKHOCTI MHTTEBOI KyTOBOi MIBHIKOCTI ()
noBepxHi S, Bix wacy t. IlorpibHo moGynysatu Tpaekrtopii l; i |, pyxu
Touk G Ha KOXHIH 3 TOBEPXOHb.

[Tpu po3B’s13aHHI 1i€i 3a1a4i HEOOXiTHO BPaXOBYBATH, 10 B KOXKEH MOMEHT
yacy TMOJ€ IIBHUAKOCTEH TOYOK PyXOMOi IOBEpXHI Take 3K, SK OU BOHA
obepramacsi 3 OESIKOK KyTOBOI IIBUIAKICTIO () HaBKOJO HEAKOI OCi, o
OPOXOMUTh Yepe3 TOYKY OTHUKY. 3aJe)KHO BiJl HANpsAMy MHUTTEBIH oOcCi
o0epTaHHs PO3PI3HIIOTH YHMCTe a0 BJIacHE KOYEHHS i TaK 3BaHE BEPTIHHS.
Yucte KOYEHHS Mae€ MicCIle y pasi, KOJU MHTTEBA BiCh OOEpPTaHHS PYXOMOI
MOBEPXHI JIGKUTh B JOTHYHIA TUIOIMIMHI, JOTWYHIA 70 000X TMOBEPXOHB, i
BEPTHUTHCS — KOJIM MUTTEBA BiCh 00epTaHHS HOPMaJIbHA JI0 ITi€1 TUIOIINHHY.

B 3araipHOMY BHIAIKy KOYECHHS HOBEPXHI S, IO MOBEPXHI S MOXKHA
PO3KJIACTH Ha YHCTE KOYCHHS 1 YUCTE BEPTIHHS BIAMOBIAHO PO3KIATAHHIO
BEKTOpa W HA CKIAIOBY O, sIKa JIOKUTh B JOTHYHIH IUIOIMHI, i CKIaTOBY

(), , HOPMaJIbHY JI0 TIOBEPXOHb.

3amada PO KOYCHHS i BEPTIHHS CYTTEBO YCKIATHIOETBHCS, SKIIO BEKTOPH
@ (t) ta w,(t) He e 3amaHMMu, a MarOTh OyTH BH3HAYeHi 3 SKUX-HEOYIb

JIOIaTKOBUX YMOB. Tak, B HETOJIOHOMHIN MEXaHiIli BBAKAETHCA, IO TTOBEPXHIi
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S ta S, 00MexyroTh TBEpAl IIOPCTKI TiNa, IO BOJONIIOTH MacaMH, 1 iX

B3aEMHUI pyX 0e3 KOB3aHH 3IIHCHIOETHCS B PE3YJIbTATI MPUKIANAHHS 10 HUX
cwi, sKi 3amexats (abo He 3amexats) Big uacy t. Tomi ckiamaroThes
JNUHAMIYHI PIBHSAHHA PYXY T, I SKUX KiHEMATHYHI YMOBH iX KOHTaKTHOT
B3aEMOJIIT BiMIrpaloTh pPOJb HETOJOHOMHHMX B'a3edl. Y Takiii moCTaHOBIN
BHpIIICHI 3a71a9i PO KOYeHHS 0e3 KOB3aHHS TiJ MPOCTUX (OPM TIO MPOCTUX
MOBEPXHAX. 30KpeMa, MOKa3aHo, IO 3aJeKHO BiJ MOYATKOBHX YMOB KOYCHHS
LIOPCTKOT ~ KyJABKM IO  LIOPCTKIH  CepUuHii  MOBEpXHI  MOXKe
CYMPOBOJXKYBATUCSI PYXOM TOYKM IX KOHTAKTy Y3IIOBXK JESKAX TIaJKHX
CHHYCOIJAIbHUX TPAEKTOPiH, KPUBUX 3 TOUKAMHU MOBEPHEHHS 1 TETICON10HIX
kpuBux [11].

MaOyTb, HAWOLTBIT SICKPABUM 3 BIIOMHUX NPUKJIAJIIB HETOMIOHOMHHUX CHCTEM
€ JIBOKOITICHI 1 HaBiTh OJJHOKOJIICHI (MOHOLIMKIIM) BEJIOCHIICIH, sKi 30epiraroth
CTIHKICTP ~ CBOTO  BEpPTHUKAJIbHOTO  IIOJIOKCHHS,  3aBISIKH  HAsSBHOCTI
HETOJIOHOMHOI KepOBaHOI B's3i.

YMOBH KOUYEHHS 3 BEPTIHHAM MOXYTh OyTH peasi3oBaHi i B CHUCTeMi
JIOJIOTO-THO CBEpAJIOBUHH. BOHM 3a0e3meuyloThes 3a paxyHOK HAasBHOCTI Ha
MTOBEPXHi J0JI0Ta AIaMaHTOBUX BKPAIUICHbB, SIKI TIPH KOYEHHI BiJirparoTh poJib
TBEpAMX 1HACHTOPIB, SKi BAABIIOIOTHCS B CKEILHY MOPOAY Ha MOBEPXHI JHA
CBEPJUIOBUHH 1 TIEPEIIKOKAIOTh KOB3aHHIO JTOJIOTA T10 Hil.

Ockinbku moBepxHsi nojoTa (puc. 1) i qHA CBEPUIOBUHH MOXYTh MATH

pi3Hi reOMEeTPUYHI
¢dopmu, B nporeci
OypiHHA MOXJIUBI

Hepexoqu pyxy JonoTa
Bil YHCTOTO BEPTIHHSA
(urraTHER HPOLIEC
OypiHHs) 10 foro
JOJATKOBUM  KOYEHHSIM,
BiIXOMy 3  BepTHKai
TOYKH JOTHKY MAOJIOTa 3
THOM  CBEpIUIOBUHH 1
BUKPHBJIEHHS OC1 OypHIbHOT KOJOHH. [l OCIIKEHHS IIMX SIBUI HEOOXiTHO
MIOCTaBUTH 3a/1a4y PO TPYXKHI MONEPEUHi KOJIMBaHHSA OypHIBHOI KOJIOHH, B
SIKii HETOJIOHOMHI B'A31 € TPAaHUYHUMH YMOBaMH IJIsl PIBHSHB PyXY J0JI0Ta.

3. OcnoBHi cniBBigHOMIeHH AUHAMIKH HIKHBOI cekuil BK. KonBanns
KPYXISIHHSL JO0JIOTa, SIKE OOEPTAETHCS 3 KyTOBOI IIBHIKICTIO (), 3a3BHYAl
CYMPOBOJIKYEThCS 3aJTYYCHHSAM JIO BiOpallifHOTO TPOIECY TaKOXK 1 HIKHIX
IUITHOK KOJIOHHW, SIKi pO3TallOBaHI MDK IEHTPYIOYMMH TIPHCTPOSIMH 1
BIZIIrpaloTh poJib AOAATKOBUX onop. ToMy IpH aHaii3l MeXaHi3My 30YIKCHHS

Puc. 1.T'eomerpuuni GpopMu TOmIiT
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KOJIUBaHb KPYXIISTHHS IOJIOTa OyJeMO HEXTYBAaTH BIUIMBOM BEPXHBOT YACTHHHU
BK i Buainumo ii pparment 3aBnosxkku | (puc. 2).

Buninena tpyovacra ginsaka BK
MOTIEPETHHO HAnpyxeHa
NPUKITAJAEHUM JI0 [I0J0Ta KPYTHUM
MOMeHTOM M, 1 T0JO0BXKHBOIO

CTHCKYIOYWOI0 CHJIOF0 T, piBHIA
peaxIiii OmUpaeThes JOJIOTa HA JIHO
CBEPAJIOBUHHU. Junamiky i€l
IUISHKH ~ MOJCIIOBATHMEMO  Ha
OCHOBI TeOpil CTHCIO-3aKPYYICHUX
CTpWXXHIB, mO oOepraroThes. Jus
IBOTO BBEAEMO HEPYXOMY CHCTEMY
koopauHaT OXYZ 1 cucremy
koopauHat OXyzZ, MO 00epTaeThes

a

pa3om 3 BK, i3 3araipHUM O9aTKOM

Puc. 2.CtpykrypHa (a) i pospaxyunkosa (6) O wna omopi A (puc. 3.).
CXEMMKOJIMBAHb KPYIKJISIHb OYPUIBLHHUX JOJIT

A 4 — \‘ V '. ].’3

a 6 ) 6

'
'
"

Puc. 3.Cxema Ko4eHHsI i BEpTiHHS 10JIOTa

Jdns  KimpKicCHOTO — aHami3y KiHEMaTW4HO 30Yy/DKyBaHMX  KOJIMBAaHb
KPYXJISSHHA HEOOXITHO CKJIACTH pPIBHSHHS JIWHAMIKH BCi€i BHIINCHOI Ui
po3rmany aomporonHoi Oamku  ABC, mo o0epTaeThcs, IMONEPEIHBO

HaNpyXeHoi KpyTHUM MoMeHToM M, =-M " i nomoBxkHbOIO CTHCKYIOYOIO

cwtoro T =-R .
Bpaxyemo, mo Ha TpyOy BK kpiM BHYTpIIIHIX CHIJI IPY>KHOCTI TIIOTH TAKOX
CHJIM iHepii, Bix oOepTaHHS.
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f, =(pF +poFo)w’u+2(pF +p,F, )wﬂ

f, =(PF +peFe) ’v=2(pF +pF, )w—- @)

Tomi piBHAHHA IWHAMIYHOTO TpYyKHOTOo 3ruHaHHS BK mpu HasBHOCTI
BimMiueHHUX (HaKTOPiB MOYKHA TIPEJCTABUTH Y BHUII:

4 2
EI%—T%—M ﬂ—(PF+D|F|)w2u 2(p|:+p||:|)())_Jr(pFerlFl)g2 .
IaZV Tazv M ﬁ—(pF_{_plFl)w V—
2)

+2(pF +p R w5 +(DF+P|F|)——O

ne u(zt), v(z,t) — npyxui nepemimenns eixemenra Tpyou BK B Hampsimax
oceit Ox, Oy BimnosimHo; El —xopctkicts TpyOu BK mpwu 3runi; p, p; —
TycTHHA Matepiary TpyOu i mpomuBHOI piauHH, BiamosigHo, F, F — mmomi
TIOTIEpEYHHX TTePEePi3iB CTIHKK TPYOH i T BHYTPINIHBOTO KaHaly, BiNOBiAHO; t
— yac.

Jist onmcy TPYKHOTO MOBOPOTY JIOJOTa BBEAEMO TaKOX JKOPCTKO
NOB'sI3aHy 3 HHMM cucreMy koopmuHat CX;y;%, oci Cx, Cy; sxoi y
MMOYaTKOBOMY IIOJIO’KEHHI mapanenbHi ocsm Ox, Oy, BiAMOBiIHO, a TpH
TPY>KHIH gedopMaltii 1010Ta MOBEPTAIOTHCS Ha KYyTH —v'| c i u'|C (puc. 3.).

Kouenns nmoeepxHi S, 1o moBepxHi S 3agaBaTUMEMO B PyXOMil CHCTEMI
koopauHaT GX,Y,Z,, mouatok G sKoi 30iratoTbcs 3 TOUKOK 3iTKHEHHS
noBepxoHb § 1 S,; Bick Gz, € mponomxenHsaM Biapizka CG; Bice Gy,
NepHeHANKYIIsIpHa IUIOMMHI, sika Mictuth Bick OZ 1 Bigpizok CG, i
opieHTOBaHa y HampsiMi oOepraHHS; Bich GX, IIONOBHIOE CHUCTEMY OCeH 10
TIpaBoi TPIiiKH.

YMoBa KOUYeHHS 70y10Ta Oe3 KOB3aHHS J03BOJISIE COPMYJIIOBATH B TOYII
C nBi rpymu KpaiioBMX piBHSHb. BOHM BKJIIOYWAalOTH JABa KiHEMaTHYHI
PIBHSHHSI, SKi 33Jaf0Th MIBUIAKICT TOYkH C, 1 JBa AWHAMIYHI PIBHSHHS, SKi
BHU3HAYAIOTh AMHAMIYHY PIBHOBAry BCiX MOMEHTIB BigHOCHO Touku G .

Jlnst BUBEAEHHSI KiHEMaTHYHHX KPalOBHX YMOB OOYHCIMMO aOCONIOTHY
mBuaKicTs HeHTpa C, Tina S,, Mo KOTUTHCS, B MPOEKIISIX Ha OCL CUCTEMH

Oxyz.



ISSN 0132-14710mip matepianis i Teopist ciopyn. 2014 .Ne 92 97

B Toif ke Wac MO MIBUAKICTE MOXXKHA OOYHMCIUTH, BUXOIIYH 13 aHAII3Y
NPYKHUX KOJMHMBaHb KiHI C cTepiKHs:
[IpupiBHIOIOUM TIpaBi YacTMHM IMX PIBHOCTEH, OJEPKUMO KiHEMaTH4HI

KpalioBi yMOBHU
2 2
U-wv-a 1——V(—U'—wv’+&v)=0,
(R-a)° R-a
u?-v?
v+wu-a [I-——
(R-a)

BoHu € HErOIOHOMHMMU, OCKIIBKH MICTSTB MOXiaHl U 1 V.
Jnst moOymoBW PIiBHAHB PyXy CKOPHCTAEMOCS TEOPEMOIO TIPO 3MiHY
MOMEHTY KIIBKOCTEH pyXy moJioTa BiqHOCHO Toukn G
-

R-a

+wu —&u) 0. ©))

dK L@ @ L@
dG +QexKe =Mo | (4)
v
ne KG — MOMEHT KUIBKOCTEH pyXy J0JI0Ta BiHOCHO TOYKH, TTPECTABIEHUN

.
B cucteMi GX,Y,Z,, MG — MOMEHT CHJI IPY)XHOCTI, SKi JIIOTh Ha JOJOTO,

TaKO’K 3aIlMCaHI B IIH )K€ CUCTEMI.
)
Bekrop Kg minpaxoByeTbes 3a hopmyIoro:

N 2,2 2.2 -
Ko = J+ma’ {[( v +ou)u+ (U +wv')v]\/ u v —w\/u hal }i2+

Ju?+v2 (R-a)° R-a

4 J+ma’ [(V —wu')v+(U +m\/)u]j2

N

+3{[(~V +ou)u+ (i +w\/)v]%—+(o /1 (L;Q"V) Ka. 5)
a

- (2) Lo .
Moment MG BHpaKaeThCs uepes BHYTpiliHi 3runi momentu ElU" | EIV"

i mepepizysansui cun EIU™ , EIV" na kpato C GypriibHOI KOJIOHH
)
Mc =—El{[u"+au"(cosa+u'sina)]sinB+

m

+[V'+av"(cosa +V' sina )]cof }cost i o+

+El{[ —u"—au"(cosa+u'sina )]JcoP+ ' +av” (cosm+V sim )]sif8 }|2
—-El{[u"+au"(cosa+u'sina )]sinB+
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HV'+av"(cosa+V' sina )]coP }Ez . (6)

Crissignomenast (1)-(6) Bu3HAYarOTh TPHOXTOYKOBY KpaoBY 3aaady
IUHAMIKH HWKHBOTO MPOJBbOTY OypHIBHOI KOJOHH 3 JOJIOTOM. BoHH
JIOTIOBHIOIOTBCSL TAKOX MOYATKOBUMH YMOBaMH, sIKi 3a[1af0Th MOYATKOBE
30ypeHHst cucteMu. HucenbHe po3B’ si3aHHsI TIOCTABJICHOI 3a/1aui 31 HCHIOETHCS
METO/IOM CKiIHYEHHHX Pi3HHIIb 13 BUKOPUCTAHHSIM HESIBHOT CXEMH 10 yacy t .

ITo po3pobmeHiii Meroamii Oyau TPOBENEHi MOCHTIIKEHHS KOJHUBaHb
chepudHOTO H0JI0TA IOCTIHHOTO pajliyca @ MpH Pi3HUX 3HAUEHHSX pajgiyca R
JTHa CBEPJIIOBHHU 1 KYTOBHX LIBHIKOCTAX () 00€PTaHHS KOJOHH.

4. ®opMH KOJHMBaHb KPY:KJISHHS A0J0Ta. B pe3ynbrari migpaxyHKiB
BCTAHOBJICHO, 1[0 BEJWKUI BIUIMB Ha JWUHAMIYHHI Tpolec Mae BenuunHa R.
BcraHoBieHI HaWHECTPUATIMBINI BUMAAKW. Tak, Tpu BEeTUKUX R meHTp
JOJI0Ta TOYHMHAE PyXaTHCS [0 CHipam, sKa po3mmpioethes. Ha puc. 4
MOKa3aHa TPAEKTOPIs PyXy B HEPYXOMill 1 pyxoMmiil cHCTeMax KOOPIUHAT.
Takuii pyx Hecriiikuii. [Ipu neskux R oOepranHs pojora criiike (puc. 5.),
OJIHaK 00epTaHHS KOJIOHHM 1 JIOJIOTa BiOYyBaEThCs B Pi3HUX HampsMmax. BoHo €
HEOE3MeYHNM, OCKIJIbKM B I[bOMY BHUIAQJAKY BiIOYBA€ThCS BHUKPUITYBAHHS
aMa3HuX Pi3IliB.

AT

Fit)
ult) P

HepyxoMma cucTema BiIiKy Cucrema BiUTIKy, IO 00epTa€THCS

Puc. 4. ®opmu HeCTIHKUX KOJIMBaHb 00T
(R=0,25u, a=0,2u, ®=20 pad/c, t=5¢)

v(t) Y(z)
f @vﬂ([) J @Y(I)

Hepyxoma cuctema Biytiky Cucrema BiUTIKY, 110 00epTaETHCS

Puc. 5. ®opmu crilikoro o6epTaHHs 10JI0Ta
R=1w, a=0,2m , w=5 pad/c , 30<t<40c)
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IikaBuii BHIIQIOK MpeACTaBicHUM Ha puc. 6. Tyr B HepyxoMmiil cucremi
KOOPJMHAT JOJIOTO, SIKE OOEPTAEThCS, HAMATaeThCsl 3aiiHATH MOJIOXKEHHS, B
SIKOMY BiZIOYBA€ThCSI HOTO YHCTE BEPTiHHS, TOOTO OypiHHA. OgHAK BOHO TAaKOXK
HEIOMyCTHME, TaK K TYT BiCh CBEpJIOBUHU BiIXUISIETHCA B OiK.

AV(@)

tf o )

Hepyxoma cucrema BiutiKy

Y(r)
0 ‘ X(1)

Cucrema BiUTIKY, IO 00epTaETHCS

Puc. 6. ®opmu cTIHKOro BEpTiHHS 10I0Ta
(R=0,6699u , a=0,2x , w=5pad/c , t=20c)

Ha puc.7 mokazano vy
30uThIIeHOMY  MacmTabi  popma
PyXy JOJNOTa TIpH MEpexoai 1o
YHCTOrO BEPTiHHA. TpaexTopis
SKy ONHCYE IICHTpP J0J0Ta B
CHCTEeMI BIIUTIKY, SIKa 00E€pPTAETHCS
pa3oM 3 HHUM, Haragye MpPaBUIbHY
«0araTomeOCTKOBY ~ KBITKy». |
caMe TyT BimOyBaeThCs OypiHHA
aJie [EIo 3 BIAXUICHHSIM.

Bucuosku. Ha ocHoBi MeToziB
HETOJIOHOMHOT MEXaHIKH,
MOCTaBJIeHa 3aja4ya npo
KOJIMBAaHHS ~KPYXJISHHS ~ JIOJIOTa

\ (1)

0 L)

Puc. 7. ®opma CTIHKOro BEpTiHHS I0I0Ta y
301mpIIeHOMY MacmTabi

(R=0,6699u , a=0,2x , W=5 pad]c,
19<t< 20c)

OypWwJIBbHOT KOJIOHM, sIKa MOIEpEeIHbO HANpy>KeHa IT030BXXKHBOIO CHIIOKO 1
o0epTaeTbesl IMiJ MAI€I0 NPHUKIAJCHOTO 0 J0JIOTa MOMEHTY CHJI Pi3aHHS.
BukonaHo aHanmi3 MexaHi3My caMo30y[KeHHS KoyimBaHb. OOroBOPIOIOTHCS
JUHAMIYHI e(eKTH, BUKIMKaHI 3MOJIEIbOBAaHOIO KOHTAaKTHOIO B33a€MOIEI0
JI0JIOTa 3 JTHOM CBEp/JIOBHHH, aHAJI3YIOTHCS YMOBH IIPSMOIO i 0OEpHEHOTO
KOYEHHS JI0JI0Ta I10 TIOBEPXHIi THA CBEPAJIOBHHH.
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Tatioauuyk B.B., Illeguyk JI.B.
HETI'OJIOHOMHAS JTUHAMMKA KOJIEBAHUM KPYKEHUS KOJTOHH
I'1IYBOKOI'O BYPEHMUS

Ha ocnoBe MCTOOOB HETOJIOHOMHOW MEXaHWUKH TIOCTaBJICHHA HpOGJ’IeMa 0 KoyieOaHUH

KPY)XCHHS 10J0Ta OypHWIIbHOH KOJIOHHBI, KOTOpas MpEIBAPUTENBHO HANpsHKEHa IPOIONIBHOM
CHJIOI M BpAILACTCsI IO/ ACHCTBHEM IMPHJIAraeMoro K IOJOTY MOMEHTAa CHII pe3aHus. BuimonHen
QHAIM3 MEXaHM3Ma CaMOBO30OYxaeHust KoneOaHmil. Iloka3aHO, YTO OHH MOTYT OBITH Kak
YCTOITYMBBIE, TAK U HEYCTONYHBBIC.

KuroueBble ci10Ba: OypuiibHast KOJOHHA, OypeHHeE, T0JIOTO, KOICOAHUS KPYKCHUSL.

Gaidaichuk V.V., Shevchuk L.V.
NON-HOLONOMIC DYNAMICSOF WHIRLING VIBRATIONS OF DEEP DRILL
COLUMNS

On the basis of the non-holonomic mechanics methtbdsgproblem of the whirling vibrations

of a bit of a drillstring, which is prestressed loygitudinal force and rotates under the applied
forces is stated. The analysis of the mechanistheVibration self-excitation is performed. It is
shown that they can be both stable and unstable.

Key words: drill string, drilling, bit, whirling.
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CTOXACTHYHI TAPAMETPUYHI KOJIMBAHHS IIPYKHAX
CUCTEM 3 YPAXYBAHHSAM IX IIONEPEJHIX CTAHIB

IToGymoBa pemyKOBaHMX MOJENCH CTOXACTHYHHX MApPaMETPHYHHUX KOJMBAHb MPYKHHUX
CHCTEM 3 YpaxyBaHHAM iX IONEPEJIHIX CTaHiB BHKOHAHA HAa OCHOBI METOMIB CKiHYCHHHX
€JICMEHTIB, y3araJbHEHHX KOOPJHMHAT, ACHMIITOTHYHOTO METORY 1 (DYHKLIOHAIBHOTO MiJIXOIy.
3agaua CTOXAaCTHYHOI CTiHKOCTI c)OpMyIbOBaHA B CEPEAHHOMY BiJHOCHO MOMEHTHHX (YHKIIH
(a30BUX KOOPAMHAT MEpIIOro MHOPsAKY. 3ajada po3B’s3aHa 3a JOINOMOIOK 7-CTaJiHHOro
6e3nepepBroro Merony Pynre-Kyrra 5-ro mopsaky i Bkiaagenux ¢opmyn dopmana-Ilpinca. B
SIKOCTI TPHKIALy MOCIIDKEHA CTOXacTHYHA CTIMKICTh IApaMETPUYHUX KOJIMBAHb IIPYXKHOL
CHCTEMH 3 OHMM CTYIICHEM BIJIBHOCTI 3 ypaxXyBaHHsM Ii IONEPEHIX CTaHiB.

KirouoBi cjoBa: mapaMeTpuyHi KONMBAHHS, CTOXAaCTUYHA CTIMKICT, MOMEHTHI (GYHKLII,
penyKoBaHa MOZCIIb.

CydacHHHi pO3BHTOK TEXHIKM Ta TEXHOJOTIM BCe wHacTime ToTpedye
JOCTI/DKEHb TapaMETPUYHUX KOJMBAHb CKJIAJHMX TPYXHUX CHCTEM TIpU
croxacTuaHoMy BIUBi [1, 2, 3]. SIKIO BpaxoByBaTH CTaH TPY)KHOI CHCTEMH HE
TITBKA B JAHWH MOMEHT 4acy, a i B MHHYJIOMY, JOCTI/DKEHHS 11 JUHAMIYHO1
MOBEIHKA Oyme Oimbll JeTadbHAM. JIMHAMidyHA TIOBEIiHKAa CHCTEM, SKi
ONUCYIOThCS ~ 3BUYAHHMMH  IHTETpO-AW(EpeHIlialbHUMHA  PIBHIHHAMH 13
3aIi3HEHHAM apTyMEHTY, peACcTaBieHi B po6ori [4]. s 3amaya € ckiamHo0, TOMY
Juist 1i BUpINIEHHS HaiJacTille 3aCTOCOBYIOTHCS YHCENbHI MeToau. B poboti
PO3po0IIcHO METOAUKY (POPMYBaHHS pPEIyKOBAaHUX MaTEMAaTHYHUX MOJEICH, sIKi
OMMUCYIOTh CTOXACTHYHI TMApaMETPUYHI KONMBAaHHS TPYKHUX CHCTEM 3
ypaxyBaHHSIM IX MOMEPEAHIX CTaHIB HA OCHOBI METOJIB CKiHYCHHUX CJIICMCHTIB,
y3araJbHCHUX KOOPAWHAT Ta AaCHMITOTHYHOIO METOAy, IO 3aCHOBAaHWI Ha
PO3KIIaJaHHI CTAaTUCTUYHUX XapaKTEePUCTHUK PO3B'SI3KIB JWHAMIYHOI 3a1adi 3a
MaJuM TmapamerpoM. [IWTaHHS PO CTOXACTUYHY CTIMKICTh NapaMeTpHIHHX
KOJIMBaHb TIPY)KHUX CHCTEM C(HOPMYIIbOBAHO y CEPEJHROMY Ha OCHOBI MOMEHTHHX
¢dyHKIIH (Pa3oBUX KOOPAWHAT TEPIIOTO TOPSAKY, sSKi OTPUMaHi 3a JIOTIOMOTOIO
¢dyHKIIOHANBEHOTO TiAXOMy Ta hopmymu Dypytiry-HoBikoBa aysi po3mierieHHst
¢yskiionanis. CTBOpeHa METOAWKA JOCITIIHKEHHS ITUHAMIYHOI TTOBEIHKUA Ta
CTOXaCTHYHOI CTIMKOCTI CKJIAJHHMX HPYKHMX CHCTEM Ha OCHOBI /-CTaJiiHOrO
HETIEPEPBHOTO METOMy YMCEIHLHOro iHTerpyBaHHs PyHre-KyrTa m'siToro mopsmky
13 BpaxyBaHHs BKJIageHnX Qopmyn Jopmana-IIpunca, siki peatizoBaHi y BT

|:| Bopona 10.B., JIyk' sauenko O.0., Kocrina O.B.
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OOYHCITIOBATLHUX TIPOIEAYp. BUKOHAHO TeCTyBaHHS PO3POOJICHOT YHCENHHOT
METOJMKH Ha TPHKJIANi MapaMEeTpUYHHUX KOJMBAHb MPYXHOI CHCTEMH 3 OIHHM
CTYIICHEM BIIBHOCTI TP CTOXaCTHYHOMY EKCIIOHEHIIIaTbHO-KOPEIhOBAHOMY
BIUTMBI 3 ypaxyBaHHsM ITOTIEPEHIX CTaHIB CHCTEMH.

1.1lo0ynoBa penykoBaHHX Mojeseil CTOXaCTHYHMX NapaMeTPHYHHX
KOJMBaHb MNPYKHUX cHcTeM. JIWCKpeTHa CKiHUEHHOEIEMEHTHa MOIETh
CTOXaCTUYHHUX IapaMETPUYHUX KOJIMBaHb IPYXHUX CHUCTEM TMOJAETHCST Yy
BUIJISA/II CUCTEMH JIIHEApU30BaHNX 3BUYAHNX AU(epeHIliaIbHUX PIBHSHb

MU(t)+Cu(f+ K9+ 1) kU J=0, @
ge M, C, K, Kg—Marpuni po3mipHocTi nxn, U(t) — N -BUMIpHUI BEKTOP
BY3JIOBHX TIEPEMIIIEHb.

Ins penykysauns wmozeni (1) Bextop U(t) miykaetbes y BHIIIAAL
u(t)=Uy(t), ne U =(le,02, ...,ij) — JlesIKa MiAMHOXHMHA Ga3MCHHUX BEKTOPIB;
Vi (1), % (t) — y3aranpHeHi KOOpAMHATH Ta y3arajbHEHi IIBHAKOCTI BY3JiB
CKiHYEHHO-eJIeMEHTHOT MoJiesi KoHcTpyKItii. CucteMa (1) 3BOAMTHCS 10 BUIY

M Y(1)+C Y()+ K Y9+ L) K }=0. )
Tyt M, C, K ma K; — penyKoBaHI MaTpuIli Mac, neMrdipyBaHHS,
JKOPCTKOCTI Ta TEOMETPHUYHOI JKOPCTKOCTI BimmoBimHo; Z(t) — croxacTudHe

NapamMeTpUYHe HABAHTAKEHHS.
B sxocTi 6a3uCHUX BEKTOPIB MPHHHATI BEKTOPU (HOPM BIIACHUX KOJUBaHb
npyxuoi cuctemu U =(¢;,05,,...,0,, ), 16 M —Kimbkicts yrpumanux $hopm, ski

HOPMOBaHi M0 MaTpwii Mac. PemykoBaHi MaTpuili mac M, neMiipyBaHHI
c 1 KOPCTKOCTI K" marots BUTIAT
M"=U"MU =E=diag(L,1,...,3,
C =U"CU=diag(2&,w;, 205, ..., 2, W) ,

K"=UTKU =diag(u§,uf,...,uﬁ1), ©)

Je () — YacTOTH BJAaCHHUX KOJIMBaHb, & — KOE(iLIEHT KOHCTPyKIiiHOrO

neMngipyBaHHs cucteMH. KUTBKICTh BEKTOPIB M Moe OyTH 3HAYHO MEHIIIOI0
3a PO3MIpHICTE N BeKTOpa mepeMimieHs B piBusaHHi (1).

3anava moOyIOBH PEAyKOBAHOI MOJIEITI IMHAMIYHOI CTIHKOCTI TApaMETPUIHHUX
KOJIMBAaHb CKJIAJHUX TMPYKHHX CHCTEM 3 pEaIbHUMH T'SOMETPUYHUMHU
nmapamMeTpamMy € CKJIAJHOI 1 pO3paxoBaHa Ha 3aCTOCYBaHHS OOYMCIFOBATBHHX
3aco0iB 3 BEIMKUMH PECYpCaMy Ta MBUAKOAIMHIMH Tporiecopamu. J1iist moOyaoBu
pEeIyKOBAaHUX MaTpHIlb Mac, AeMI(ipyBaHHS Ta >KOPCTKOCTI CHCTEMH B POOOTI
3aCTOCOBYETBCS UHCENbHAa MerTomuka [5, 6], ska GasyeTbCs Ha TPOIEAypax
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00YKCITIOBAJIBHOTO KOMILIEKCY CKiHdeHHO-eneMenTHoro anamizy NASTRAN [7].

PemyxoBaHa MaTpHIIs )KOPCTKOCTI TOAAETHCS Y BUMIISII K" =UTKU . Jins wsoro
By3JaM  CKiHYCHHO-CJIEMEHTHOI MOJEli CHUCTEMHM HAJA€ThCsS  IIOYaTKOBE
niepeMitieHHs y BUriiai gopw ii BracHux konmmBanb U 1 po3B’s3yeThest oOepHEHa
3amada cratukd. Otpumana peakmis cuctema R=KU ©Ha mouatkoBe
NIEpEMIIlIeHHsI MHOXUTBCS 3J1iBa HA TPAHCIIOHOBAaHY MaTpHIO (HOPM BIACHHX

. . *
KOJIMBaHb UT . PeﬂyKOBaHa MaTpulsd reoOMCTPUIHO1 JKOPCTKOCT1 CUCTCMU KG

TIO/IA€ThCA Y BHIJIIAL K*G =UTKOADTKU . Tyr Bexktopu KU T1a KO
OTpHMaHi 3a JOMOMOTOK0 MPOIEAYPH BH3HAUCHHS DEAKIii CHCTEMH Ha 3aJaHe
TI0JIE TIEPEMIIIIEHB, SIKE MTOJIAETHCS BiJIIOBIIHO Y BUTIIAI ()OPM BIACHUX KOJUBAHbL
U Ta dopm Brparu criiikocti @ . ®opmu Brparu criiikocti P=(¢;,¢5,....0.,)
Ta MaTpPUId KPUTHYHHMX 3HAYCHb CTATHMYHOI CKJIAJOBOI HABAaHTaXKEHHS
/\=diag()\l, A, ...,)\m) BU3HAYAIOTHCSI TPH  PO3B’sI3aHHI 3amadi  CTIHKOCTI
CHCTEeMH MeTOoIoM JlaHIIomra.
SIk1io BBeCTH 2M-BUMIpHHIA BEKTOP (ha30BHX 3MIHHHX

X(O=(%(D, % (B, om () =( WD, Yo (Do Yo Y (D% (D Yy O, (@)

cucteMy (3) MOXHa MeperncaT B HOpMasbHii Gpopmi

%?(t)=A7(t)+ ) BXJ. (5)
Marpuni A i B obunciororses 3a popmyaamu
0 E 0 0
A= * _l * * { * y B: * _1 * ] (6)
-(M)"K -(M)"C -(M)"Kg 0

ne E —oguHMIHA MaTpHUIM po3MipHOCTI MX M.
Jus cucremu (5) posrsaaerbes 3amada Korr 3 MOYaTKOBUMH yMOBaMHU

_ — - T .
X(0)=%, , e BexTOp Xo = (XOl,xoz,...,XOZm) BB)KAETHCS ACTEPMiHOBAHIM.

V ToMy BHIIAAKY, KOIHM MapaMETPUYHHH BIUIUB MAa€ CTOXACTHYHY
npupoxny, z(t) e BumagkoBoro (yHKumiero wacy. ITMTaHHS NPO BHHUKHCHHS

IapaMeTpUYHHUX KOJIMBAaHb €KBiBaJIEHTHE MMMTAHHIO PO CTIHKICTh TPUBIAIBHUX
po3p’si3kiB  piBHstHb  (5). BHacmigok Toro, mo KoeillieHTH piBHSAHBb €
BUIAJJKOBUMH BEJIWYHMHAMH, CTIHKICTh PpO3INISAAETECS Yy CTOXAaCTHYHOMY
po3yMiHHI. Y poOOTI NMUTaHHS CTIHKOCTI IOCHIKYETHCS y CEpeIHbOMY Ha
OCHOBI MOMEHTHHX (YHKLIH (a30BUX KOOpIMHAT IIEPLIOTO MOPSIKY, IS
OTPUMaHHS SKUX BUKOPHCTOBYEThCs PyHKIIOHANbHUH miaxin [4, 8].
3acTOCOBYEMO METOJI yCEPEAHEHHS 3a aHcaMOJIeM pealrizamiii cucremu (5)

%(Y(I)FNY( P+BELYXY . (XO)=X- @)
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Cucrema @) He3aMKHEHA BiZTHOCHO 3MIHHHX
()—((t))=((xl(t)),( X (1), ... Yo (1) )T , 00 MicTHTh HOBi HeBimoMi QyHKIi
EOXD=(CAY¥NCE 5 (Dol €Y %, (B), sxi € xopemsmismn B

MoMeHT dacy t BumagkoBoro mpouecy Z(t) 3 poss’sskom X(t) cucremn (7),
KOMIIOHEHTH SKOTO € (YHKLIOHaJaMH Bin BumazkoBoro mporecy Zz(t) B
intepBaii [0,t]. PosmieruienHs cepenHboro go0yTKy [IBOX (YHKIIIOHATIB
BUKOHYETHCS 3a (POPMYJIOI0 CDypyTuy -Hogikoga [5]

(ZHX()= jK(t T)<g((3 k=1,2,....2m. ®)
. . ox(1)
Tyr K(t) — xopensauiiina ¢ynkuis nporecy Zz(t), 62(1_)> — cepenHe
Bapianiitnoi moxiguoi Bix X(t) mo z B ToOUmi T.
Cucrema (7) mepenuiiersest HaCTyHHI/IM YHHOM
s [P X (t =
a<x(t)>-A<x(t)>+BjK(t D E K% O

3a pomomorow posmerends ¢yukmionanis (Z()X(9), (k=1,2,...,2n’,
3po06IEHO TEpeXia BiJi HE3aMKHEHOI CUCTEMH Au(epeHIialbHuX PiBHAHD (7)
BisiHOCHO BekTOp-pyHKIIH (X) Ta (ZX) 10 HE3aMKHEHOI CHCTEMH IHTErpo-

IubepeHIianbHUX PIBHAHb BiIHOCHO BEKTOP-(QYyHKLi (X) Ta g (( ;) Jns
. x(t) .
BEKTOP-QYHKITIH ( 5 (T) 3alCYEThCSI ~ HOBAa  CHUCTEMa  IHTETPO-

JudepeHianbHIX PiBHIHB.
Iicis BapiroBanus (7) mo z(T) (T<t) maemo cucremy

A _ XY, . t)Ee'>$<(t) 10)

dt GZ(T) 04T) o041)’
(1) oX(t) _
3 MOYaTKOBUMH YMOBaMHU 32(7) =BX(1) , GZ(T)

[icas ycepenuenns Bupasy (10)i posiennenns 1o0yTky GpyHKIiOHATIB 32
¢dopmyioro Oypyriy-Hosikosa OTPUMYEMO cucTemMy IHTErpo-
mudepeHIiaIbHUX PiBHIHD

d X)), _ 0 XD, . ~ X1
i 6Z(T)>-A<62(T)>+B£drll<(t Tlxaz(r)a tr) <y <t (11)

3 MOYaTKOBUMH YMOBaMU



106 ISSN 0132-14Tluip matepiaiis i Teopis copya. 2014.Ne 92

X(T), _ < oX(t), _
ITicns BapiroBanus (10)mo z(T;) mpu (T<T; <T,<t) MaeMo cucTeMy
d, %) S2X(t) X1 13)

at Sxmeg) 5105 @y N5 @ @)s @)

3 MOYaTKOBUMH YMOBaMH1

t
)+ B[ dt, K(t-1
0

&FX(T) |, X1 X()
<62(T)62%T1)>_B< 52(T1) ) <52(‘[)62('[1)>_0’ <Ty. (14)
Po38’ si30k 3agaui Komi (13)3anuiiemo y BUIsIi
&X(t) B(1),

<W> Py (t—14) B ¥ ) (15)

ne §,(t) — dyHmameHTanpHa MaTPHILL, SIKA € PO3B’I3KOM JH(EPCHIIATEHOTO
PIBHSHHS

L0 0=AB, () (16)

3 moyaTkoBuMu ymoBamu P (0)=E .
Micns migcranoBku (15) B piusnus (11) oTpuMaemo Bupas

o 0 . O
4 6)2(((3> <6>2‘((t;>+3j oty K( 1) By t-1) B 5X§(Tl)) L T<T<t. (17)
Po3p’s130k 3amaui Ko (17)3amumemMo y BUTISII
(S =0 (1) B 18)

e P,(t) — dynaameHTanbHA MATPHLS, KA € PO3B’A3KOM AM(EpPEHLIaIbHOrO
PIBHSHHS

t
L0,(0=Ab,(0)+ B[ drK(-DB,(-D BI D), T<t.  (19)
0

3 moyaTKoBUMH yMoBamu ), (0)=E .

®ynpamenTanbHa Marpuus J, (t) Mae Bursn

)
_ X))\ _| \ 0z(1)
wl(t)_<az(r)>_ 3%, (t)

(50)

B cBoto uepry, pynnamenransHa Matpus P, (t) 3amaetbes BUpa3oM

- l-I'Jll 20
[%j ' 0



ISSN 0132-14710mip matepianis i Teopist ciopyn. 2014 .Ne 92 107

lTJz(t):(i(t)):{gfz((tt))ﬂ:mzj : (21)

3 ypaxyBanusMm ¢opmyn (20) ta (21) Hagamo cuctemi (19) HactymHOrO
BHTIISITY

t
%(X(t)>:A<$<(t)>+ Bl K(t1) @, (1) B XD) ¢, Ostst. (22)
0

3pobumo mepexix mo uacy U=t-T y Bupasi (22) npu oO4ucneHHi
iHTEeTpaty, BpaxoBytoud, mo npu 1=0 u=t,anpu 1=t u=0:

t 0
[KE-DP,t-1)B(X(1)) dr=] K(UP.() X t ) (- dy=
0 t

t
=[K(u)Py(u) B{X(t-y) du (23)
0

Tomi piBusHHA (22) MEpenwIIeTbCs Yy BUIUIAAI HACTYIHHX iHTETPO-
nudepeHIaTbsHIX PiBHAHD

t
%(f((t)):A<$<(t)>+ B K(U%;(9) BX ¢ 3) dy, Osust. (24)
0

Interpo-gudeperuianpui  piBHsAHHA ~ (24) ONHMCYIOTH  CTOXaCTHYHI
napaMeTpUyHl KOJHMBAaHHS NPYXXHOI CHCTEMH 3 YpaxyBaHHSIM IIONEPEIHIX
CTaHIB CHCTEMH. 3ajada CTOXacTHYHOI CTIHKOCTi c(oOpMyiabOBaHa Yy
cepeHbOMY BITHOCHO MOMEHTHUX (YHKIiH (pa30BHX KOOpIMHAT IEPLIOTO
HOPSIIKY.

2. TecroBa 3agaua. JIOCHIKYIOThCS HapaMETPHUYHI KOJMBAHHS JIIHIAHOI
MPYXKHOI CHUCTEMH 3 OJHHMM CTyIlEHEM BIJIBHOCTI TPH CTaliOHAPHOMY
EKCITOHEHITIATbHO-KOPENbOBAHOMY BIUIMBI 3 ypaXyBaHHSM IOTIEPEIHIX CTaHIB
cuctemu. CTOXacTUYHI TapaMeTPUYHI KOJMBAHHA TPYXKHOI CHCTEMH
OIUCYIOTHCS 3a J0IOMOroro piBHsHHs (24). Marpuni A i B o0umciomThCs

3a popMyIaMu
As 0 1 B= 0 0 (25)
b -28w] [ 0

Komnonentu ¢ynnamentansHoi matpuni  (;(t) e poss’sskoM cuctemu
mudepeHIiaIbHIX PIBHIHB 3aTYXal0unX KOJIHBaHb

% W, (1) =w,(1),
% Py () =—005W 15(t) ~ & b 14t)

3 moyaTkoBuMu ymoBamu ;(0)=1, Y;,(0)=0.

(26)
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[li KOMITOHETH MalOTh HACTYITHUN BUTIISA

Wy, () =% | costyy t+——e & sinp t

V1-€° (27)

_ o-Eopt SINOpt

Ppo(t)=e Ty

e =75
Po38B’ 130K piBHSHHS (24) IIyKa€MO Y BUTJISI
(x(1))=€"sinwt,

(28)

<X(t)>: < 2(t)> <Xm(t)> )\e?‘tsin(k)t+é\tooCOSx)t‘

a 32 BHIAJIKOBEC HABAaHTAKCHHS MPUAMAEMO EKCIOHCHIIATFHO-KOPEITbOBAHUI
BIUIHB 3 KOPEJLIIHHOK (DYHKITIE0

K(t)=o2e™ ", (29)
ne O — mapaMmeTp, SKWil XapakTepu3ye KOpEISIiiHYy 3aJIeKHICTh MpoIecy B
pi3HI MOMeHTH Yacy t, 03 — IHTEHCHBHICTH BUTIAJKOBOTO BILTUBY.

Cucremy iHTETpO-TU(EpPEHIIaATbHUX PIBHAHB, IO OIMKHCYE CTOXACTHYHI
nmapaMeTpUyHi KOJHMBAaHHS MPYXKHOI cucteMu (24) 3 ypaxyBaHHAM (GOpMyI
(25)-(29)mpeacTaBuMO y BUTIISII

%(xl(t)):)\e‘\t sinwt+ &lwcogwt

%(xz(t»:—w%e‘“ sinwt- ZEwo()\ " sinw t+ 8'w coso )+

Tk
& (t-u)
+0pad | €M et | coswy u+\/_ sinp u| 8 sino( £ ) de (30)
1-¢

t—Tk
+A2eM sinwt+ A etwcoso t+A &lw cos + &'’ sim #

Tk

—wpof [ &7 e SN costy, Ut——— & ~ sirop U 80 simo( & 4 du
0 4/

BBeﬂeMO IIO3HAYCHHA

F(t-T1,,t)= j e Zon(cost u+1 EE simop ) AW simy (£ u)dy, (31)
=Ty
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R(0,7,)=A?&" sinwt+A d'w coso trA &'w com + ¥’ sim +

+28y, (A sinwt+ 'w cosot )

—02| L sinwt &k (Bcos@zrktg;l SIn;T, ), e p cos*)zzrk+i)2 sibg, )
2 B +oy B +w,

- cosut &' (Beoswy T ~w; cosdT, ) & R ST, -, codxy ),
BZ +(012 BZ_'_(O;Z
L &sinat T (Bsinwy T, —w, COIT, ), € B sind,T,—w, oL, )
\/1_22 BZ+('012 B2+(*);2
_Ecoswt [ € (Beosw, T, +6, SiNd,T, ) €% B coBT, +Q), ST, (32)
\/1_22 BZ"'(JO;Z Bz+(*)_|*_2 ’

ae B=—a-&uy—A, W =0p+W Ta W, =Wp ~W.
3 ypaxysanuam (31) ta (32) cucrema iHTErpo-mudepeHIiaabHuX PiBHIHb
(30) mepenuireTbest y BUIIIS

%(xl(t)):)\e‘\t sinwt+ twcot,
%(xz(t)):—m%é“sinwt— Zw, (A " sinw t- 8'w coso t (33)
+0h05F (t,t-T, ) +R(0,Ty ).

B poGori mns orpumanHs po3B’si3ky cuctemu (33) 3actocoByeThes -
CTamiiHuN HerlepepBHUN MeTo PyHre-KyTTa M’ iTOro mopsaky i3 BKIaJCHAMH
dopmynamu  Jlopmana-Ilpuaca [4]. Ha xoxHOMY KpoIi IHTErpyBaHHs
piBusnnas (33) imterpan F(t,t—T,) Bu3HauaeThcst 3a IOMOMOTrow (OPMyIH
Cimcona-KopHoyxoBa.

Ha puc. 1 npencrasneni pe3ysibTaTd AOCIIKEHHs BIUIMBY IHTEHCHBHOCTI
CTOXAaCTHYHOTO HABAHTAKCHHS 05 Ha CTOXACTHYHY CTIHKICTh MapaMEeTPUYHHX
KOJINBAaHb CHCTEMH IIPH (,00=(.0=1,Oc'1; £=0,05; T1,=5¢; a=A=L10. IIpu

0(2)=O MapaMeTpUdHi KOJMBAHHS BIiJICYTHI, CIIOCTEPIraloThCS 3aTyXarodi

KOJIMBAaHHS CHUCTeMH. [Ipu 30UTbIICHI I1HTEHCHUBHOCTI IapaMETPUIHOTO
HABaHTAXCHHS 30UTBIIYETHCS aMIDTITY/Ia TApaMETPHYHIX KOJIHUBAHb.
Crifikuil peXuM MapaMeTpUIHHUX KOJHBAHb CHCTEMH CIOCTEPIraeThCs MPH

0(2):0,01 (puc. 24), a Hecriiikuii — npu 0520, 25 (puc. 2p) ta GS =1,0.
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(=t
40
3,0
2,0
10
0,0
-100
2.0
3.0
4.0

Puc. 1. BB iHTEHCHBHOCTI CTOXaCTHYHOTO HABAHTA)KCHHS HA THHAMIUHY MOBEAIHKY

cucremn (1 - 05=0; 2 — 05=0.01; 3 - 0-=0.25; 4 — 6> =1.0)

{xfeh

| . <XZ(I)>
1 5

ole )y

2-@@)}

Puc. 2. BIuMB iHTEHCUBHOCTI CTOXAaCTHYHOIO HABaHTAXXEHHsI Ha CTIHKICTh CHCTEMHU

Cefeh

05
0p

a5

6
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OuiHka BIUIMBY KoediuieHTa AeMndipyBanHs § Ha AMHAMIYHY CTIHKICTh
CHCTEeMH TMpEACTaBlIeHa Ha puc. 3 1 BHKOHaHA TpPHU ooo=oo=1,0c'1;
0§=0, 25;1,=5¢; a=A=1,0. IIpu 36inbmeHH] KoedilieHTa nemMndipyBaHHsI

aMIUTITya TapaMEeTPUYHHUX KOJNHUBAHb CHCTEMH 3MCHIIYETHCS, MPH IBOMY
CIIOCTEPIraeThCs MEPeXij] 3 HECTIHKOTO PEXKUMY KOJIMBAHb Y CTIHKHUIA.

el

0.5

Puc. 3. BB koedinieHTta eMndipyBaHHs Ha THHAMIYHY HOBEIIHKY CUCTEMH
(1 -£&=0,05; 2 <=0,2; 3 <£=0,5)
JocaipKeHo BIUIMB HPOMDKKY 4acy T, AKUH XapaKkTepusye NonepenHiit

CTaH CHCTEMH, Ha CTIHKiCTh po3B’3Ky 3axadi (33) mpu wy=w=1, oct GS =1,0;
£=0,05; a=A=1,0 (puc. 4).

Puc. 4 Bims mpoMikKy gacy T, Ha THHAMidHY MOBEIiHKY CHCTEMH

(L-1,=25¢;2-1,=5¢; 3 -1, =7,5¢)
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KpwuBi, 1o oMMcyroTh CTOXACTHUYHI MMapaMeTPpUIHI KOJIMBAHHS CUCTEMH TPH
T, =5c 1a 1,=7,5¢, cuniBmagatots. [Ipn T, =2,5¢ KONMMBaHHI MAIOTh MCHIITY

amIUITy Ty 1 Olnbmmii nepiox KonuBaHb. Lle cBiqUUTH Mpo Te, IO MPOMIKOK
yacy, SIKMH XapakTepu3ye IONEpeaHid cTaH CHCTeMH, HEOOXiJHO Minoupatu
TaKUM YHHOM, 1100 po3B’s130K 3anaui (33) OyB CTiliKuM.

BucnoBok. Po3poOineHa 4ucenpHa METOAMKA JO3BOJISIE HAa OCHOBI
pEelyKOBaHMX MOJENIeH MapaMeTpUYHUX KOJIMBaHb IPYXKHUX CHCTEM NpH
CTOXaCTHYHOMY BIUTMBI 3 YypaxXyBaHHSAM iX IONEPEIHIX CTaHIB OCIITUTH
JNUHAMIYHY TIOBEIIHKY MIPYXKHOI CHCTEMH Ta OIIHUTH ii CTOXaCTHYHY CTIHKICTb.
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Bopona FO.B., Jlykeanuenxo O.A., Kocmuna E.B.
CTOXACTHYECKHUE NAPAMETPUYECKHUE KOJIEBAHUS YIIPYTUX CUCTEM C
YYETOM UX OPEABIIYIIMX COCTOSIHUM

IToctpoeHne peayLUpPOBAHHBIX MOJETCH CTOXaCTHYECKHX IMapaMETPHYECKHX KoeOaHHi
YIPYTUX CUCTEM C Y4E€TOM UX HPEIBIAYIINX COCTOSHUI BBIMOJHEHO HA OCHOBE METO0B KOHEUHBIX
3JIEMEHTOB, 00OOIICHHBIX KOOPJMHAT, aCHMITOTHYECKOTO METOAa M (DYHKIIMOHAIBHOTO TOAXO0/A.
3amaya CTOXaCTHYECKON YCTOMYHMBOCTH C(HOPMYIUPOBAHA B CPEIHEM OTHOCHUTEIHHO MOMEHTHBIX
¢dyHKIMiA (a30BBIX KOOPAMHAT IEPBOTO MOpPsIKa. PelieHue 3aauyl BBIMOIHEHO C MOMOIIBIO /-
CTaqUHHOTO HempepbIBHOTO MeTona Pynre-Kyrra 5-ro mopsinka u BioxeHHbIX hopmyn JJopmaHa-
Ilpunca. B kauecTBe mpuMmepa HCCIECIOBaHA CTOXACTHYECKAas YCTOMYHMBOCTbH MApaMeTPUYECKUX
KOJIeOAHUH YIIPYTOM CUCTEMBI C OHOM CTEIIEHBI0 CBOOOIBI C YUETOM €€ MPEABIIYIINX COCTOSHHUMN.

KuroueBble clloBa:  MapaMeTpUYECKUE KOJEOAHMs, CTOXAaCTUYECKas YCTOHYUBOCTb,
MOMEHTHBIC (YHKLUH, PEAYLIHPOBAHHASI MOJCIb.

Vorona Y.V., Lukianchenko O.0O, Kostina O.V.
STOCHASTIC PARAMETRIC VIBRATIONS OF ELASTIC SYSTEMS WITH REGARD
TO THEIR PREVIOUS STATES
Reduced models of stochastic parametric vibratidredastic systems with regard to their previous
states were constructed on the base of the fitetaent method, generalized coordinates method,
asymptotic method and functional approach. Stozhasability problem was formulated in the
average for the moment functions of the first onlease coordinates. The stability of stochastic
parametric vibrations of the single degree of foerdsystem with regard to its previous states was
investigated by the 7-stages 5-order continuousgBdutta method and nested formulas
Dormand-Prince.

Key words: parametric vibration, stochastic stability, momfemictions, reduced model.
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YK 539.3

O.1. Bespepxuii’, 1-p (is.-mMaT. HayK
B.B. JleBueHKo ", KaHA. (i3.-MaT. HAYK
0.1. MakieBcbKuii®

Ynemumym mexanixu iveni C.I1. Tumowenxa HAH Yipainu
eyn. Hecmeposa, 3, m. Kuie, Yxkpaina. 03057

TAPMOHIYHI KOJIUBAHHSA IT' €30KEPAMIYHOI KPYTJIOI
IVIACTUHHA 3 ABUMYTAJBHUMMU PO3PI3AMMU EJIEKTPO/IIB

BHKOHAHO JOCITIUKCHHS BIUIUBY a3UMYTAIBHUX PO3PI3iB €IEKTPOIHOTO MOKPUTTS HA YaCTOTH
1 popMH KONMBAHb 1’ €30€NICKTPUYHUX KiJBLEBHUX [UIACTUH, SKI MOISIPU30BaHI IO TOBLIMHI.

KrouoBi cioBa: kinblieBa Ibe30KepaMiuHa IUIACTUHA, a3UMyTaTbHHU PO3pi3 €IEKTPOIB,
MOPIBHSIBHUH aHAali3 9acToT i GOpM Iy KHOEIEKTPUIHUX KOIUBAHb.

Beryn. B 1’ e3oenekTpiuyHux Bibparopax Kpyrioi koHpirypaunil (Zucku ta
KiNbIsT) BJacHi (GOPMH OCECHMETPHYHHX KOJHMBAHb, MOYMHAIOUH 3 JPYroi
BiacHOi yactotH (Ha 0OepTOHAX) MAlOTh BY3JOBI KOHLEHTPHYHI Koia [5,7].
BHacnmiiok BUHHUKHEHHST 30H PpO3TATYBaHHS 1 CTHUCHEHHS 3HHXKYETHCS
e(DeKTHBHICTh ENEKTPOMEXaHIYHOTO 3B'S3Ky. 3 METOI0 YHHKHEHHS TaKOTO
HEIOJIKY 3alpoloHOBaHO [5] po3pi3aTH  €NEKTPOJAHE IOKPHTTS  IIO
KOHIIEHTPUYHUX KojaxX. OmyOnikoBaHi TEOPETHYHI IOCHiDKCHHS B IIHOMY
HampsiMi He JaroTh JOCTaTHBROI iHQoOpMaIli aHamizy IhOro SBHUINA, MO 1
CIIPUYHMHWIO BUKJIACHI B IaHIN CTaTi JOCHTIKCHHS.

1. MocranoBka i 3arajpHMil Po3B si30k 3anaui. [lranapHi rapMoHiYHI
KOJIUBAHHS I €30€JEKTPUYHOT KpPYyrJIoi IUIACTUHH 3  EJIEKTPOJOBAaHMMHU
JMUEBMMH TUIOMMHAaMM  Z=1h/2 npu mIocKoMy Hampy:KeHOMy CTaHi

(U,=4=0, 0,,=0 ,=0 4, E,=E,=0) y Bumaaky oOcecHMMeTPHYHOI
nedopmMartii OnucyroThCS piBHAHEIM [1,2,3]
0%y, 10u y 2\.E
—t==——=(1-Vv — 1
arz r ar r2 ( E)S.I.lpdz ( )
1 hopMyIaMu JUIs MEXaHIYHUX HaNpy>KeHb Ta eIEKTPHYHOT IHAYKIIT

1 ou 10u,
TavDsh ( T Ver e (Ve >d315z) '

1 [, 9u 10Uy _ a
_(1—\)%)5151(\)'5 ar 1 09 (I+ve)dsE, |, 2)

D, =05,(0, +0p) +d30, +€54E,.

0%y

118

Ogg

D Bessepxuit O.1., Jleuenko B.B., Maxkiescbkuit O.1.
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B cmiBBigHOmenusx (1), (2) S_LEl, fz - TpYXHI CTali TpHU HYJIHOBOMY
enekTpuuHOMy oM, Og— m'e30enextpuuna crama, kZ=(1-vZ)sHpw?,
Ve =-S5 / S - anasor koedirienta [yaccona, p - rycTHHa MaTepiany.
Po3rigHeMO KinmbLEBY NIAacTUHY [G<I <f, 3 ABOOIYHMMH pPO3pi3OM
eJIeKTPOAHOTO MOKPUTTS 110 KiJbLEeBii JiHii I =r;. Po3s’s30k piBusuHA (1) npn

rapMoHiunux komuBaHHAX f(r,t)=Ref? { )expwt 6yme Takum [4]

u(r)=RAL(k )+ RBY( k J, ro<r<n

U (r)=RAI(k)+RBY( Kk}, mi<r<n 3)
Po3B’s3ky (3) BiZ[HOBi,Z[aIOTB MeXaHiuHi HaTpyXeHHa O, Ogg
o = (Aa(ke )+ Bk )1+ &) ds B, ) €',
1(1 VE)
0h= g,z (A (ke Bk )-(1+ ) dsBa ) &, (4)
511(1 )

ra<r<r,, n=12
B dopmynax (4) BBeieHO Taki MO3HAYEHHS

a (ke 1) =ke Ry (e §=(1- ) (ke );
b (ker)=ke RY ( fe )=(1- ) Y( ke )
8, (ker)=Veke RY (ke §+(1- )R (e )
8, (ker)=Veke Rk +(1- )2 3( k).

TyT BHUKOPUCTOBYIOTbCA IO3HAUYEHHS SE=§1(1—V2E), E,on — ammmiryam
HampyxeHocTi  enektpudnoro mnons  E, \.=ReE,, .expwt wa ximbui

M <r <r,. IlpumifMaeTbcs, W0 A7d BCIX Kinenp [, 4<I <l 3aJIUIIAIOTbCA
CIpaBeNTMBIMH TPUIYIICHHS MPO IUIOCKWHA HANPYXXEHHWH CTaH i y BCIX HHUX
EJICKTPUYHUM TIOTEHIial TMOoJIg He3aJeKHWH BiJ IUTAHAPHUX KOOPAMWHAT 1
3MIHIOETHCS TI0 TOBIIWHI 110 JiHITHOMY 3aKOHY.
3 YMOB CHpsKEHHs IO JIiHii pO3pi3y €NEeKTPOMiB [; IpH JOCKOHAIOMY
MEXaHIYHOMY 1 €JICKTPUYHOMY KOHTAKTax
u (n=0,t)=u, (r+0t), o, (r,-0t)=0, (ry, +0t) (5)

OJIEP)KMMO CHUCTEMY aJIreOpaiYHuX PiBHIHD
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Ad(ke)+BY(k )= A k 5+ BX k |,
Aa (ke )+ Bb(k p—-(1+ &) dizE, &
=Aay (ke 1)+ Bob( ke =1+ ) di3E, - (6)
MaeMo 4OTHpH MOXJIMBI KOMOiHALIl IPAaHUYHUX YMOB IIpU =l 1 I'=f, Ta
BIAIOBiIHI CHCTEMU AJA BU3HAUeHHs HeBimoMux ctamux A, B, A, By:
1. >KOpCTKO 3aKpiINIEHUi Kpai I =I'; —>KOPCTKO 3aKpilieHui Kpait I =r,
A (ke 1)+ BY( ke 6)=0,
A Ji (ke )+ BoyYy( ke 1)=0; (7)
2. KOPCTKO 3aKpilIeHUH Kpail I =I, —BiIbHUII Bill HANpyXXeHb Kpait I =T,
A (ke 1)+ BY( ke 6)=0,
Aay (ke )+ Boby( ke ) =(1+ &) disEa (8)
3. BiUIbHUM BiJ HANpy>KeHb Kpail I =I; —>KOPCTKO 3aKpiluieHuil kpail r=r,
Aay (ke o)+ Biby( ke 1) =(1+ &) disEq
A dy (ke )+ BoYy( ke 1)=0; )
4. BinbHUIL BiA HaNpy»KeHb Kpall I =l —BiNbHUI Bix HaIpyXeHb Kpail I =r,
Aa (ke o)+ Bby( ke 1) =(1+ ) disEq
Avay (ke iy )+ Boby( ke i) =(1+ Vi) dis B (10)

3agava Mpo BH3HAUCHHS OCOONMBOCTEH (OopM KONMBAHHSA 3BOJHUTHCS MO
PO3B’ 3Ky CHCTEM anreOpaiyHHUX PiBHSIHb. Y BHIMAIKY TPAHHYHHX YMOB KOJIH
Kpail I=r, BiNbHMI Bix HampyxensO(l;,t)=0, a kpail r=r, — »XOpCTKO
3akpimeHnid T00T0  U(r,,t)=0 1 mnporudasHuM 3 €IHAHHAM EIEeKTPOAIB
CHCTEMa Ma€ BUTIISA

a(kelo) bi(kero) 0 0 Al | (+ve)disEpay

Jken) Yilken -Jdlkn -Ykn|L B_ 0

a(ken) biken) -alken) biken || Ay | 2(1+ve)disEpy |
0 0 Jiler) Yilern)][ B 0

VY Bumagkax IiHIIUX TPAaHWIHUX YMOB 1 3'€IHAHb EJEKTPOMIB CHCTEMH
OyIyTh MaTH TIOIOHMIA BUTJISII.

2. YncenbHi pe3yabTaTH Ta iX aHami3. PosrmsiHemMo I €30KepamiuHy
KUTBIICBY  IUIACTHHY 3  HACTYIHUMH  MaTepialbHUMHU  IapamMeTpaMu

p=7740kz/ m° st =15,210%2 x%/H , s5=-5,810"2x%/H ,
dyy=-125010% Ko/ H E,a1=E;32=20006/m, mo Binnosimae 1’ e3okepamirti
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IITC-19 [2, 6]. AHani3 mpoBoAMBCS NPH BiAHOIICHHI paaiyciB Iy /r,=0,4 i ns
OJJHOTO JAiaMEeTPajbHOTO PO3pi3y €IEKTPOJHOrO HOKPUTTS HA pPafiyci [gy.
PospaxyHKH MHPOBOAMIMCH [ O€3pO3MIPHMX BIACHHX 4acToT KgpR=W.
PosrisimaBess  BapiaHT 3'€QHAHb EIEKTPONIB IPH  SKHX HANpyXEHICTh
eJleKTpUuHOTrO mojsi E B wacTMHax Kinbls piBHa 3a BEIMYHMHOIO, ajie
MPOTHJIC)KHO HaIlpaBJIeHa.

Po3paxyHKH 103BOJISIOTE 3pOOUTH HACTYITHI BUCHOBKH: HasBHICTH PO3Pi3iB
€JICKTPOJHOTO MOKPHUTTS HE BIUIMBAE HA 3HAUCHHS BIIACHHUX YAacTOT KOJHMBAHb
IUIACTUHH; (OPMHU KOJMBAHb JUISi MOJ IOYMHAIOYM 3 APYroi MaioTh BY3JIOBI
toukr (U(r)=0) paxmiyc posTamlyBaHHSA SKHX HE 3AJIEKUTh BiJ HasBHOCTI
po3pi3y eNeKTPOAHOTO MOKPUTTS 1 Horo paxiycy; GOpMH KOJIHBAaHb B MaJIOMY
OKOJIi BY3JIOBUX TOYOK ISl INTACTHHH 0€3 po3pi3y 1 3 po3pi3oM CHIBNAAAIOTh.

B Tabnumi 1ns mepiuMx 4OTHPHOX MOJ| HaBEAEGHO YaCTOTH 1 BIIHOCHI
pagiycu r,/r, By3JIOBUX TOYOK U ABOX THIIB rpaHMYHuMX ymoB (1 tum -

BimbHUN BHyTpimmHil kpait Iy (0(rg,t)=0) 1 3akpimieHnii 30BHIMIHIN
r, (U(ry,t)=0) 2 tun - 3akpirieHHs mo BHYTpilIHBOMY paniycy fo(U(ry,t)=0)
i BimeHa 30BHIMMHSA TrpaHuns [,(0(r,,t)=0)) mms mmactuH 3 pospizamu
EJIEKTPOIHOTO MOKPHUTTS i Oe3 (0AHOpinHa IacTuHa).

) ; By310B1 TO9KK
Tpamntsi | oo | wacrora | omopuol | coyvomten
IUIACTUHU ENeKTPOIIB
1 1 3.20884 - 0.887
2 8.04387 0.65805 0.55
3 13.20123 0.5221 0.485
0.76136 0.795
0.975
4 18.40479 0.4876 0.46
0.65805 0.68
0.8291 0.81
2 1 2.76583 - 0.68
2 7.93913 0.8027 0.865
3 13.14434 0.881 0.46
0.641 0.59
0.92
4 18.36553 0.5718 0.605
0.7434 0.705
0.9147 0.95




118 ISSN 0132-14Tluip matepiaiis i Teopis copya. 2014.Ne 92

IIpu 3miHi paxgiycy po3pisy Bim [y 100 [Ip3HadeHHs U(r,t) 3MiHIOETHCS
Nepexo/sIuy uepe3 HyJIboBi 3HaueHHs. KiNbKICTh HYJIOBUX 3HaYEHb 3aJIC)KUThH
BiJl HOMEpa MOJH 1 3aBXIM € HemapHUM 4ucioM. Lli Toukn Oynemo Ha3uBaTH
By3JIaMH OOYMOBIJICHHMH PO3pi3aMHy €JIEKTPOIAHOTO IIOKPUTTSI.

Ha puc. 1 - 3naBeneno ¢popmu konuBaHb y Bunanky 1, Ha puc. 4 - 6 —y
BUnaaky 2 mis Tperboi mMoau. Ha pue. 1 i 4 Toukamm HaBegeHO (GOpMHU
KOJIMBaHb NpHU BiacyTHOCTI po3piziB. Ha puc. 1, 2, 4, Supuseneno ¢opmu
KOJIMBaHb B OKOJIi To4ok ne U(r,t)=0 Timekd npu HasABHOCTI po3pisiB

eJICKTPOIB, a Ha puc. 31 6 MoOIM3y BY3JI0BHX TOYOK B IIACTHHI O3 po3pi3iB
EJIeKTPOIB.

uy iy
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0.001
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Slk BUTIKA€E 3 pe3yJabTATIB PO3paxyHKiB, YACTKOBO MPUBEICHUX Ha puc. 1 -
6, HajABHICTD pO3PI3IB CYTTEBO 3MIHIOE BHUIJISA KOJHBAaHb, 3 SIBJISIOTHCS
3HAUEHHS PajiyciB po3pi3y ENEKTPOIiB TpH SKUX KOJWUBaHHSI B TUIACTHHI
BIJICYTHI, B OKOJII IIUX PaJiyCiB aMIUIiTy/la KOJWBaHb MiHsI€ 3HaK. Ilpm
HaOJV)KEHHI 3HAYCHHS [1 O BY3JI0BOI TOUKH BMIJIS KOJIMBAHHS CITIBIIAJNAE 3
KOJINBAaHHSIMH B TUIACTHHI 3 OJTHOPITHUM MOKPHUTTSAM i aMILTITyla KOJIUBaHb HE
3MIHIO€ 3HAK, 3MIHIOETHCS TUTBKU aMILTITY/Ia.

Posrisaemo 3anexsicte U(r,t) Big

r, 1msg BinbHOI rpamuni. Ha puc. 7 r
HaBeJICHO CYIILHOIO JIiHI€I0
nepeMillieHHsd Ha TpaHMIi [y IIpu
3aKpiIUICHIA 30BHIIIHIN rpaHWIi, a
JIHIA 3 MITPUXIB BigmoBimae
MEPEMIIICHHI0  TIpH r=r, npu

3aKpiruieHid BHYTpilIHIA rpanui. Mae
CEHC PO3TILIHYTH NPH SKUX 3HAYCHHS
pamiycy  po3pi3y  CIIOCTEpiraeTbes Puc. 7

HYJIbOBE HIEPEMIIICHHS.

BucnoBkn.  HasBHicTh  a3uMyTalbHUX  pO3pi3iB B IOKPHTTI
ME30KepaMivHUX HE IPU3BOJMTH /10 3MIHM BIIACHUX YacTOT KOJMBaHb. By3moBi
TOYKH (TOYKH B SIKMX MEPEMILllCHHS NOPIBHIOE HYJEBi) HE 3MiHIOTH CBOTO
po3TalryBaHHS IIPM HAasBHOCTI po3pi3iB. POpMH KOJMBaHb IUIACTHHU IIPU
HasBHOCTI pO3pi3iB 1 0e3 po3pi3iB CHIBNAAAIOTh Yy BY3JIOBHX TOYKaxX
CIIBMAJAa0OTh. B pemTi BUMAAKIB CIIOCTEPITAETECS CYTTEBA BIJAMIHHICTD
KOJIMBaHb. 3MIHOIO pajiiycy po3pidy MOXHa KepyBaTH aMILTITYI00 KOJUBAHb i
3MiHIOBAaTH ii Ha MPOTHISKHY. [IpH MEBHUX 3HAYEHHSAX Palliycy KOJTWUBAHHS
aMIUTITYyIa KOJIMBaHb piBHA HYJEBi. UMCIIO TaKWX 3HAYCHD € HEMapHe 1 pocTe 3
POCTOM MOJH KOJIHBAHb.

04 06 0.2 1
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beseepxuii A.U., Jleguenko B.B., Maxuesckuii A.1.
TAPMOHUYECKHUE KOJIEBAHUS NMbE3OKEPAMHUYECKOM KPYTI'OBOM
IVIACTUHBI C ABUMYTAJIbHBIMU PA3ZPE3AMMU DJIEKTPOJ0OB

IIpoBeneHo ¥ccleOBaHUE BIHMSHHS a3MMYTAIBHBIX Pa3pe30B JJICKTPOAHOIO IMOKPBHITHS Ha
9acTOTHl U (OPMBI KONEOAHMI MHE302IEKTPUIECKAX KOIBIEBHIX IUIACTHH MOJSIPH30BAHHBIX 10
TOJIIMHE TIPU PA3JINYHBIX TPAHUYHBIX YCIOBUSIX.

KiroueBble c10Ba: KONbLEBas MbJ30KEpaMUUecKas IUIACTHHA, a3UMYTaJbHBIC pa3pe3bl
JJIEKTPOZOB CPABHUTEIBHBIN aHAIIM3 YaCTOT U (JOPM YIPYTrOIEKTPUUECKUX KOJICOaHUiA.

Bezverkhyi O.1., Levcenko V.V., Makievskyi O.l.
HARMONIC VIBRATIONS OF PIEZOCERAMIC RING PLATE WITH AN
AZIMUTHALLY CUT OF ELECTRODES

Research of influence of azimuthal cuts of elearodverage is conducted on frequencies and
forms of vibrations of piezoelectric circular platpolarized on a thickness is executed is under
various boundary conditions

Key words: ring piezoceramic a platazimuthally cut of electrodes, comparative analgsis
frequencies and forms electroelastic vibrations.



ISSN 0132-14710mip matepianis i Teopist ciopyn. 2014 .Ne 92 121

UDC 539.3

V.A. Bazhenov', Doctor of Sciences

N.A. Solovei]*, Doctor of Sciences
O.P. Krivenko!, Ph.D

!Kyiv National University of Construction and Architeatur
31 Povitroflotsky Avenue, Kyiv, Ukraine, 03680

MODELING OF NONLINEAR DEFORMATION AND BUCKLING
OF ELASTIC INHOM OGENEOUS SHELLS

The paper outlines the fundamentals of the metfi@dloing static problems of geometrically
nonlinear deformation, buckling, and postbucklirehavior of thin thermoelastic inhomogeneous
shells with complex-shaped mid-surface, geometrfealtures throughout the thickness, and
multilayer structure under complex thermomechanioalding. The method is based on the
geometrically nonlinear equations of three-dimemsidhermoelasticity and the moment finite-
element scheme. The method is justified numeric@lymparing solutions with those obtained by
other authors and by software LIRA and SCAD is caned.

Key words. geometrically nonlinear deformation, bucklingntielastic inhomogeneous shell,
thermomechanical load.

Introduction

The trends in the development of structural engingeand the design of
thin-walled shell structures call for refined numal methods for the analysis
of the nonlinear deformation and buckling of vasoshells. Real shell
structures are made inhomogeneous (smoothly-variabtl stepwise-varying
thickness, knees, ribs, cover plates, holes, esyithannels, facets, layers) to
enhance reliability and reduce materials consumptibhermal fields may
cause substantial strains and affect the modedfiare to buckling.

The present paper outlines a method for and resiltsolving static
problems of nonlinear deformation and buckling afiwus shells subject to
mechanical and thermal loads, because of uniforthadelogical positions of
the 3-d geometrically nonlinear theory of thermettity and the finite-
element method (FEM) [4-12, 32, 50-55, 60-64].

The stabilty of shells is addressed in many stdie
[1, 14,17, 19, 22, 24, 25, 31], where various aggions are made to simplify
problem solving. A few studies are concerned with thermal stability of
shells of simple geometry [2, 15, 16, 19, 22, 4], 4he three-dimensional
approach to the study of shells is addressed imthreographs [20, 28, 37, 47],
papers [29, 34, 36], and reports [33, 38, 39], Whiave recently increased in
number. The three-dimensional nonlinear deformatmmd buckling of
inhomogeneous shells were studied in a few puliicat[9, 36, 37]. In the

U Bazhenov V.A., Solovei N.A., Krivenko O.P.
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FEM, this approach involves creation of design nedemsed on universal
spatial finite elements (FES) [13, 29, 36, 37,58,60-64].

1. Problem Formulation

1.1. Basic Principles and Hypothesis. We will solve static problems of the
stress—strain state (SSS), buckling, and postinglkdehavior of a wide class
of thin inhomogeneous shells subject to externakhaeical loads and
nonuniform bulk heating. The SSS of a shell andstitactural elements at all
stages of loading in both prebuckling and posthingktiomains is determined
using the geometrically nonlinear equations ofttiree-dimensional theory of
thermoelasticity and taking into account all noelin terms and all the
components of the strain and stress tensors. Bintmmogeneity of a shell is
meant that (i) its thickness is continuously orpstise variable and (ii) it
consists of combinations of multilayer stacks aldimg thickness and in plan.
The casing of the shell and the ribs reinforcingah consist of an arbitrary
number of layers of varying thickness bonded intsiryle piece. Each layer
can be anisotropic and different from the othetsusl thin multilayer shells of
variable thickness and complex geometry are cormidas three-dimensional
bodies that can be reinforced with ribs and covateg, weakened by cavities,
channels, and holes, and have sharp bends in theurface (Fig. 1).

Shell sections with stepwise-variable thickness

Casing with constant thickness

Cover plate

Casing with
stepwise-variable Casing with smoothly-variable
thickness thickness
. Hole
Ribs
Fig. 1

The SSS of the shell is represented in a localilmear coordinate system
X' with basisg = of/ax' and a global Cartesian coordinate systeim with

basisg,. = or/ox*" (Fig. 2) [61, 64].
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Fig. 2

The nonlinear deformation of shells is analyzedngsihe incremental
method based on the general Lagrangian formulatiogre the trajectories of
the strain and stress vectors are constructed ubimgncrements of finite
strains and stresses in the basis of the Lagrarfgiéerence) coordinate system
[61, 64].

Two hypotheses are used to describe the SSS ofhanimomogeneous
shell.

The nonclassical kinematic hypothesis of deformedight line: though
stretched or shortened during deformation, a ditagegment along the
thickness remains straight. This segment is no¢sesrily normal to the mid-
surface of the shell. The displacements are assutiséibuted linearly along
the thickness, which is conventional in the themfrthin shells [41]. The layers
are bonded into a single piece so that there islipppage and separation
between them and the components of the displaceweetdr are equal at the
interfaces. With certain restrictions on the mateproperties of the layers, this
assumption leads to quite accurate solutions ofptbblems of buckling and
vibration of thin multilayer shells [13, 45]. Theypothesis allows us to join
spatial FEs keeping compatibility of the coordisated displacements and to
naturally model sharp bends, inclined walls of ritevities, and holes.

The static hypothesis compressive assumes thastthesesg1!l in the
n

fibers of thenth layer are constant throughout the thicknessn(althe x*-
axis):
d O_11

=0, 1L
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Consider a steady-state thermal process, in whiehémperature field in
the shell is a known function of coordinaté's-TT(k) , independent of the SSS

[61,64]. Since the shell is thin, the temperaturgyrbe considered linearly
distributed throughout the thickness of the layidre effect of the mechanical
and thermal fields on the shell is represented amgle process of loading
described by a relationship between the generad Iparameter and the
parameters of mechanical and temperature fields. siell is modeled by a
nonlinear elastic continuum subject to large disphaents and small strains
whose components are linear functions of streSdss.layers of the shell are
considered linear elastic and described by thergémed Duhamel-Neumann
law [40]

ol =C™ gkl =M (g —Ekl):dk' (eq -0y D=8 -8 ; 1.2)

€, :%(cjk'auk'/a Xi+G¥9 U /o xj)+%(6 K /o 9o &/o %, (1.3)

where gkl is the tensor of elastic strains related to irdbstresse’ ; g, is
the tensor of finite (total) Cauchy—Green straiEa; is the tensor of thermal
strains induced by a change in the initial tempeead, by T ; o =CK €u

T
are stresses dependent on total strasfs:C'™ o, T are stresses dependent on

thermal strains,C’™"' are the components of the stiffness tensny; are the

components of the tensor of thermal-expansion moefits; Clk' = ax"'/axi are

the components of the coordinate transformatiorsaenand u<' are the
displacements in the Cartesian coordinate system.

The anisotropic inhomogeneous material of the siellmodeled by
isotropic, transversely isotropic, and orthotromiaterials of its layers [51,64].

1.2. The Universal Spatial FE and its Parameters. To develop a finite-
element shell model (FESM), we approximate a tthiellsby one spatial FE
throughout the thickness, which is an efficientrapgh [13,20,28,36,37,39,48,
52,61,64]. The structural elements of an inhomogaseshell require that the
FE be universal: it should be eccentrically arrahgdative to the mid-surfaces
of the casing, it should be possible to vary thekiess of the lateral edges of
the FE; the lateral edges of the neighboring FEsulshbe in continuous
contact; and it should be possible to model shamdb in and the multilayer
structure of the shell.

The universal FE (Fig. 3) is based on an isopanatnspatial FE with
polylinear shape functions for coordinates and ldisgments [52, 61, 64].
Additional variable parameters are introduced toagice the capabilities of the
modified FE. According to its constant and variatwpological, geometrical,
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and mechanical parameters, the FE is three-dimesisend has 8 nodes, 6
faces, and 12 edges with set material constant®w@iogeneous layers, mesh

(s¢), local (x¥), and Cartesianx ) coordinates of nodes (Figad)).

FE
midsurface

SE(+1-14+) 1 SE(H#H)
k K

Xehobod) Wlepeed

3 8

gl 27 2P g

FE
midsurface

7
S

Xihobod)

“bebed) Xhobod)

b
Fig. 3

The geometry of the FESM is set in two stages: tfi¢ Cartesian
coordinates of the nodes on the bounding surfat#sed-E of the casing (SFE
is a hexahedrorABCDEFGH, Fig. 4) are set; (ii) on sections with stepwise-

variable thickness, the nodal coordinates of th& @fong the x'-axis are
replaced by the nodal coordinates of the modified(MFE is a hexahedron
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ABCDEFGH). The SFE is transformed into MFE by replacing ¢uges of
the SFE (AB,CD, EF ,GH ) by the edges of the MFEAB, CD , EF ,GH ).

By varying the additional parameters, the modifépatial FE is endowed
with the properties of a universal FE, which allowvsfied modeling of a wide
class of inhomogeneous shell structures. The ifi¢rmiosforming a SFE into a
MFE may be used as an example for the creatiothef aniversal FEs.

1
o- SFE nodes 3
e- MFE nodes

/i/ - ,
X : . ~
A // Ve P -~

//// / SFE midsurface
MFE midsurface

Fig. 4

1.3. The Moment Finite-Element Scheme at the Problems of
Thermoelastic Deformation of Inhomogeneous Shells. To derive the
governing finite-element equations for displacersgnise is made of the
moment finite-element scheme (MFES) developed hadretically proved by
Sakharov [37, 49]. The MFES is applied to thin ntayer shells of stepwise-
variable thickness undergoing geometrically nommealeformation under
thermomechanical loads [8, 9, 11, 32, 55, 61, 84 MFES approximations
of displacements and strains guarantee a corractigéon of the rigid-body
displacements of FEs, which enhances the conveegemd accuracy of
solutions on coarse meshes.

The MFES represents the total strains (1.3) ascated Maclaurin series
about the FE center. So strains are defined wahikE as linear functions of

X . Those terms that can be exactly calculated in dhgse of polylinear
displacements are retained in the series.

The thermal strain%ij , which depend on both temperature and material
properties of the layer, are assumed to be lineactions of the coordinates

x? and x> within a FE and in stepwise-linear functions of ttoordinatex*
[9, 11, 61, 64]. They are expanded into a Tayloieseabout the center of the
nth layer.
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Stresses are represented as linear parts of arfsgyies in powers of local
coordinatesx' about the center of theh layer.

2. FEM Equationsfor Elastic Inhomogeneous Shells Undergoing

Geometrically Nonlinear Defor mation

2.1. FEM Equations for Thin Inhomogeneous Shells. The nonlinear
deformation of a shell is considered as a sequehegquilibrium states during
steps of loading. The history of the SSS and themgry of the shell are
assumed known at the current step of loading. Thélierium state of the
FESM is determined based on the virtual-displaceém@inciple and the
Lagrange equation

3IT=Y" ( dWee —8A, )=0, (2.1)

here 7 is the strain energy of the FESM{. and A.. are the works done by

internal and external forces of a FE, is the sum over finite elements of the
FE

FESM.
With (1.2), the virtual work of internal forcesgsven by

M= [ ol 8 -E;) do= | o' 8 do=

Vre Vre
= [ oV3e;do- | &V B, do=5WWe 5 We . 2.2)
Vre Vre
With (2.2), Eq. (2.1) is represented as
— T
SIT=Y (8Wee =8P )=0; 8P =8Are +8Wie . (2.3)
FE

Equation (2.3) is integrated in a manner standardhie FEM. The reaction
matrix of a FE is derived from the expression foz virtual work done by the
internal forces due to the total strains dependenthe nodal displacements.
The virtual work of internal forces due to thermstains is used to determine
the matrix of equivalent thermal loads, which seppénts the matrix of
mechanical nodal loads.

It is common practice to use the Cartesian disphaces UISZ‘I_SZ% of FE

nodes as unknowns for a spatial FE. For thin shilis expedient to use, as
unknown functions, the set of displacements of hpdants on the mid-surface
U;% and the differences of nodal displ:’;\cemelwi,:'s253 on the bounding

surfaces of a FE:

.
v _Us=rige™

2% 2 ’

-
Ug-1sg. ot

ot s
Vo, Ug=r1gs Us15¢

v (2.4)
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Replacement (2.4) is considered as a changeowerdroeight-node spatial
FE with three nodal displacements to a four-noddl $tE with six generalized
displacements of nodes referred to the mid-suréddbe FE. The triple linear
approximation of displacements, strains, and stesdlows us to integrate
(2.2) analytically and to obtain the explicit ma&$ of reactions, stiffness,
geometrical stiffness, and equivalent thermal Ipadsich made it easier to
calculate them. The equations derived for the ap&ft are universal because
they are independent of the nodal coordinates @splatements, the number
of layers, and engineering constants of layers. chagacteristics of the FE and
associated additional parameters somehow appesinege equations. This
makes it possible to apply the FEM equations tcstalictural elements of an
inhomogeneous shell in deriving the governing swystef geometrically
nonlinear equations.

Iterative algorithms for solving systems of nondind=EM equations are
based on multiple solution of linearized systema@gfiations [23, 37, 54]. By
linearizing the nonlinear FEM equations, we obtdm,analytic form, the
stiffness matrix and the matrix of geometrical fatks for the spatial FE.
Adding the matrix of geometrical stiffness allowsoma accurate initial
approximations in the iterative procedure and atnt@dves the number of
iterations at a step of loading. It is also possiblincrease the step.

2.2. Correcting the FEM Equations for the Modified FE. Deriving the
system of governing nonlinear equations for the MEBvolves uniting
various combinations of SFE and MFE into a singisemble of elements and
matching of the nodal generalized displacementrmed to the mid-surfaces
of the SFE and MFE using the relationship betweba generalized
displacements of the SFE and MFE and the respectdficients of the
matrices of the SFE and MFE.

The generalized nodal d|splacemerm"§$3 and vi;zs3 of the mid-surface

(datum surface) of the FESM casing are used asatables of the system of
governing nonlinear equations. The generalizedlatgments of the MFE are

denoted byz?i' and \7i' . The generalized nodal displacements of the SFE
and MFE are reIated by
Us,5=Vs5*as 8/ 55 Vg ™DgeV's s (2.5)

where b5253 is a coefficient of change in the length of thedtife, anda5253 is

the ratio of the displacement of the FE edge tdeitgth. These quantities are
the additional parameters of the universal FE.

Relation (2.5) are the compatibility and continuitgnditions for the
displacements between all finite elements of th&Mn different sections of
a shell with smoothly varying and stepwise-varytinigkness.
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3. Algorithm for Solving Problems of Nonlinear Defor mation,

Buckling, and Postbuckling Behavior of Shells under

Thermomechanical Loading

3.1. Combined Algorithm for Solving a Nonlinear Buckling Problem. A
few studies [37, 44, 54, 58, 61, 64] are concemuitd efficient algorithms for
solving problems of nonlinear deformation and bintklof inhomogeneous
shells. Solving nonlinear buckling problems forlheften involves obtaining
difficult-to-predict results. They depend on a ddesable number of
parameters related to the geometry, boundary dondjtload, materials, and
structural elements.

The following requirements are imposed on the dmyed algorithm:
universality and capability to efficiently solve waide class of problems;
automatic control of the nonlinear process; autami@ilowing of the load—
deflection curve, complex as it may be; self-caicer of algorithm
parameters, which simplifies the solution procesdlection of statistical data
in following the load—deflection curve for the aygib and improvement of the
algorithm for certain classes of shells; feasiildf complex processes of
thermomechanical loading; availability of procedurdor processing,
visualization, and documentation of the input datel results of solving a
nonlinear problem.

The problem of nonlinear deformation, buckling, ampdstbuckling
behavior of inhomogeneous shells is solved by abioed algorithm that
employs the parameter continuation method, a memtlifiewton—Kantorovich
method, and a procedure for automatic correctioralgbrithm parameters
[54, 61, 64]. Each step increments (or decreméehésexternal load parameter
P, which is related to the parameters of the medahiiQ ) and temperature

(T) fields. The solution of the nonlinear problenthg relationship between
the external load parametd? and the displacement fiel® of the FESM,
which is determined at each step of loadii . This relationship is usually
represented by a "load — deflection'P(*-U ") curve at characteristic points of
the shell.

3.2. Sdf-Correction of Algorithm Parameters. The efficient automation
of the solution algorithm requires implementing flelowing procedures:
selection of the continuation parameter; deternmadf its rational value;
change of the sign of the continuation parametetemnination of the load
increment from the displacement increment of a abt@ristic node; change
of the accuracy of the solution of the system afilmear equations; change
of the patterns and modes of thermomechanical hepdt the current step;
filing of the input and output data for further dmeentation, analysis,
processing, and visualization. The experience dfisg problems for
shells under mechanical and thermal loads suggleatshe accuracy of the
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solution for the latter should be increased by fdar five orders of
maghnitude.

The algorithm is based on the generalizéd-U" curve in the form of
a loop with a branching poing
and singular pointsa, b, e, and P
f (Fig. 5). The linearized matrix S5 A0
of the governing equations
degenerates in the neighborhood \

these points. The equations al o\ e)[
i i ; d N b LA

regularized and the singular point g [AN %

are passed by replacifyby U and <8

vice versa at the pointss + s

defined by the algorithm. To reduc

the time it takes the computer t

solve the problem, the rational stef N 18

for the descent parameter ar
determined. Fig. 5 v

The algorithm for solving the
buckling problem finds the branching points andow# drawing adjacent
deformation modes in their neighborhood. To idgraiforanching point, use is
made of a qualitative theory that states thatadtlene negative eigenvalue of
the linearized stiffness matrix represents a nemdiegum configuration of the
shell. The adjacent deformation mode is identifig introducing an
imperfection defined by the parametgrinto the perfect initial configuration
of the shell. IfA is small, its influence is seen near the brancpioigt on the
"P-U" curve, which may become critical.

The efficiency of the method is substantially defert on how it is
numerically implemented. The available software kages include poorly
developed algorithms for analyzing the geometrnjcalbnlinear deformation,
buckling, and postbuckling behavior of shells [66]. Obviously, the reason is
that because of their complexity and ambiguityséhproblems are difficult to
solve with a user-friendly standard computatiomakpdure.

The software package developed is research-oriameédneets the modern
requirements to such software regarding input defresentation, design
models, efficient nonlinear problem-solving algonit, data processing,
analysis, and visualization.

The nodal coordinates of the three-dimensional FESMrbitrary shape
and regular topological structure are determineédgua specially developed
mesh generator [3, 59, 61, 64].
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4, Numerical Analysis of the Convergence and Accuracy of Solutionsto
Problems of Nonlinear Defor mation and Buckling of Inhomogeneous
Shells

Of great importance for the development of the FEMts theoretical
justification [26, 27, 37, 43, 56]. This, howevis not sufficient to evaluate the
efficiency and applicability of finite-element sches because asymptotic
estimates of accuracy give no indication of thedhdwior on real, coarse
meshes. Not less important is the numerical arslysthe properties of a FE,
which is performed by comparing FEM solutions amdlgtic, numerical, or
experimental solutions.

The efficiency, accuracy, and applicability of timethod developed were
analyzed by solving special linear and nonlinearst teproblems
[6, 32, 50, 61, 64]. Let us consider a number pidgl examples.

4.1. Linear Solutions. An analysis of the accuracy of the solutions for
homogeneous and inhomogeneous rods, beams, framésiings as three-
dimensional bodies subject to uniform and nonunifalemperature fields
shows rapid convergence on coarse meshes [6, 64].rdsults obtained for
framed structures and revealed thermoelastic sffeant be generalized to thin-
walled structures. It is supported by studies @tgd and shells.

After that, homogeneous and layered square plagsrwniform pressurg
are used as examples to determine the errors asuibpe limits of the elastic
constants.

4.1.1. Bending Clamped One-Layer Square Plate. For a clamped one-
layer isotropic plate, the central deflection cages rapidly if compared with
the analytic solution [57]. Comparing the solutiaith those obtained with
well-known software (LIRA, SCAD, FRONT, ANSYS, NARRAN,
COSMOS) and by other authors, we conclude thasohdations for rectangular
plane FEs converge from "above" and the solutiamsspatial FEs converge
from "below". The same effect is revealed for athatropic plate.

It is analyzed the accuracy of the central deftecfor two-layer and three-
layer simply supported plates [64]. The resultsammpared with calculations
in software SCAD, where it was used multilayer aagular finite element
Ne 73 [66]. The multilayer FE is absent in softwat®A [65].

4.1.2. Bending Two-Layer Simply Supported Square Plate. We consider
the two-layer plate, loaded pressure intensify= 006 MPa. The central

deflection of the plate has been compared to swigtbbtained in the software
SCAD, by the refined iteratively-analytical thed®1], by the experimental-
theoretical method [35] and with the experimentatad[35] (Table 1). The
input data: a size of the panel in the plamr 0.3 m; the first layer (steel) —

thickness 0.0008, elastic modulus E = 203[10° MPa, Poisson’s ratio
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v=03; the second layer (concrete) thickness  0.0858

E =0.0657(10° MPa, v =0.2. The design model is a quarter of the panel.
The calculation results of the central deflectiérihe platew obtained by
different methods have been compared with the éxjetal data. The
solution by MSFE and by SCAD converges rapidly. dclude that the
solutions for MSFE and the iteratively-analyticdledry converge to the
experimental data from"above" and the solutions fbe experimental-

theoretical method and software SCAD converge frobelow". The
significant error is less 10%.
Table 1
Method Iteratively- Experimental- .
of 8|\>/I<£?||::|Es 8Sx CE;AI\:EI)ES analytical theoretical Expegrlmental
analysis [21] [35] [35]
wimo?® m| 0.0120 | 0.0109 0.0115 0.0102 0.0110
A, % 9.10 -0.91 4.5 -7.3 0

Acceptable results are obtained when the ratib@#&lastic modules of two
layers is equal to 31. This fact should be takeén &tcount when deciding on
the areas of possible application techniques.

4.1.3. Bending Three-Layer Simply Supported Square Plate. We
consider the three-layer plate [18], loaded pressutensityq = 0.1MPa The

input data: a size of the panel in the plar 0.2768m; the 1st and 3rd layers

are

isotropic

with

thickness

0.001m, E = 68[10* MPa,

v=0.3,

G =2.61500* MPa; the 2nd layer is transversely isotropic with Kmiess

0.015m, E = 048(10*MPa, v=03, G =0.038[10*MPa. The design model
is a quarter of the panel.

Table 2
MSFE SCAD ;
Me;?od Reissne Varvak Englne
analysis| 1242 | 16416 | 1212 | 16316 r t'ﬁ““g
FEs FEs FEs FEs eory
wiio® m| 0.2354| 0.2369 0.3469 0.3475 0.3160 0.3050 0.7
A, % -25.5 -25.0 9.78 9.97 0 -3.5 -31.p

160
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The central deflection of the platev obtained by MSFE has been
compared to analytical [18] Reissner’s (straighe Ihypothesis) and Varvak's
(tangential stresses and cross-sectional curvahnee taken into account)
solutions, to the solution produced by the engimngetheory (straight normal
hypothesis) and to software SCAD (Table 2). Benakma the solution
obtained by Reissner’s theory.

For MSFE and software SCAD refining the mesh frax 12 FEs weakly
corrects the solution (the significant error ispedively about 25 and 10%).
The ratio of the elastic modules of material lay@esrier to a placeholder) is
14.2, and the ratio of the shear modules is 6&h8s& data should be taken into
account when deciding on the areas of possiblaagtioin of these techniques.

The examples indicate a rough limit of applicapilif the method, which
corresponds to the well-known statement that tlestiel constants of layers
should not differ by more than one to two ordersnafjnitude.

4.2. Solutions in Geometrically Nonlinear Problems of Buckling, and
Postbuckling Behavior. Results of research of nonlinear deformation are
considered by the example of a number of inhomogenésotropic shells. The
accuracy of solutions of buckling problems is ea#dd by comparing them
with nonlinear solutions obtained by other authemd by software LIRA and
SCAD [15, 17, 19, 30, 31}which used flat finite elements: trianguldy 342
and quadrangulaye 344,

"Absolutely rigid insert plates" [65, 68] and "ahsgely rigid solids"
[44, 66] are used when approximating the shelli@estwith ribs, channels and
cavities, where FEs are joined eccentrically.

42.1. A Spherical Pand with Square Planform and Constant
Thickness. Panel is hinged along the contour and loaded wiiform normal
pressure intensityg [64]. Results are presented in terms of dimens&ml

parametersg=a*q/(EH) , GY'=u’/h. Curvature of the panel is defined by

parameterK=2aZ/(Rh)=32, where: h=1 cm is the thicknessa=60h is a
size of the panel in the plarR=225 is the radius of mid-surface, elastic
modulus E = 2 110°kg/cm? , Poisson’s ratios = 0.3. The FESM is a quarter
of the panel with mesh 3030 FEs. Comparison is made with the solution of
[30] by the a “load — deflection” @ —u ") curves at the center of the panel
(Fig. 64).

The problem has been solved by software LIRA arftvene SCAD with
using its three non-linear algorithms. The uppéticat load ;P obtained by
software LIRA is in good agreement with the solotfd9]: for two variants of

the method of successive loadings (SL) discrepanciess than 3%, the
method Newton—-Raphson (N-R) gives error -1.8%. Thisblem with the
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software SCAD has been solved by the method Newtanterovich (N-K)
and by the method Newton—-Raphson (errors -4.9%g9addeement with the
solution by MFES is -3.15%. Equilibrium configuats for the deformed
panel in the prebuckling and postbuckling domaiams &ll solutions have a
simple form and are in good agreement with eaclrdffig. 6b).

— x"fcm
q - 0
|
0 L 1P i
v
LIRA
180 | N-R
100
50 Karpov
0
-50 L ! ! Ty ! L — -5 ;;’f‘ L L L L 2
0 -2 -4 -6 u 0 5 10 15 20 25 X“cm
a 6
Fig. 6

4.2.2. Shellswith Linearly Varying Thickness. The effect on the buckling
of the shallow spherical panels of linear variatinrthe thickness along the
meridian is examined, in order to find rational tawf distribution of the
material in the volume of construction [61,64]. Bloé revolution clamped at
the edge and subjected to uniform normal presgtigg Tg). The input data:
rise H =005m, radius of mid-surfaceR=10.025m, radius of support

boundarya =1m, “base” thicknes’ = 001m, E=19.61¢ MPa, v = 0.3.

x"y(2)

Fig. 7
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In general form, we represent the law of lineartriigtion of thickness
along the meridian panel by its thickness in theteeh-_, and at the edge

h—y: h(r)=h—,+(h4—h_o) T, where F=r/a. We examine three laws of
linear variation in the thickneds(r) (Fig. 7b,c, type of variable thickness is
indicated by the appropriate icon):

1) h(f)=h"[1+(k,~1)T]; 2) h(F)=h"[1+(b,-1) (=T )]; 3) h(T)=h"k, , where
by=h_/h.o, bi=h_o/h, b,=h, /K are parameters characterizing the
degree of linear variation in the thickness. Thelugab,=b,=h,=1
corresponds to a panel of constant “base” thickri€ssThe thicknessh,, is

determined from the volume of a panét h, =V/(2nHR).

i g
150 [ bo:ba:byﬂ 150 1 ey b= 2.5
100 100 F by=2
£,=1.25
50 ¢
— MFES
——  SCAD
—— LIRA
0 . v
0 -0.5 -1 -1.5
a
q
- b, =4
300 B, =3
200
b,=15
o — MFES
——  SCAD
—o— LIRA
0 : : -,
0 -0.5 -1 -1.5 -7 a
c d

Fig. 8
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Consider shells characterizing by equal volumés with appropriate
parameterd, b, , b, . Solutions obtained by MFES [60,61,64] are comghare
with those obtained by software LIRA and SCAD. Thsults are presented in
dimensionless formg=a’q/(ER*), G''=u'/H’, h(F)=h(F)/h"”. Comparing
the results reveals complete agreement between' theu "curves in the

prebuckling domain and in the area of the uppéeicatipoint for all solutions
(Fig. 8).

4.2.3. Faceted Panels of Stepwise-Varying Thickness. Consider faceted
shells formed from the above smooth spherical ganith thickness linearly
varying [61,64]. The mid-surface of the sphericalels of revolution is
represented by a faceted surface inscribed indthaving 16 flat faces4x 4

for a quarter of the shell, Fig.4, The linearly varying thicknesﬁ(?) is

replaced by close stepwise-varying thickndr_$s(Fig. 9p) according to the

range of steel sheets [67] with a permissible imimgering calculations
difference of the volumes of these shells (-4.3.2%).

0,75 1

Caver plates  Casing Midsurface
+ of shell casing
oo A

Fig. 9

Nonlinear solutions obtained by MFES are comparéti those obtained
by software LIRA and SCAD for shells in rational mm@rs [64], which are
thicker in the middle. We compare faceted shelthwicompound by the mid-
surface faces for parameters thicknggs 0.55, 1 andb, = 1, 2, 4 (Fig. %).

We observe well agreement between tleg-U " curves in the prebuckling
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domain (Fig. 10). At the branching point for paneith parameterdy, =0.55
and b, =b, =1 difference the load is respectively -0.18 and98%, and for

deflections it is +1.01 and +3.5%. The upper aitibad q;° is in good
agreement for panels with parametérs=2 and 4 (divergence is within -1.91

and 4.17%). At the Fig. 10 to assess the effeetéal; dotted line is shown the
solutions obtained by MFES for smooth panel linegdriable thickness.

T - q
400 F
80

300 ¢

60

200 |
40

o0 b MFES 100 ¢

—e— SCAD
—o— LIRA

0 -01 -02 -03 -04 &'

Fig. 10

4.2.4. Ribbed Panels with Square Planform. Investigation of the stability
of rib-reinforced shells [61,64] is presented by éxample of deep spherical panel
square in planK =64, a=120h, R=450h), hinged at the edges, and subject to
uniform normal pressure (Fig. 11 and 12). Two va#saof the shells reinforced
ribs from inside (heighty, =3h and widthb, =2h) is considered: (i) with two

central cross-ribs (with mesh 221 FEs) and (ii) with four pairs of equally
spaced cross-ribs (with meshx22 FEs).

Solutions obtained by MFES and software LIRA arenpared with those
obtained by II'in & Karpov [30]. The §—u” curves are analyzed: for the first
variant (i) at the point "o0" (Fig. 11,a) and at f@int "b" (Fig. 11,b), and for the
second variant (ii) at the center of the shell (ERp). For comparison, the dashed-
dotted line shows the solution for the smooth pahgk0).

The solutions to the first problem (i) obtained\BiyES and software LIRA are
in good agreement for theq~u " curves in the prebuckling domain and at the
moment of loss of stability (Fig. 11). The diffecerbetween the values qf for

the solution [30] and by MFES is less than 0.5%, dhifference for these by
MFES and by software LIRA is 1.1%.
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The solutions to the second problem (ii), for tlamed reinforced with either
ribs, are in good agreement on all sections of fjeu " curve. The difference

between the values ofig® for the solution [30] and by MFES is -3.8%, the
difference for these by MFES and by software LIRA i7%.

Configurations for the deformed panel in the préding (1) and
postbuckling (2) domains for all solutions haverapde form and are in good
agreement with each other (Fig. 4)2,
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4.25. Panels of Square Planform with Channels and Cavities.
Investigation of the buckling of shells by chanrestsl cavities is presented by the
example of a shallow spherical panel square in pléim K =32 [61,64]. It is
considered a shell with two variants of non-throwgdakens: (i) four identical
cross channels (width,, =2h and depthh, = 0.3h); (ii) four square cavities

(width b, =6h and depthh,,=0.7h). Three cases of eccentric arrangement of

channels and cavities respect to the casing mfdesuare compared (Fig. 13).
Each case of the eccentricity is indicated by {hygrapriate icon. The FESM is a
quarter of the panel with mesh 880 FEs.

In all cases, solutions obtained by MFES and so#waRA coincide
completely in the prebuckling domain and in the donof the upper critical
load (Fig. 13). There is good agreement for thelltesobtained by MFES,
software LIRA and Karpov [30] for panels weakenednf inside
(Fig. 13,a, d. For these panels, the results obtained by soét8LAD differ
substantially compared with the results of [30k(#rror -13.39 and -11.98%),
and with the results by MFES (the error -12.03 @h6@1%).
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There is good agreement between the solutionsraatdiy MFES, software
LIRA and SCAD for shells without eccentric arrangam of channels and
cavities (Fig. 13b, €. The difference of the results is less than 1%.

4.2.6. Shellsunder Combined Action of Force and Temperature Fields.
When there are both temperature and force fieldsnbnlinear solutions have
been analyzed by examples axisymmetric conicallpare square in terms of
spherical panel with a hole for a clamped shallowical round panel in terms
[64]. We take into account by MFES and software Albhat effect of the
thermomechanical load occurs in two stages. We baea taken into account
by MFES and software LIRA that effect of the themmhanical load occurs
in two stages. At the first stage the shell is gedly heated by the temperature
field whose parametet increases from0°C to a set valueT°C. At the
second stage the panel is subjected to uniform algonessure in addition.

4.2.6.1. Axisymmetric Conical Panel. A clamped shallow conical panel
with the radius of support boundaey=100h and riseH =3h is considered
(Figs. 14). At the first stage of the
loading the shell is heated to a set value L

20°C [31]. The input datah = 001m, T=+20"C

q h _

) =const
E=196010°MPa, v=03, linear W%
expansion coefficient % (r)
a=0.12510"deg™?. Results are 3 x?
presented in terms of dimensionless Fig. 14
parameters: k=H/h, f=ta(a/h)2.
The design model is a quarter of the panel withim®8x 40 FEs. Solutions by

[31], MFES, and software LIRA are compared.
The considered methods have good agreement fie U™ curves

(Fig. 15@) and forms of deformation (Fig. 1,at all stages of loading. In the
area of the upper critical load there is a discnepaegarding the solution by

MFES: the difference between the valuesggf for software LIRA is 10.8%,

and for [31] it is -3.6%.
4.2.6.2. Panel of Square Planform with Hole. A shallow spherical panel
(K=32, a=60h) hinged at the edges and having a central squaee(Width

b, =12h) is considered. The input data=0.01m, E=20.591d MPa,v = 0.3,
a=0.1210%deg*. The design model is a quarter of the panel witsim

30x 30 FEs. The effect of three cases preheating by-20°,0 ,20 C on the
stability of the shell is considered.
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Fig. 16a shows a comparison of theg*u " curves obtained by MSFE,
software LIRA and in [31] for shells without holmm) and with hole s:m)

when their loading only pressur@ €0°C). For the panel without hole the
deflection have been considered at its center.tli@mpanels without hole the
deflection have been considered at its center. @oimg the results by MFES
and software LIRA reveals agreement between tGe-T” curves in the

prebuckling domain and when loss of stability: #i&erence between the
values ofq P is respectively1.9% and 2.9%. In the area of the upper critical
load there is a divergence of thg “u " curves obtained by MSFE, software
LIRA and in [30]: the difference between the valoésy P by MFES and [30]

is respectivel\3.3 % and -9.9%.
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Fig. 16
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For all cases of preheating there is agreementdsetwhe G —u " curves
in all domains of solutions by MFES and softwareRAl (Fig. 16b). The
difference between the values qf° is within 3.0 — 3.5%, and this for the

deflectionTL"P at the pointA is within 0.3 — 4.1 %.

Configurations for the deformec .«
panel after pre-cooling ta =-20°C 0 k.
(Fig. 17a) and preheating  to |
T=+420°C (Fig.17b) are in good -0U05[ i
agreement with each other and ha |
|

geometrically nonlinear equations c
the three-dimensional theory o
thermoelasticity taking into account al
nonlinear terms and components of tt
strain and stress tensors. Use was a 0015 |

little difference from the original form 4 [ A,
(T=0C, g=0). Buckling forms are ‘
in good agreement too. Buckling of th 15 [ ! gur
shell occurs with click of its central ! " wres
part (Fig. 175). L R x
Conclusions DO s o1 05 02 025 03
We have developed a finite-elemer a
method to analyze thin-walled she x'.m
structures. The method employs, for ¢ 0 P . wmK=32
structural elements of ar R e
inhomogeneous shell, the o005 | ! RN T=+20°C, g=0
|
|

made of the moment finite-elemer - HEEAS
scheme extended to nonlinee g . . x
thermoelasticity of thin inhomogeneou 0 005 01 015 02 025 0.3
shells. ‘__

We have developed a unified modk e

SISO ST
S

based on the universal spatial FE th
describes the multilayer structure of
material and geometrical features ¢
structural elements of ar ¢
inhomogeneous shell: casing ¢ Fig. 17
varying thickness, ribs, cover plate,

cavities, channels, holes, sharp bends of the mifdse.
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We have developed an efficient iterative algorittemsolving problems of
nonlinear deformation, buckling, and postbucklingehévior of thin
inhomogeneous shells under thermomechanical loading

The reliability of linear and nonlinear solutionsrfa wide class of
inhomogeneous shells has been numerically justifigd analyzing their
convergence and comparing with those obtained Iweroauthors and by
software LIRA and SCAD.
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bascenos B.A., Conoseii M.O., Kpugenko O.I1.
MOJEJTIOBAHHSI HEJIHIMHOTI'O JE®OPMYBAHHSI TA BTPATH CTIMKOCTI
NPYKHUX HEOJJHOPIJHUX OBOJIOHOK

BuKkmazeHO OCHOBM METO4a PO3B'S3YBaHHS CTATHYHHX 3a7ad IEOMETPUYHO HEIHIHHOro
JeopMyBaHHS, CTIHKOCTI Ta 3aKPUTHYHOI MOBEIIHKH TOHKHX IPYXHUX HEOJHOPIIHUX 0OOJIOHOK,
o MaloTh CKIagHy (GopMy cepeqHHHOI MOBEPXHi, '€OMETpPUYHI OCOOIMBOCTI 3a TOBIIMHOIO,
GaraTomrapoBy CTPYKTypy Marepially Ta 3HaXOMSIThCS B yMOBaX CKJIAZHOTO TEPMOCHIOBOTO
HaBaHTaKeHHs. [linxin 6a3yeThest HA TEOMETPUYHO HEMHIHHKX CITIBBITHOIICHHSX TPHBUMIPHOI Teopil
TEPMOIPY)KHOCTI Ta BHKOPHCTAaHHI MOMEHTHOI CXEMH CKIHYCHHMX eJeMeHTIiB. JlaHo dmcelnbHe
OOIpyHTYBaHHS MeTofa. BHKOHAHO IOPIBHAHHSA PO3B'I3KIB C PO3B'SI3KAMH IHINMX aBTOPiB 1 B
nporpamuux kommiekcax JIIPA, SCAD

KorouoBi ciioBa: reoMeTpu4HO HemiHiiiHe aedopMyBaHHS, CTifKiCTh, TOHKa MpYKHA
HEOJHOpiHA 0D0IOHKA, TEPMOCHIIOBE HABAHTAXKCHHSL.

bascenos B.A., Conoseti H.A., Kpusenxo O.11.
MOJEJUPOBAHUE HEJIMHEMHOI' O JE®OPMUPOBAHUSA u HOTEPU
YCTOMYHABOCTH YIIPYTUX HEOJHOPOIHBIX OBOJIOYEK

VI3105KeHBl OCHOBBI METOJA PCLICHHUS CTaTHYCCKHX 3a4a4 [COMETPHYCCKH HEITMHEHHOTO
JeopMHUPOBaHHs, YCTONYUBOCTH U 3aKPHUTHYECKOTO MOBEJICHUS TOHKUX YIIPYTHMX HEOIHOPOIHBIX
000104eK, UMEIOIINX CI0XKHYI0 (OpMYy CPEAHHHOIN MOBEPXHOCTH, F€OMETPHYECKHE OCOOCHHOCTH
[0 TOJIUMHE, MHOTOCIOWHYIO CTPYKTYPY MaTepHaga W HAXOIITCS B YCIOBHSAX CIIOKHOTO
TEPMOCHJIOBOr0 HarpyxeHus. ITomxon OCHOBaH Ha T€OMETPHYECKH HENMHEHHBIX COOTHOLICHHSX
TPEXMEPHOIl TEOPHH TEPMOYHPYTOCTH M HCIIOIb30BAHHMH MOMEHTHOH CXEMBbI KOHEUHBIX 3JIEMEHTOB.
JlaHO umMClIeHHOE OOOCHOBAaHHME METOZAA. BBIMONHEHO CpPaBHCHHE PEIUCHHI C PEIICHHSIME APYTHX
ABTOPOB M B porpaMMubIx komruiekcax JIMPA, SCAD.

KiroueBble €/10Ba: reoMETpHYECKH HeNHHeiHoe IeopMHpOBaHKE, YCTOWYHBOCTb, TOHKAs
ympyrast HSOTZHOPOIHAsE 000JI0UKa, TEPMOCHIIOBAS HATPY3Ka.
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YK 539.3

10.B. MaKch’mKl, KaH/I. TEXH. HayK

YKuiscokuii nayionarsnuii ynisepcumem 6yoignuymea i apximexmypu
Togimpogpnomcvkuii npocn., 31,m. Kuis, Yrkpaina. 03680

AJITOPUTM PO3B’ SI3AHHS 3AJIAY HEJITHIHHOT O
JJE®@OPMYBAHHSI TA CTIMKOCTI IPY X KHOILJIACTUYHUX
BICECUMETPUYHHUX OBOJIOHOK CEPEJHbOI TOBIIUHA

PospobrieHa MmeTonuka, sika 0a3yeTbCs Ha PO3PAXYHKOBHMX CIIIBBIZHOLICHHSX MOMEHTHOI
cxemn ckinuenux enemeHtiB (MCCE), i 3ampomoHOBaHUI airopuTM pO3B’SI3aHHS CHCTEM
HEJIHIHUX PIBHSHB MPYXHOIUIACTHYHOTO AeGOpMyBaHHs 1 BTPAaTH CTIHKOCTI BICECHMETPHYHHX
000JIOHOK CEepeAHbOI TOBIIMHH HEKAHOHIYHOI (OPMHM, SKMH JO3BOISE OTPHMYBATH JOCTOBIpDHI
pe3yNbTaTH IS LIMPOKOTO KIIaCy TOHKOCTIHHUX 00’ €KTIB.

KurodoBi cioBa: MeTo[ CKiHYEHHX ENIEMEHTIB, TEPMOIPYKHOIUIACTUYHICTh, TEOMETPUYHO
HeniHeHHe 1e(OpMyBaHHs!, IOKPOKOBHI aITOPUTM.

Beryn. IIpoGiremMi po3poOKu METOIIB PO3B’ 3Ky BiCECHUMETPHUUYHHUX 3aadu
(hI3UYHO 1 TeOMETPUYHO HelNiHiiHOro nedopMyBaHHS 1 CTIMKOCTI 0OOJIOHOK
MPUCBSYCHA MOCUTH 3HAYHA KUIBKICTh ITyOJIKAIlii. ix ormsx nHaBemeno B
0araTboX CTAaTTAX Ta MOHOrpadisx 3okpema B [1, 3]. Anami3 myOuikamiid 3
FOTO TMTAaHHSA CBIOYWTH, IO 3HAYHA KIJBKICTh TpoOIeM ToTpedye
MIPOBEACHHS MONATKOBHX IOCHi/KeHb. lle B mepmry dYepry crocyeTbes
MoOyZI0BH PO3PAXyHKOBHUX CITiBBIIHOIIECHD, METOMIB PO3POOKH €PEKTUBHUX
MiIXOAIB 0 PO3B'sI3aHHSA CHCTEM HETIHIMHUX PIBHAHL 1 BU3HAYCHHS HA I
OCHOBI TIapaMeTpiB HamnpykeHO-Ie(hOpPMOBAHOTO CTaHy, BTpaTH CTIHKOCTI i
3aKpUTHYHOI TOBEIIHKH BiIIOBIJAIILHUX 00’ €KTiB Cy4acHOT TEXHIKH.

B nmaniii poOotri 3a OCHOBY MOOYZOBH pO3B SI3YBaIbHMX  HETIHIHHHX
CHIBBITHOIIICHb BICECUMETPUYHHX OOOJOHOK CEpeAHBbOI TOBIIMHU MPUIHATA
MeToJMKa MOMEHTHOI cxemu ckinyeHux enemenTiB (MCCE) BuknaieHa B
poborax [2, 7]. B ocHOBY anropuTMy po3B’ si3aHHs CHCTEM HENiHIHHUX PIBHSHb
MOKJIQJICHO METOJ AW(EpEHINOBaHHs 3a TapaMeTpoM A, 3ampOIMOHOBAHHUIM
B.C Kipis [5] i 4.®.JaBunenko [4]. Bin mossrae B 3aMiHi CHCTEMH HENiHIHHHX
piBHsAHB 3amaveto Komi s cucteMu audepeHmialbHIX PIBHSIHD Y 3BUYalHUX
NOXITHUX M0 TapaMeTpy, B SKOCTI SKOTO MOXe OyTH BHKOPHCTaHO
IHTEHCHBHICTh 30BHIIIHBOTO CHJIOBOTO HaBaHTQXXEHHA abo BHMYIIEHE
NepeMilieHHs] B XapakTepHiil Toumi. JlesKnM HEIOIIKOM TakKoro MifXoay €
MOXJIUBICTh HAKOMUYCHHS IMOXHOKA B TPOIECI YUCEIHHOTO IHTETPYBaHHS
nuepeHIialbHIX PiBHAHD, BUKOHYBAHOTO KPOKOBHUM METOJIOM.

1. AaroputM po3B’si3aHHA cucTeM HediHiiiHux piBHsgup MCCE. VYV
JaHii poOOTI BUKOPHUCTOBYETHCS KOMOIHOBAHWMIA alTOPUTM, IO TIOEAHYE

0 Maxkenw' tox 10.B.
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iHTErpyBaHHs O MapaMeTpy 3 MeroaoM HeroToHa-KaHTapoBuua Ha OIHOMY
KpPOI[i M 3Ha4YeHHs apaMmeTpa ciycky A [2].

I h N Bu S u MK G A R, (1)

ne {4, - UpHUpOUIEHHs TepeMilleHb Ha iTepauii N Kpoky M [IE] m -
JiHeapu30BaHa MaTPHIA XOPCTKOCTI B cuctemi piBHsHb MCE, o0uncieHa B
NPOMDKHIM BiIpaxyHKOBili KoHQirypamii Xj 3 BHKOPHCTAaHHSM TEH30pa
MHUTTEBUX JKOPCTKOCTEH IMPYKHOILIACTUYHOTO MaTrepialy i KOOPAWHAT BY3JIiB
muckpetnoi mozem Xy ; {@™,{R ' — BekTOpH By3nOBMX 3ycuib i peakuiii,

BU3HAYEHI B aKTyanbHill koH(irypanii Xy . KOMIOHEHTH BeKTOpa By3JIOBHX

peakuiii o04YMCIIOIThCS 3 YpaxyBaHHSM, SIK (i3MYHOI Tak i TeoMEeTpHYHOI
HEJIIHIHHOCTI Ha OCHOBI IOBHHUX HaNpy>KEHb, 1[0 JO3BOJISIE YHUKHYTH BKa3aHOI
BUIIE TPOOIEMH HAKOIMYEHHS MOXHOKH.

O06uncneHHsI 3MIMCHIOIOTHCS 10 BUKOHAHHS YMOBH:

m m
CHR LB Rt @
ge ( — mapaMeTp TOYHOCTI PO3B’S3aHHS CHCTEMH HEIIHIHHUX PIBHSHB,
“{Q m“ - CyMa KBaJpaTiB BY3JIOBHUX 3YCHJIb CKIHUCHO E€JIEMEHTHOI MOAEi

(CEM); “{ R o'l - cyma kBanparis peakuiit CEM.

IToyaTkoBe 3HaYEHHS BEKTOpa MEpeMillleHb Ha TEpIIil iTeparlii Kpoky m
eKCTPAIOJIIOEThCS 32 3HA4YCHHAM BekTopa {U,.4 1 mpupouieHs Hapamerpa

LYWWV

{uz :M (3)
AN .
ITicns 1IbOTO BMHUKAETHCS ITEpAIlifHUIA TpoIeC pO3B’sA3aHHS CHCTEMHU
HEHIMHUX piBHAHB BianoBigHO 10 (1).
IIpu BukoHanuHi ymoBu (2) iTepamiiHMii IIpoleCc 3aKiHYYEThCA. 3a
00YNCIICHNM B pe3yJIbTaTi pO3B’ 13Ky CHCTEMH HENIHIMHNX PIBHAHb 3HAYCHHSIM
HPUPOIICHHS BekTopa {U, BH3HAYAIOTHCS HMPHPOCTH (Mi3HYHUX HAIPYKECHD

(Ba"),,:

m-1

(6ij )m :(aij )m—1+(A6” ) m (4)

Ta BHUKOHYETHCA IEpPEepaxyHOK Oa3UCHUX KOOPIWHAT BCiX BY3IIB CITKOBOI

obmacti 3a popmymoro:
Zn= Zna + Uy (5)
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3IifCHIOETBCS TIEpPEBIpKa HA 3aKiHYEHHsS BHUKOHAHHS yMoBH (2). SIkiio
yMOBa HE BHKOHAHa, TO BH3HAYAE€ThCS HOBE MPHUPOILICHHS Mapamerpa i
BUKOHYETHCSI HACTYITHUI KPOK YHCEIBHOTO IHTErpyBaHHSI.

B skocti mapaMerpa MOXeE 3aCTOCOBYBAaTHCS sIK IHTCHCHBHICTB
HaBaHTaXXCHHSI, TaK 1 BEIMIMHA IMEPEMIIIICHHS JESKOTO By3Ja CITKOBOi 007acTi.
BukopucTaHHsl ABOX IapaMeTpiB CIIyCKY J03BOJISIE OTPUMYBATH BCIO KPUBY
HaBaHTaXXCHHSI-TIPOTHH NPH HeoqHO3HauHOCTI dyHKIid g(u) abo u(q).

2. EdekTHBHICTH PO3IJISIHYTOr0 ajJropurmy. JoCiipKyBagacs MUITXOM
TIOPIBHSIHHSI 3 IHTETPYBaHHSAM Ha OJTHOMY KpoIli MetonoM HerotoHa-Padcona i
METOJIOM OJTHO-KPOKOBOi Kopekilii mo HetotoHy-Padcony.

Sk 00’ €KT pO3TIISIHYTa 3aTHCHEHA 10 KOHTYPY chepuyHa MaHeb Mif Ji€0
HOIIEPEYHOTO HaBaHTAXKEHHS (puc. 1).
TToBeninka aaropuT™MiB BUBYAJIACH HA BiJPi3Ky

Bicb

odepTaHHs

KPHUBOT Vﬁv(q) B Mexax Big O 1o VFV:OJ, e

\ , / W- TepeMilieHHs B [eHTpi maHem, h-
\/h\—ﬁ\’, TOBIIMHA 0OOOHKH.
[ & Ro PesynbTaTil MOPIBHSAHHS MpeaCTaBIeHI Ha
g > puc. 2y Burisni rpadikis, 1o BigoOpakaroTh
3aJeKHICTP Yacy pO3B'SI3Ky 3amadi  Bif
BEITHYMHH OpPUPOCTY napamerpa

Puc. 1

HaBaHTaXCHHS )\q a0o THIIMMH CJIOBAMH BiJl BEIMYWHU KPOKY 1HTETPYBaHHI.

Kpok iHTerpyBaHHS MpUAMA€ETHCSl PIBHOMIPHUM 1 BU3HAYa€THCS 32 (POPMYIIOI0:

_%o.7)
Y= m ©)

. . . . . . w
Ae ((o7)- IHTCHCHUBHICTb PIBHOMIDHOIO HAaBAHTAXXCHHS, BIANOBIAHA F=O.7,

M - 9YUCJIO KPOKIB iHTETPYBaHHS.

Ha rpadixy mudporo 1 mo3HaueHa 3aJIeXHICTh Hacy po3B’s3aHHS 3aaadi
BiJl KpOKy IiHTerpyBaHHS BimnoBimuo 10 ¢opmynu (1), mudporo 2 -
IHTerpyBaHHS Ha OMHOMY Kpolli meromom Hprortona-Padcona, 3 - meromom
0IHO-KpOKOBOI Kopekirii mo Herorory-Padcony. Kpim Toro, Ha puc.2 mrpux -
MTYHKTHUPHOIO JTIHIE€I0 MMO3HAYeHA KPHBA, IO BiJ0Opa)ka€ TOYHICTh BU3HAYCHHS
MepeMiIeHHsT B IIEHTP1 TIAHEJNi BiJl BEIUIMHHA PUPOCTY MapaMmeTpa Mpu OJTHO-
KpPOKOBIH KOPEKIIii.

TouHICTb PO3B’ A3KY, OTPHUMAHOIO iTepaniiaumMu aaroputMamu, (1)1 (2) ve
3aJIeXKHUTh BiJl BEJMYMHHM KPOKY IHTETpyBaHHS 1 BU3HAYA€ThCsA ducioM (.

HaBeneni pes3ynbTaTé OTpUMaHi mpu =107 i BiJIPI3HAIOTHCS BiJl €TATOHHOTO

pIICHHS, OTPUMAHOTO IIPU Z=10_6 menm HibX Ha 0,1%. Y miii 3amauqi
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3ICKHICTh Yacy pPO3B's3aHHS PI3HUMH aJITOPUTMAMHU BiJ KUTBKOCTI KPOKIiB
IHTETpyBaHHS BUSABUIIACS MPAKTUIHO JIHIHHOIO.

15% 30,¢

/ 2 /
\

. /<‘ 1

24

12%

9% ~ 15
\\
. 3 L
6% < 1
3% 6
—

0
a2 93 a4 o5 96 o7 a8 a9 A,

Puc. 2

Hatimenmia BuTpaTa 9acy Ha OJHE NPUPOIICHHS MapameTpa IHTerpyBaHHS
BIANOBiJa€ METOJY OIHO-KPOKOBOI KOPEKIIl, OJHAK, TOYHICTH PO3B’sI3aHHI
MM aJITOPUTMOM ICTOTHO 3aJISKUTh BiJl BEJIWYWHH IPHPOCTY MNapamerpa.
Hemo Oinpima TouHicTh (Ha 2-3%) B pO3MISTHYTOMY MPHKIAAi MOXe OyTH
OTpHMaHa 3a PaXyHOK 3aCTOCYBaHHS CIIyCKy IO TMapaMeTpy IepeMillIeHHs,
MPOTE BIICYTHICTh KOHTPOJIIO 32 TOYHICTIO PO3B’ I3aHHI 0OMEXY€E MOMIIHBICTh
BUKOPUCTAHHA IHOTO MeTOoAy. lIpW MmiIBHINEHHI TOYHOCTI 3a pPaxyHOK
3MEHIIICHHSI KPOKY iHTETpyBaHHS 301bIIYEThCS 3arajlbHUN Yac pO3B’ s3aHHSI
3aMa49i 1 B IBOMY BHUMNAAKy IiTepalliiHi alTOPUTMHU  BHSIBJISIOTHCS
epexTuBHIMMHU. OCOOJIMBO TOMITHO I€ MPOSIBISETHCS HA IUITHKAX KPHUBOI
HaBaHTAXXCHHS - TPOTMH MOOJNM3y TOYOK IIEPEerHHy, J€ pi3KO 3pOCTae
HaKOIIMYEHHS TOXUOKH.

AHani3yloun HaBeleHI pe3ysbTaTH MOXHA 3a3HA4YHTH, IO 3aCTOCYBAaHHS
iTepaniiaux anroputmie B (1) i (2) HalOIIBII CIPUATIMBO IIPU MAaKCHMAabHiit
BEJIMYKMHI KPOKY IHTErpyBaHHs . [Io BHTpaTi MAIIMHHOTO Yacy MEPEBAKHUM
BUSIBUBCSl QJTOPUTM, 3aCHOBAaHWH Ha BUKOPUCTaHHI MeTtony HeioToHa-
KantapoBuua. Tak, Ha BHpIIICHHS 3aBIaHHS ITUM QJITOPUTMOM IOTPiOHO
Maibke B 2 pasd MEHIIe Jyacy, Hixk metonoM Herortona-PadcoHna, mpu ogHuX i
TAX e Tmapamerpax cmycky. OTpumaHi JaHi TO3BOJISIOTH OOTPYHTYBATH
3actocyBanHs anroput™my (1), skuii 3a0e3ledye ONTHMAIbHY BiJMOBIIHICTH
MDK OOYMCITIOBaJHbHHUMH BHTpaTaMH 1 TOYHICTIO pO3B'sS3aHHS IS
PO3MIISTHYTOTO KoJia 3a1a4.

3. JocaimkeHHs1 T0CTOBIpHOCTI MonearBaHHS (i3MYHO HeTiHIHHOTO
nedopmyBaHHs. [l 3'siCyBaHHS MOJJIMBOCTI BH3HAYECHHS PO3BUTKY 30H
IUITACTUYHOCTI B TOHKOCTIHHMX KOHCTPYKLIfX, SIKI alpOKCUMYIOTHCS IO
TOBIIMHI OJHUM CKiHYEHHM €JIEMEHTOM, BHUKOHAHO IIPYXHO-TUIACTHUIHHUN
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pO3paxyHOK  IIApHIPHO  oOmepTroi  Oanmkd  3aBaHTAKEHOI  PiBHOMIPHO
PO3MOJIIEHMM HaBaHTaXeHHsAM (puc. 5) TNpM HACTYIHHX MeEXaHIYHHX
xapaktepuctukax. FE=1.0; v=0.3. 3a TOBIIMHOI CKIHYEHOTO CIIEMCHTA
MIPUIMAITOCS 1T’ ATh ['ayCOBHX TOYOK iIHTETPyBaHHS.

q
y y + y
1,
= e — | S U R 1
SO AT T THYTTI X
a=5 8
z
y ’L 'L ¥
/
= | __1__ g
%\ Sonn naacTnuHOCTI X
a=5
z
Puc. 3

AHaTiTHUHUI PO3B’SA30K 3amauyi HaBeneHuid B poboti [8], de 3B's30K
KOOpIWHAT MK 30HAaMH IUTACTUYHOCTI 3  IHTEHCUBHICTIO  3aJaHOTO
PO3MOJIIICHOTO HABAHTAXEHHS (] MPEICTaBICHUN Y BUTIISL

2
z2-3n?=2n2d X 1) (7)
G a

TYT h - momoBuna BHCOTH 6aJ'IKI/I, a - II0JIOBHMHaA JOBXHWHHU 6aJ'IKI/I; qO -

BEITMYMHA PO3IMOAUICHOTO HABAaHTAXKEHHS, NMPH SKIH 3’ ABISIOTHCS TUIACTUYHI
nedopmarii,
_4M
qO - 3 a2 '
e M - 3Ha4YeHHsI 3TUHAIBHOTO MOMEHTY.

4. Buxopucranusg aaroputmy (1) npu po3s’'sizanni  disuuno i
reOMeTpUYHO HeJiHiHHUX 3agav. [l JOCHIMKEHHS JOCTOBIPHICTDH
pe3ynbTaTiB  po3B’sA3Ky (I3WYHO 1 TEOMETPUYHO HENHIMHMX 3amad, Mpu
BukopuctanHi omHoro CE mo ToBmIMHI 000JOHKM OyJO TPOBEICHO IX
MIOPIBHSHHS 3 IPOCTOPOBHUM PO3B’ I3KOM.

Topocdepuunuii cocyn, CKIIaIaeThCs 3 eNEeMEHTIB cdepu, Topa i UIiHIpa,
min miero BHYTPIIIHBOrO TUCKY (puc. 4). ToBiuuHA cTiHkH cocyaa h=1/4 mroiima
(0.00635u), xoedimient Ilyaccona v=0.31, iHTEHCHBHICTH BHYTPILIHBOTO
ticky cknagae 100 gyHTOB Ha ommH KBampaTHui mioiiM (689.476 kHIn?).
BimHOmIeHHs MEXI TEKy4ocTi TS 10 Momyisi mpykHocTi E cximamae 1:750.
Pesynmbratn pospaxynky orpumani MCCE mopiBHIOBIHCS 3 pe3ylbTaTaMH,

(8)
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mo orpuMani B poGoti [6]. Ha puc. 5 mpencrasieni kpuBi, ki IMOKa3yrOTh
3pOCTaHHS MaKCHMajbHOI aedopmarii Ha TOpOimaNbHIA YacTWHI COoCydy B
3JICXKHOCTI BiJl BEIMYUHU IHTCHCUBHOCTI BHYTPIITHBOTO THUCKY.

"

3 =
o« —_—
—_—
—
—
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— )
_ — 22
|
Puc. 4
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0.1 0.2 0.3 0.4 0.5 0.6 0.7

Puc. 5

CyuinbHOW0 JniHi€0 300paxeHi pe3ynbratd poOoTH [6], MyHKTHpPHOIO 3
Kpy)XK€YKaMH — JaHi eKCIIEPUMEHTY, ITyHKTHPHOIO JIHIEI0 — pPO3B’ S3KH
orpumani Ha ocHOBi MCCE. Croctepiraetbcs HemoraHa Jjsl Takoi CKJIAQIHOT
3aja4i 301KHICTh pe3yJIbTaTiB.

5. O0rpyHTyBaHHS TOCTOBIPHOCTi BU3HAYEHHSI BEPXHBOT0 i HUKHBOTO
KPUTHYHOI0 HABAHTAaKeHb TPOBEICHO HA MPUKIAII 3aadi BTPATH CTIHKOCTI
chepuunoi manem (puc. 4). Ha puc. 6 maBemeHo rpadik 3aaeKHOCTI Mix

mapamerpoM Hasamtaxenns ¢ =qc’/(EH) i GesposmipHoo crpinoro
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nporuny (=u/h B wmenrpi (h—rtoumua, H=3h) orpumanuii B poGoTi
B.I. ®eonmochena [9].

KBanmparamu mo3HauyeHi pe3yibTatd, orpuMani amroputmoMm (1). Ilpum
IOMY CIIOCTEpIra€TbCsl XOpolua 30DKHICTh — pe3ynbTariB.  PesynbraTté
JIOCHI/PKeHHST MBUAKOCTI 30DkHOCTI pesynbratiB. MCCE npu 36inmbmenHi
kinpkocti CE mpexncraBneni Ha puc. 7. Ha HboMy 300paskeHi KpuBi, sIKi
XapaKTepu3yloTh 30DKHICTE BEPXHBOTO P, 1 HIWKHBOTO P, KPUTHYHOTO
HABaHTAXKEHHS B 3aJeXHOCTI Big umcia ckinuenux eneMenrtiB (CE) B
MEpHUIIOHATBHOMY HamnpsMKy. [lo TOBHIMHI OOONOHKM TPHHHATHHA OIUH
eleMeHT.  BincoTok  MOXWMOKM  BH3HAYAETHCS  BIHOCHO  PO3B’SI3KY
omy6ikoBanoMy B po6oti [9].

q=q¢'/(ER) 5%

Bepxue KpUTHYHE HABAHTAKEHHS

A% - . — . — HizkHE K] AB3 A
MCCE IZKHE KPUTIHYHE HABAHTAa/ReHHA
20

// 3%
@>\‘ N
2%
10 N
\\‘\.
1% S
Sy
0
0123456 ¢ 10 15 20 25 30 35 40
Puc. 6 Puc. 7

Crtif BiI3BHAYUTH XOPOITY ITOTOHKEHICTh PE3ybTaTiB, OTPUMAHUX PI3HUMHU
MeToJaMH. AHali3 TpHBENCHUX TpadikiB JJO3BOJISE BCTAHOBUTH, IO
mocTymnoBe 3rymieHHs citok B 2 pa3u Big 10 mo 20 CE 3MiHIOE 3HAYCHHS
BEPXHBOTO KPUTUIHOTO HaBaHTaxeHHs Ha 3,1%,HmkHBOTO0 —B Mexkax 0,2%.

BucnoBok. Takum umHOM, po3poOieHa MeToauKa, sika Oa3yeTbesl Ha
pospaxyHkoBux criBBizHomeHHsx MCCE 1 3ampornoHoBaHOMY aaropuTMi
PO3B’ sI3aHHS CUCTEM HENHIHHIX piBHSHB IPY’KHOIJIACTUYHOTO
nedopMyBaHHS 1 BTPATH CTIMKOCTI BICECUMETPUYHHX OOOJOHOK CEpEeIHbOI
TOBIIMHA HEKAHOHIYHOT (POPMHU JJO3BOJISIE OTPUMYBATH IOCTOBIpHiI PE3yJIbTaTH
IS IAPOKOTO KIIaCy TOHKOCTIHHUX 00’ €KTIB.
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Maxkcumrok FO.B.
AJITOPATM PEIUEHUS 3AJAY HEJIMHEMHOI'O IE®@OPMHUPOBAHUS U
YCTOMYNUBOCTHU YIIPYTOIIJIACTUYECKHUX OCECUMMETPUYHBIX
OBOJIOYEK CPEJTHEM TOJIIAHBI

PaspabGorana Mmertonmuka, KoTopas OasupyeTcss Ha pacuyeTHBIX cooTHoueHusix MCKD wu
MPEUIOKEH AITOPUTM peIICHHs CHCTeM HEIWHEHHBIX ypaBHEHHH YIpyroro aehopMHUPOBAHUS H
MOTEPH YCTOMYNBOCTH OCECHMMETPHUYHBIX 000JI0UEK CpefHell TONIIHBI HEeKaHOHUIECKOH (OpMBI,
KOTOpbII TO3BOJISIET MONY4aTh JOCTOBEPHBIC PE3YNbTATHI JUIS LIMPOKOrO KJIACCAa TOHKOCTEHHBIX
00BEKTOB.

KuioueBble ¢J10Ba: METO] KOHEUHBIX 3JIEMEHTOB, TEPMOYIPYTOIIIACTUIHOCTD, TEOMETPHIESCKI
HeNMHeHoe 1e()OpMUPOBAHUE, TT0-1IATOBBII aJTOPUTM.

Maksymyuk Yu.V.
ALGORITHMS FOR SOLVING PROBLEMS OF NONLINEAR DEFORM ATION AND
STABILITY OF ELASTOPLASTIC AXISYMMETRICAL AVERAGE T HICKNESS
SHELLS

The technique, which is based on the calculateédsraif moment sheme of finite element
(MSFE), and the algorithm for solving nonlinear atiopns systems of elastoplastic deformation
and loss of stability for rectangular axisymmetricgedium thickness shells has been developed.
The reliability of results for a wide class ofrthivalled objects confirmed.

Keywords: finite element method, thermoelastoplasticity, mgetrically nonlinear
deformation, step-by-step algorithm.
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VJIK 539.4

C.M. Banbko®
C.B. KoGeabchknii®
B.B. Xapuenko®

Yuemumym npoénem miynocmi im. I'.C.ITucapenka HAH Vpainu
Tumipszescovka 8yn., 2,m. Kuig, Yrpaina. 01014

YUCEJBHE MOJEJIOBAHHS HAITIPYKEHOI'O CTAHY
MMOJIOIO HWITHAPA 3 JE®EKTOM Y BUTJIAAI KABEPHHA 3
TPIIIMHOIO

IpencraBieHo pe3ybTaTi PO3paxyHKIB HAIPYKEHOTO CTaHy MOJIOT0 LIITiHApA 3 Je(EeKTOM Y
BUITIAAL TPIIIMHY, SIKa 3HAXOAUTHCS B BEPUIMHI kaBepHH. [IpoaHanizoBaHO BIUIMB F€OMETPUYHHX
mapaMeTpiB KaBepHH 1 TpIMMHM Ha pe3ydbTaTH OOYMCICHb KOE(IIi€HTIB IHTEHCHBHOCTI
HAlNpyXeHb Ta PO3KPUTTSA Y BEpIUMHI TpimmHU. Pe3ymbTaTH po3paxyHKIiB INOpPIBHIOBAIM 3
BiJJOMHUMH YHCEIFHUMU PO3B’ SI3KAMH IIPO PO3TAT MOJIOTO IIIIH/PA 3 TPIIIUHOIO.

KuouoBi cioBa: HampyxeHuil CTaH, TpilMHA, KaBepHA, KOE(DILiEHT IHTEHCUBHOCTI
HaIpyXKeHb.

Beryn. Ipu excruryarartii maporeneparopis III'B-1000y ckiani aToMHHX
EHEepPreTUYHUX YCTAaHOBOK Y BYy3JaX 3 €IHAHHS <Tapsvoro» KOJEeKTopa 3
MaTpyOKOM ITaporeHepaTopa BUSBICHO ASPEKTH y BUTISAAI TPILUH, M0 6epyTh
MOYATOK 3 BEPIINHU KaBEPHH.

YV  nyOmikamin [1-5] ¢axiBuiB  Ykpainm Ta Pocii, mnpuCBsSYEHHX
PO3PaxyHKOBOMY OOTPYHTYBAaHHIO MIITHOCTI BY3Jla 3'€HAHHS, PO3pPaxXyHKH
HanpyxeHo-nedopmoBanoro crany (HJIC) mpencraBieni 0e3 BpaxyBaHHS
nedekTy. Pe3ynpraTé MOCTIIKEHb MIOAO BIUIMBY TCOMETPUYHUX MapaMETpiB
JNe(eKTy y BUTTISAAI KAaBEpHH B 30HI TaITEIBHOTO IMIEPEXO0Ty By3ia 3’ €IHAHHS Ha
fioro Hanpy»xeHo-Ie(hOpMOBaHuUil CTaH MpeacTaBieHi B poboTax [6-8].

3amada JOCHTIDKCHHS HANPYXCHOTO CTaHy B BY3JIl 3 €IHAHHA  IpH
HasBHOCTI B HBOMY Je(QEeKTy 3a3HAUYCHOTO THITY BHUPIIMIYETHCA IMUIIXOM
PO3B’sI3aHHS PsY MOJAENBHUX 33/1a4 PO HAMPYKEHUI CTaH MOJIOro MHIITiHApa
3 e()eKTOM y BHTJISIII TPIIIMHH, SIKA 3HAXOIUTHCS B BEPIITNHI KaBEPHU

Mera pobotu. JIOCHIIUTH BIUTMB TEOMETPUYHHMX MapaMeTpiB KaBepHHU i
TPIIMHY HAa PO3PaxXyHKOBiI 3HAYCHHS KOS(DIIli€EHTIB IHTEHCUBHOCTI HAINPYXeHb
(KIH) Ta po3KpUTTS Y BEPILUHI TPIiIHH.

IocTranoBka 3amaui. Po3risganu 3agady mpo po3TAr MOJIOTO IHIIIHAPA
(puc. 1) i3 30BHimHIM giametrpoM D;=2.2 u, BHyTpimHIM miameTpom Dy=2 m,
BUcOTOK 2H=2m 3 BHYTPIIIHBOI 1 30BHINTHBOIO KPAaHOBOI KiTBIIEBOIO
KaBEpHOIO 3 TPITUHOIO, IO 3HAXOAUTKLCS B 11 BEPIIUHI.

D Banbko C.M., Kobensckuii C.B., Xapuenko B.B.
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Ha topmsix muminapa 3amxaBaiy piBHOMIPHO PO3TOJiICHE HaBaHTA-KCHHS
inTencuBHicTIo (=100M[Ja. 3Bakaroud HAa CHUMETPIIO 3amadi, PO3TIIAAAIH
cexkrop 3 kyrom 7/40. Koeoimienr Ilyaccona 3amaBamm v=0.3, mMomyis
npyxHocti Marepiany - E=2:-10"7la. 3agaday poss’'ssyBamm B mpYxKHiif

IOCTAHOBIII.

Po3paxyHKkr poBeaeHO AJIs YOTUPHOX BapiaHTIB B3AaEMHOTO PO3TAITyBaHHSI

q
| | Ob6nacts

’ Dz po&]’ramysaﬂﬂﬂ

Puc. 1.3anava npo po3rsr
II0JIOTO LMIIHAPA 3
BHYTPILIHBOIO 1 30BHIIIHBOIO
KpaioBOIO KiJIbIIEBOIO
TPILIMHOIO, IO Oepe MOYaTOK 3
KaBepHU

KaBepHM 1 TpimuHU. B mepmmx 1BOX
po3TIIs AN HETJINOOKY 30BHILTHIO
(BHYTpILIHIO) KiNBLEBY TPILIMHY, BEpIIMHA
SIKOT 3HAXOJMIIACH HA BiJCTaHI C BiJ BEPIIUHH
kaBepHH (puc. 2). B HacTymHHUX  IBOX
PO3IIIAIany TTHOOKY 30BHILIHIO (BHYTPIIIHIO)
KUIbLIEBY  TpIlIMHY, a BIACTaHHb  MiX
BEpIIMHOIO TPIMIMHU 1 BEPUIMHOIO KaBEPHHU
BapilOBalId BEJIMYMHOIO HapameTpa K (puc. 3).

Bemmauay mapameTpy C CiTKM CKiIHIEHHHX
€JIEMEHTIB, IO PO3MOBCIOMKYBANIACH B3JIOBIK
(pOHTY TPIIMHM, U BCiX BapiaHTIB MPUHAMAITI
1/20 ToBumwmHM t CTIHKM MWTIHAPA, BEITHYMHA
napametpa d ciTku cknagana 2/3C.

Po3B’si3aHO  psim MOJENbHHX 3amad 3
HACTYITHUMU BiJIHONICHHSIMH TITHOUHH
nedexry a=ki8+C mo ToBmMHM CTiHKH
alt=0.1, 0.3, 0.5, 0.7.Bucory h kaBepuu

npuiivmanu: 1.15, 1.5, 2.4, 6.0, 8.(®, 10.®.

Puc. 2. CkiHYeHHO-eJIeMEHTHA MOJIENIb JUIS 3314 MEpILIOTro Ta JIPYroro BapiaHTy

B 3amadax TpeThOro Ta YETBEPTOro BapiaHTIB (pHC. 3) MOACIIOBAIH,
BIZINOBITHO, 30BHILIHIO Ta BHYTPILIHIO KiJbLEBY TpimmHy. [lapamerp citku 9,
npuiiManu  2/3 rnuOMHU TpiliMHU. BimHomenHs runOuHun aedexty ao
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toBuMHK CTiHKH (K3d+K18+C)/t crane i mopiBHIOE /IS 30BHINIHBOI TPILIMHU
0.8, ws BHyTpimHB01 — 0.7.P03B’s13aHO psix 3a1a4 3 HACTYITHUMH 3HAYCHHIMU
rnbuan KaBepau: b=16, 55, 75, 9 Ta 3HaueHHsAMH BHCOTH KaBepHu: h=1.13,
1.55, 23, 45, 65, 106.

I

& Tt

ey

Puc. 3. CkiHYEHHO-eJIeMEHTHA MOJICITb IS 33184 TPETHOI'0 Ta YCTBEPTOIO BapiaHTy

Pesynbratnn pospaxynky KIH mopiBHIOBaIM 3 BiJOMHUMH YHCEILHUMH
pO3B’sI3KaMHM  3a/lad  TIPO  PO3TAT TIOJIOTO MWJIHApPa 3 30BHIMIHBOIO 1
BHYTPILIHBOIO TpitnuHO0 [9, 10].

Pesyabratn. Ha puc. 6 mis 3amau mepmioro BapiaHTy IIpeACTaBIICHI
NOPIBHSUIBHI pe3ynbTaTH po3paxyHKy KIH juis pisHMX BiIHOIIEHb TIMOWHH
nedekTy 10 TOBLIMHHM CTiHKM wuimiHapa (a/f) B 3amexHOCTi Bim BHCOTH
KaBEpHH.
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BucoTa kaBepHu (mapaMeTpH30BaHe 3HAUEHHS)
Puc. 6.T'padixu poznoniny KIH; 30BHiIIHS TpilyHa; 3a1a4a MEpLIOro BapiaHTy:
1- poss’s30k [9] mst a/t=0.1, 2 -po3s’si30k [9] mst a/t=0.3, 3 -po3s’s30k [9] mus a/t=0.5,

4 -po3s’s3ok [9] mus a/t=0.7, 5 -ancenpuuii po3s’ 130k st &/t=0.1, 6 -uncenpHM PO3B’ A30K TS
a/t=0.3, 7 -uncenbHuit po3s’s30k st a/t=0.5, 8 -uncenbHui po3s’ 30k wis a/t=0.7
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Sk BugHo 3 puc. 6, 3sHayenns KIH npu 3menmenni Bucotn h kaBepHu
3pOCTAIOTh I BCIX BijHOMIEHS @/t i pU NEBHIN BHCOTI KaBEPHU PO3B’ sI3aHHS
3amadi 3 TPINIMHOIO CTae HEKOHcepBaTUBHWUM. Ha puc. 7 mokazaHo, SK B
3aJIEXKHOCTI Bij BigHOmEHHs a/t 3MIHIOETHCS 3HAYEHHS BHCOTH KaBEPHH,
HUXXYe SKOTO YHCEILHUHN PO3B’ 30K 3a/1a4i 3 TPIITUHOIO € HEKOHCEPBATHBHHM.
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Puc. 7.3HaueHHs BUCOTH KaBEPHH, HIKYE SKOTO PO3B'SI30K O3 BpPaXyBaHHS KaBEpHH
€ HeKOHCEPBATHBHUM B 3aJI©XKHOCTI Bijl BiHOIICHHS aft

Ha puc. 8 mist 3agad mepmroro BapianTy mokasaHi rpadiku posnoginy KIH
B 3aJIGKHOCTI BiJ BiJHOLICHHS alt [UIs pi3HUX 3HAYCHb BUCOTH KaBEPHH.
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Puc. 8.T'padiku posnoxinry KIH; 30BHIimHS TpimuHa; 3a1a4a IEPIIOTO BapiaHTY:
--- —po3s’s30k [9]; ¢ - h=1.15, m - h=1.55, A - h=25, o - h=45, o - h=63, e - h=85, ¢ - h=105

Sk BHIHO 3 mMpuBeAeHUX Tpadiki, Wi kaBepH Bucororo h=1.15, 1.5, 25
3HaueHHss KIH Bumi, HiX IUISI 9UCENBHOTO PO3B' 3Ky 3aaadi 3 TPINHHOIO.
BigmoBinHo mpu 30inbIIeHHI 3HAYEHHS BHUCOTH KaBepHW 3HavueHHs KIH

SMCHIIYIOTHCH.
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Ha puc.9 mis 3amay apyroro BapiaHTy NpPEACTaBICHI MOPIBHIbHI
pesynbratu po3paxynky KIH mns pi3HUX BimHOIIEHh TITHOMHU NEe(EKTy 10
TOBIIMHK CTIHKH ItiHApa (a/f) B 3aJ1€KHOCTI BiJi BACOTH KaBEPHH.
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Puc. 9.T'pacdixu poznoniny KIH; BHyTpiniHs TpilyHa; 3a1a4a Ipyroro BapiaHTy:
1 - po3s’s3o0k [10] ast a/t=0.1, 2 -po3s’si30k [10] mst a/t=0.3, 3 -po3s’s30k [10] mnst a/t=0.5, 4 -
po3B’s30k [10] a/t=0.7, 5 -umcensuuii po3s’ s30k wist a/t=0.1, 6 -uncenbHUit pO3B’ A30K VISt
a/t=0.3, 7 -uncenbHuit po3s’s30k uist a/t=0.5, 8 -uncenpHuil po3s’ 130k wis a/t=0.7

Sk BumHO 3 puc. 9, 3HauenHs KIH npu 3MeHIICHHI BHCOTH KaBEPHHU
3pOCTAIOTh I BCiX BimHOIIeHs @/t i MEeBHIM BHCOTI KaBEPHU PO3B’sI3aHHS
3amadi 3 TPIIMHOK TaKOX € HekoHcepBaTHBHMM. Ha puc. 10 mokaszaHo, siK B
3aJIeKHOCTI BiJ BigHOIICHHS &/t 3MIHIOETHCSI 3HAYEHHsS BHCOTH KaBEPHH,
HIDKYE SIKOTO YUCEIBHUI PO3B’ I30K 3a/1a4i 3 TPIIIUHOIO € HEKOHCEPBATUBHUM.
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Puc. 10.3HaueHHs BUCOTH KaBEPHHU, HUXKYE SKOTO PO3B'sI30K Oe3 BpaxyBaHHs KaBEPHH €
HEKOHCEPBATHBHUM B 3QJICKHOCTI BiJl BiHOIICHHS aft

Ha puc. 11 qns 3agay npyroro BapiaHTy IpeaCcTaBieHi Tpadiku po3moIiny
KIH B 3a5exHOCTI Bif BigHOIIEHHS a/t U1 pi3HMX 3HAYEHb BUCOTH KaBEPHH.
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Puc. 11.I'padiku posnoxiny KIH; BHyTpimHs TpimuHa; 3a1a4a Jpyroro Bapianry:
- - - —po3B’s30k [10]; ¢ - h=1.15, m - h=1.55, A - h=23, o - h=43,
o - h=65, e - h=105

0,5 0,6 0,7

3 rpadikiB mpezacraBieHux Ha puc. 11 crigye, mo aas KaBepH BHCOTOO
h=1.15, 1.8, 25 3mauenns KIH Bwuimi, HiX Ui 4M pPO3B A3Ky 3amadi 3
TpimmHOt0. [Ipu 30inpIIeHHI 3HAYeHHS BHCOTH KaBepHH 3HadeHHS KIH
3MEHIIYIOThCS.

Ha puc. 12 st 3aqa4 TpeThOro BapiaHTy MPeACTaBJICH] Tpadiku po3MOIiTy
KIH mns pisHMX rIMOMH KaBepHM B 3aJIC)KHOCTI Bim Bucotd. Ha puc. 13
npeacrasieHi rpadiku posnoairy KIH B 3a1e:KHOCTI Bii TTHOWHU KaBEPHH IS
PI3HUX 3HAYCHb BUCOTHU. BimHOIIEHHS rHOWHM Ne(EKTy JO TOBIIMHU CTiHKH
mutiHapa alt crane i cranosuts 0.8.
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BucoTa kaBepHHM (1apaMeTpHu30BaHe 3HAUCHHS)
Puc. 12.I'padiku posnoairy KIH; 30BHINIHS TpimuHa; 3a1a4a TPETHOTO BapiaHTy:

- - - —po3B’s30k [9]; ¢ - b=15; m - b=53; A - b=75; o - b=

Sk BumHO 3 mpenctaBieHuX rpadikie, 3HaueHHs KIH mis Bcix BapiaHTIiB
MIMOWMHYU Ta BUCOTH KaBEPHU BUIII, HIK JJIT YHUCENHHOTO PO3B' 3Ky 3amadi 3
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TpimmHOI0. TOOTO YHCENbHUN PO3B’sA30K € HeKoHcepBaTHBHUM. Kpim ToTO,
ciig BiaMituTH, mo s rimbokux kaBepH (b=93) npu Bucoti h=60 3HaueHHs
KIH 3HmxyroTbCs.
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Puc. 13.T'pacdiku poznoxiny KIH; 30BHiIIHs TpilinHa; 3a1a4a TPETHOrO BapiaHTy:
---—po3B's30k [9]; ¢-h=1.13, m - h=1.55, A -h=23, o - h=43,
o - h=65, e - h=105

Ha pwuc. 14 gns 3amaui 4eTBepTOro BapiaHTy MPeACTaBIeHO Tpadiku
posnoniny KIH mis pisHuX rmOWH KaBepHW B 3aJIEKHOCTI Bia BUCOTH. Ha
puc. 15 npencrasieno rpadiku posmonimy KIH B 3amexHocTi Bif TimOuHU
KaBepHU JUIsI Pi3HUX 3HAYCHb BUCOTH. BimHOMICHHS TIMOWHU nedeKTy 10
TOBIIMHY CTIHKH IITiHApa alt cTane i cranosuts 0,7.
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Puc. 14.T'pacdiku posnoxiny KIH; BHyTpiuiHs TpilyHa; 3a1a4a YeTBEPTOro BapiaHTy:

- - - —po3s’sa30k [10]; ¢ - b=13, m - b=53, A - b=75, o - b=95

3 OoTpUMaHWX pPe3yNbTaTiB BUIUIMBAE, IO YHUCENBHHHA  PO3B' 30K CTaE
HCKOHCCPBATUBHUM 31 30UIBIIICHHSM TTTHOWHY i BUCOTH KaBEPHHU.
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I'ubnHa kaBepHH (HapaMeTpH30BaHE 3HAYCHHS)

Puc. 15.T'pacdixu posnoxiny KIH; BHyTpinmHs TpimuHa; 3aJa4a YeTBEPTOrO BapiaHTY:
- - - —po3B’szok [10]; ¢ - h=1.15, m - h=1.55, A - h=23, o -h=43, o - h=65, @ - h=105

Ha puc. 16 npexncrasieno rpadiku posmnoxury KIH B 3amexsocTi Bin
BHCOTH KaBEpPHH HJIs BHYTPINIHKOI TPIIIMHA TP BUKOPHCTAHHI MoOJEei
pi3HOTO BapiaHTy KaBEepHH 3 TPIMWHOW. BimHomenHs riouOunu aedexTy o
TOBIIMHHU CTiHKK cTaHOBUTH 0,7. JIjust rimOOKOi TpiluHK TIMOMHY KaBepHH b

npuiimanu pisaoro 13, 53, 75, 99.
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Puc. 16.I'padixn posnoxixy KIH; BHyTpimHs TpimuHa: ® —minka Tpimusa, O - b=18 (rmmboka
TpituHa), o - b=53 (rmboka Tpiumna), A - b=75 (rmboka tpimuHa), % -b=93(ramboka TpiumHa)

3 mpuBeneHUX rpadikiB cuiaye, MO IS MUIKOI TPIMIHMHA 31 30UTHIICHHIM
Bucotn kaBepHH KIH 3Ha4YHO B3HMKYEThCA B TMOPIBHAHHI 3 TIIMOOKOIO

3 5
Bucora kaBepHu (l1apaMerpH30BaHe 3HAY CHHSL

TpimuHO. TOOTO MOMIENE 3 MUIKOIO TPIIIIMHOKO A€ 3aHWKCHI Pe3yIIbTaTH.

B 1abn. 1- 4npeseneni 3nauenns KIH nns pisHnx BapianTiB kKoHQiryparii

nedexry.
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Tabmums 1
3nauenns KIH ams 3amad nepiroro Bapianty

Bucora KoedimienT iHTCHCHBHOC;‘/it Hanpyxeub, MIlla-u"0.5
KapepHi 0.1 0.3 05 0.7
1.15 21.02 45.21 76.70 120.78
1.5 20.57 44.52 76.26 121.27
25 19.96 43.15 74.77 120.38
45 18.35 37.26 65.82 110.42
65 17.63 33.59 58.56 99.99
85 17.25 31.31 53.48 91.85
105 17.01 29.70 49.66 85.42
Po3B’ 130k [9] 20.34 42.98 73.12 114.07
Tabmwms 2
3nauenns KIH nms 3agayg npyroro Bapianty
Bucora Koedimienr iHTeHCI/IBHocaT/it Hanpysxeub, MI1a-u"0.5
Kapepit 0.1 0.3 05 0.7
1,18 20.80 44.01 73.48 114.08
1,5 20.38 43.44 73.28 114.89
25 19.80 42.21 72.10 114.45
45 18.24 36.79 64.29 106.40
65 17.56 33.42 57.87 97.53
105 16.98 29.95 50.07 85.24
Po3s’s130k [10] 20.52 42.723 70.5 114.86
Tabmwms 3
3nauenns KIH nns 3agad TpeThoro BapiaHTy
Bucora KoedirmienT inTeHcHBHOCTI HanpyxeHb, Mlla-u"0.5
— I'mubuna xaBepHU
15 55 70 )
1.18 149.35 149.86 150.38 151.36
1.5 149.38 150.11 150.88 152.27
20 149.42 150.46 151.58 153.42
45 149.54 152.21 154.85 156.72
65 149.68 154.28 157.97 156.98
106 150.05 157.91 161.84 152.41
Poss’s30k [9] a/t=0.8 143. 68
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Tabmuusg 4
3nauenns KIH ans 3a1a9 4eTBEpTOTO BapiaHty

Bucora KoedirieHT iHTeHCMBHOCTI HanpyskeHb, MIla-m"0.5
KaBepHH I'mubuHa kaBepHH

15 56 70 )
1.18 113.47 114.04 114.38 114.83
1.5 113.52 114.30 114.80 115.42
20 113.58 114.64 115.33 116.12
45 113.80 116.04 117.35 117.75
65 114.02 117.29 118.70 117.29
106 114.40 118.80 119.35 113.69

Poss’si30k [10] a/t=0.7 114.86

Ha puc. 17 npuBeneHo rpadgiku po3moaisly pO3KPHUTTS Y BEPIITHHI TPIIIUHU
B 3QJICKHOCTI BiJi BUCOTH KaBEpHU JUISI MUIKOi 1 TIMOOKOI BHYTPIITHBOT
TpimuHy. BigHomeHHs rimmbuan 1e)eKTy 10 TOBIIMHU CTIHKH CTaHOBHUTH 0.7.
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Puc. 17.PO3KpUTTS y BEpUIMHI TPIlIMHKA: M —MUIKa TPIlIMHA; O - MIHOOKa TpilluHA

3 mpeAcTaBIeHUX pPeE3yAbTATIiB CIiAye, IO IS MIJKOi TPIUHU 31
30ITBIICHHSM BHWCOTH KaBEPHU 3HAYCHHS PO3KPUTTS Yy BEPIIMHI 3HAYHO
3MEHIIYETHCS. 3 OTPUMAHHMX pE3yJbTaTiB BUIUIMBAE TAKOX, IO MOZAEIb 3
rnbokoro TpimmHo nae Bumi 3HadeHHs KIH 1 poskpurrs y Beprmni
TPIIMHY, TIPU YOMY IIi 3HAYEHHS 3pOCTAIOTH 31 30UIBIICHHSAM BHCOTH 1
TTMOWHU KaBEPHHU.

BucnoBku. B pamkax gaHoi poOOTH po3B’ s13aHO psii MOAEIBHUX 3a/1a4 PO
PO3TAT MOJIOTO MIIIHIAPA 3 Ne(SKTOM Y BHUTIIAII TPIIIMHH, IO Oepe MOYaToK 3
BepIIuHM KaBepHH. OTpUMaHI pe3yNbTaTH MOPIBHSUIIA 3 BIJOMUMH YHCEIBHUMU
PO3B’ I3KaMH TIPO PO3TSIT IMITIHAPA 3 TPIIIHHOIO.
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AHami3 OTpUMaHHUX PEe3yJbTATIB PO3B’sI3aHHS MOJCIBHUX 3a/ad J03BOJISIE
3pOOWTH HACTYMHWA BHCHOBOK. YHCEJNBHHU PO3B’S30K A€ 3aHWKCHI
pesynbrati po3paxyHky KIH mist Bcix TamMOOKHMX 30BHIIIHIX TpIilHH 3
KaBEepHOIO, JUIS TITUOOKHUX BHYTPINIHIX MPU TIMOWHI MOHAA S5O 1 BUCOTI IMOHA
46. JInst HerTMOOKHUX BHYTPIIIHIX 1 30BHINIHIX TPIIIMH YHCENBHHUHA PO3B’ 30K
Jla€ 3aHWKEHI pe3ynbTat po3paxyHky KIH npu BUCOTI KaBepHH 10 20.

Buxopucranas Mojeneil 3 HErJIHOOKOK TPINIMHOK B BEPIIMHI KaBEPHU
MPU3BOAMTE J0 3aHWKEeHUX 3HadeHb KIH i po3KpUTTS y BEepUIUHI TPIIIUHU B
NOpPIBHSAHHI 3 TIMOOKOI0 TpimmHO0. OTXe, TAMOOKa TpimMHA € OLIbII
HeOEe3MEeYHO0.
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banvro C.H., Kobenvckuii C.B., Xapuenxo B.B.
YUCJIEHHOE MOJEJUPOBAHUE HAITPSI)KEHHOI'O COCTOSIHUSA ITOJIOT'O
LHUJIAH]IPA C JE®EKTOM B BUJIE KABEPHBI C TPEILIMHOM

IlpencraBneHsl pe3ynbTaThl PACUYETOB HAMPSHKCHHOTO COCTOSHMS IOJOTO LMJIMHApPA C
nehekToM B BHAE TPCLIMHBI, KOTOpas HAXOIHUTCS Ha BEpIUMHE KaBepHbI. lIpoaHanu3upoBaHO
BIHMSIHUE TEOMETPUYECKHX MapaMeTpoOB KaBEPHbI W TPCIIMHBI HAa PE3yIbTaThl BBIYUCICHUI
KOG (PUIMEHTOB MHTCHCUBHOCTH HAMPSDKCHUH W PACKPHITHE B BEPIIUHE TPEIIMHBI. Pe3ynbTaTh
pacyeToB CpPaBHHMBAJIHMCh C M3BECTHBIMH YHCJICHHBIMU PELICHUSIMH O PACTHKEHHE IOJIOro
LUIMHIPA C TPEIIUHOM.

KuoueBble €JI0BAa:  HAaNpsDKEHHOE COCTOSHHME, TPELIMHA, KaBepHa, KOI()(GHULIUCHT
WHTCHCHBHOCTH HANPSDKCHUM.

Ban’ko S.N., Kobelsky S.V., Kharchenko V.V.
NUMERICAL SIMULATION OF THE STRESSSTATE OF A HOLLOW CYLINDER
WITH A DEFECT IN THE FORM OF A CAVITY WITH A CRACK

The results of calculating the stress state of llolwacylinder with a defect in the form of

cracks, which is at the top of the cavity is présdnThe influence of the geometric parameters of
the cavity and crack on the calculations of stiensity factors and crack opening in the top is
analyzed. The calculation results are compared thighavailable numerical solutions of stretching

hollow cylinder with a crack.
Key words: stress state, crack, cavity, stress intensitypfac
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IMAM'AATI HAIIOTI'O TOBAPHIIIA

31 6epesnst 2014p. miMIoB 3 KUTTS HAll KOJera, BiIOMHUI y4deHuil B o0Jia-
cTi OyniBesnpHOI MeXaHIKH, JOKTOpP TEXHIYHUX Hayk mpodecop Muxoma Onek-
cauapoBud CoJOBE.

Mukona OnekcanapoBud Hapoauscsi B Kuesi 21 Bepechst 1946p. y poaui
IHKeHepiB-OyIiBeIFHUKIB 1 apXiTekTopiB. [IpomoBKyI0UH TpaaUIIiIo pOIUHH, TIO
3aKiHYEHHIO IIKOJIM BiH BCTynuB 10 KuiBchkoro
IH)KEeHEepHO-0yIIBEJIbHOTO 1HCTUTYTY, HUHI KuiB-
CHKUIl HAllIOHAJILHUN YHIBEPCUTET OYHiBHUIITBA i
apXiTeKTYpH, 3B'I3aBIIM BCE CBOE JKUTTS 3 YHi-
BepcuteroM. llle y crymeHTChKI pokn Mukona
OJeKcaHIpOBUY BHSBUB HAyKOBI 31i0HOCTI B
obmacti OyaiBensHOI MexaHiku. [licns ycmimmoro
3aKiHYeHHA BYy3y HoMy OyJo 3alpOIIOHOBAHO
BCTYNHTH B acmipantypy. [Ipusus no nas Pamsn-
CHKOT apMii BiJICTpOYMB HOTO HABYAHHS B acripa-
urypi. B 1980p. BiH yCHIIIIHO 3aXMCTUB KaH[IH-
nmarcbky mucepraiito, y 2008p. mig HaykoBUM
KepiBHUITBOM Hpodecopa B.A. baxkenosa — ok-
TopceKy. Y 2012p. oMy nprcBoeHe BUEHE 3BaHHS mpodecopa xadenpu Oymi-
BEJIEHOT MEXaHIKH.

OCHOBHMMH HanpsIMKaMH HOTO HAayKOBHMX JIOCHI/DKEHb OyiW: HeliHilHa
TEOpist THYYKUX MPYKHUX HEOTHOPIAHMX OOOJOHOK NpHW CTATHYHIN Aii cHio-
BHX 1 TEeMIEpaTypHUX HaBaHTa)XKE€Hb, YACEIbHE JOCITIHKEHHS MIPOIECiB TEPMO-
MpYXHOTO NeOpMYyBaHHS ¥ BTPATH CTIMKOCTI MIHMPOKOTO KJIACY TOHKHX 000-
JIOHOK HEOJHOPITHOI CTPYKTYPH, aIrOPUTMI3aIlisi 0OYNCITIOBAIHHIX TPOIIECIB,
po3pobKka 0O0UYHCITIOBaANIBHIX KOMILIEKCIB. Bin aBTop Ounbir Hixk 100 HaykoBHX
Mpark, y TOMY YHCHi IBOX MOHOTpadiii.

IIpodecop M.O. CornoBeii 3poOMB BaroMuii BHECOK Y PO3BHTOK 1 BUPIITICHHS
npo0JIeM, IO CTOATH Mepes] CyYacHOI0 Oy/iBENBHOI0 MEXaHIKOI0 — po3poOili Teo-
PETHYHHX IOJIOKEHb, YHIBEpPCAJIbHOTO METO/Ly 1 OOUHCIIOBANIBHUX MPOLIEYp YH-
CEJIHOTO JIOCIPKEHHSI CTIMKOCTI Ta 3aKpPUTHUYHOI TOBEIIHKU IHMPOKOTO KJacy
TOHKHX NPY>KHUX HEOJHOPITHUX 0OOJIOHOK CKIIaIHOI CTPYKTYPH IIPH JIii CHIIOBUX
1 TeMIepaTypHUX HaBaHTaKeHb. Po3poOka HOBOTO YHIBEpCaJbHOTO i30mapamer-
PHYHOTO TIPOCTOPOBOTO CKIHYEHHOTO €JIEMEHTa 3 JIOJATKOBHMMH 3MIHHUMH I1apa-
MeTpaMH JI03BOJIHIA MOOYAyBaTH €JUHY PO3PaXyHKOBY MOJENb, IO BPaXOBYE
HEOHOPITHOCTI MaTepialy W TeOMETpHYHI 0COOIMBOCTI PI3HUX KOHCTPYKTHBHHX
€JIEMEHTIB THYYKHUX OOOJIOHOK CKJIamHOi (GopMU (3MIHHICTH TOBIIMHH, 3JIaMH 1
TPaHOBAHICTh OOIIMBKH, CKIIAIHY GopMy pedep, OTBOPIB, HaraTomapoBy CTPYKTY-
Py Matepiaity 3 MOKIIHBICTIO BpaxyBaHHsI KPUBOJIIHIHHOT aHi3oTporii). Jlist po3B's-
3YBaHHS 3314 CTIMKOCTI HEOMHOPITHUX OOOJOHOK MPH KOMOIHOBaHi Jii Temre-
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paTypHHUX 1 CHJIOBHX HABaHTaXEHb PO3POOJICHWI aJropuTM aBTOMAaTH30BAHOTO
MIPOXOJDKEHHST BCI€T JiarpaMy “HaBaHTKSHHSA-TIPOTHH™ 3 BU3HAYCHHSM OCOOIH-
BUX TOYOK, SKHIl JIO3BOJISIE BPAaXOBYBATH 3aJICXKHICTh BIACTUBOCTEH Martepiairy
m1apiB 000JIOHKH BiJI TEMIIEpATypH.

PosrasHyTO HOBI 3a7adi, y SAKHX JOCHTIKEHI 0COOIMBOCTI TEPMOIIPYKHO-
ro neopMyBaHHs, BTpaTH CTIHKOCTI i 3aKPUTHIHOI IMOBEIIHKA HEOAHOPITHUX
00O0JIOHOK: JTOCII/PKCHUH BIUIMB Pi3HUX KOMOIHAIH TEPMOCHIOBOTO HaBaHTa-
JKCHHS Ha CTIMKICTPh 1 3aKpUTUYHY MOBEIIHKY MOJOTHX MaHenel craimoi i cry-
MiHYACTO-3MIHHOT TOBINWHY; BU3HAYCHUH palliOHATBHUNA 3aKOH JIHIHHOT 3Mi-
HIOBAHOCTI TOBIIUHHM JJIs MOJIOTHX c(hepryHUX OOOJIOHOK OOCpTaHHS, JOCIi-
JUKCHUH BIUTHB €KCIICHTPUYHOCTI 3'€IHAHHS IUIOCKUX IpaHeil pi3HOi TOBIIMHH
TpaHOBaHOI OOOJIOHKY; OI[IHCHUH BIUTHB PI3HUX MapaMETPiB KOHCTPYKTUBHUX
€JIEMEHTIB Ha JKOPCTKICTh 00OJIOHOK 3 peOpaMu, BUIMKaMHU ¥ OTBOpaMH, TJa-
KHX 1 TpaHOBAaHMX, CTAJIOI Ta JiHIHHO-3MIHHOI TOBIIMHM NPH Jdii TeMIepaTyp-
HOTO ¥ CHIJIOBOTO HABAHTAXEHB, @ TAKOK 0araTo 1HIINX 3a1ad4.

3aBAsKM CBOIM HEBraMOBHIN €Heprii, akTUBHOMY XapakTepy, epyAuIlii,
Mukona OjexcaHAPOBUY 3aBXKIU CTAaBUB Tepe]l cO00I0 BEJHKI TUIaHW Ta 3a-
BIIaHHS, K HAYKOBI, TaK i )KUTTEBI.

OctanHiM yacoM Mukona OJiekCaHIPOBUY 3aliMaBCs MOIIUPEHHSIM PO3-
poOeHOT METOTUKY Ha 3a/1avi TOCTIXKCHHS TOHKHX HEOJTHOPITHUX 000JIOHOK,
IIapu SKUX BUKOHAHI 3 KOMITO3UTHOT'O MAaTepialy BOJIOKHHCTOI CTPYKTYpH, a
TaKOX CTBOPCHHSAM METOAWKH IOCIHIHKCHHS MPYKHOTO Ae()OpMyBaHHS TaKUX
00OJIOHOK MPH TUHAMIYHOMY HaBaHTa)KCHHI.

TIpupoaHo, M0 MOPYH 3 HAYKOBOIO Tiparieto Mukomna OnekcaHapoBHd 3aiima-
BCSl TIEIATOTIYHOIO MisUIbHICTIO. [TITiHO MpaIiorodm 31 CTYACHTaMH, BiH MParHyB
HE TUIBKYA HABYUTH OCHOBaM OyIiBENTbHIM MEXaHIKH, e i HaBepHYTH iX 10 JOCIi-
JTHHUIIEKOT pOOOTH, TIPUIIETIATH TBOPYHH TTiIXi/1 B TTOTAITBIIIH TisUTHHOCTI.

Vce xurtsa Mukosa ONekcanapoBUd aKTUBHO 3aiiMaBcs (i3MIHOIO KYJIb-
TYpOIO i criopToM. BiH OyB 3aCHOBHUKOM PSITy CIIOPTUBHUX CEKIIH YHIBEpPCH-
TETY, sIKi IIFOTH 1 IO I[BOTO Yacy.

LinecnpssMOBaHICTb, YHEBHEHICTh y CBOIX HAyKOBHX ITO3UIIISX, MPHHIIMIIO-
BIiCTb, IIAJICHA MPAIbOBHUTICTh, PO3yMHA NEIAHTUYHICTh 1 aKypaTHICTb TIPX PO3B's-
3yBaHHI 3a/1a4, epy/AnLisi, BUCOKHI HayKOBHH IHTENEKT, MOiH(GOPMOBaHICTb B 00-
JIACTI KYJBTYPU W MECTEITBA, BUCOKI JIFOACHKI SKOCTI, TaKi K JOOPO3HWIHBICTB,
YYIHICTB, ONTUMIi3M, TYMOP, CTaBJIATh HOTO B Ps/l TAJJAHOBUTHX YYCHHUX Y KPAiHML.

Ceitna mam'ate mpo Mukonry OnekcaHapoBHya, CIPaBXHHOTO BUEHOTO,
mearora i mpekpacHy JIIOJUHY, Ha3aBKIH 3aJUIIUTHCI B CEPIIX HOTo Apy3iB,
KOJIET 1 YJIHiB.

Pexmopam,

KOJeKmugu xagpeopu 0y0ieenbHOl MeXaniKu

i HAyK060-00CNIOH020 iHCmumymy 0yoieenbHoi MexaniKu )
Kuiscobroeo nayionansho2o yuigepcumemy 0yoisnuymea i apximexmypu
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